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Abstract

Recently we have analyzed light transmission and spectral selectivity by optical channels in Miiller cells and other transparent
cells, proposing a model of their structure, formed by specialized intermediate filaments [1,2]. Our model represents each optical
channel by an axially symmetric tube with conductive walls. Presently, we analyze the planar polarization selectivity in long
nanostructures, using the previously developed approach extended to structures of the elliptic cross-section. We find that the output
light polarization degree depends on the a/b ratio, with a and b the semiaxes of the ellipse. Experimental tests used a Cr nano-strip
device to evaluate the transmitted light polarization. The model adapted to the experimental geometry provided an accurate fit of
the experimental results.

Published by Elsevier B.V.
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1. Introduction

The celestial distribution of the angle of the sky-
light polarization, being the same under all possible
sky conditions (clear, fog, clouds, etc), is used for the
orientation by polarization-sensitive animals, including
many vertebrates [3]. There is considerable behavioral
and physiological evidence for polarization-based nav-
igation in vertebrates, including fish, reptiles and birds,
but not in mammals, while it is known that mammals,
including humans, can still perceive the polarization of
light to some extent [4,3]. The search for the physical
mechanisms of the polarization sensitivity has taken two
different paths: some researchers are looking for optical
polarizing filters in front of the photoreceptors; while
others suggest that photoreceptor cells themselves may
have different intrinsic sensitivity to differently polarized
light [3].

Photoreceptors would be intrinsically sensitive to
polarization, if they had some dichroic absorbance at the
molecular level. Indeed, it was shown for the inverte-
brate rabdomeric photoreceptors that their chromophore
is preferentially aligned along the axis of the microvil-
lus and immobilized, allowing for robust polarization
sensitivity [3]. On the other hand, the first spectro-
scopic measurements found rhodopsin dipoles in the
vertebrate photoreceptors free to rotate within the pho-
toreceptor membrane without any preferred orientation
to the incident light, thus rejecting the possibility for
their polarization sensitivity [5,6]. These earlier results
have been criticized later. Namely, a preferred ori-
entation of rhodopsin was discovered in some fish
species (anchovy cone photoreceptor outer segments),
where it is contained in transversely-oriented lamel-
lar membranes [7-9]. Additionally, rhodopsin mobility
was significantly restricted in some species [10],
explained by its possible oligomerisation [11]. These
data suggest that the photoreceptors may be intrinsi-
cally sensitive to polarization, at least in some vertebrate
species.

On the other hand, the same anchovy and some other
fish have specialized guanine crystals surrounding the
outer segments that may work as polarized light reflec-
tors [12,13]. The suggested polarization sensitivity in
birds is due to specialized oil droplets present in the
optic path of only one of the cone photoreceptors in the
specialized cone pair [14—17]. All of these additional
elements present in the optical path may work as spe-
cialized filters. Here we suggest a novel possibility that
the specialized optical channels inside the transparent
cells may work as additional polarization filters in front
of the photoreceptors.

We have earlier proposed that bundles of nanoscale
filaments (with each filament 10-12 nm in diameter) in
the transparent cells of the optical tract may directly
participate in the transmission of light energy, and devel-
oped a physical model of the light energy transfer in
long carbon-based conductive nanostructures [1,2]. We
developed a quantum mechanism (QM) of the elec-
tromagnetic field (EMF) transmission by a waveguide
[1,2], a capillary with conductive walls, with the diam-
eter significantly smaller than the EMF wavelength. We
suggested that the intermediate filaments found in the
transparent cells may be the ideal match to the nanotube-
based model, because of their diameter (10-12 nm) and
because their axial structure resembles that of nano-
tubes, with a low-density core and high-density walls,
according to the X-ray diffraction data [18]. Thus, our
models provide the theoretical background for the exper-
imental results obtained earlier by different authors that
implicate the specialized intermediate filaments in the
cell transparency [1,2]. Note that genetic deletions or
mutations, or chemical modifications of these interme-
diate filaments may lead to transparency loss [19-23],
underlining the importance of their structure for their
light-guiding properties.

Interestingly, the retinal Miiller cells (MC) and their
intermediate filaments should be included into the opti-
cal path before photoreceptors in vertebrates, as they
were found to transfer light to the cones in their inverted
retina [24]. We found [1,2] that the QM reproduces
the high efficiency of the EMF transmission by the
nanoscale tubes, provided their shape is optimized. We
also proposed that such mechanism may explain light
transparency of the MC, without the exact knowledge of
the waveguide chemical structure [ 1,2]. Generically, we
model each of the waveguides/channels in the bundle
by an axisymmetric tube with conductive walls. Note
that extended m-conjugated carbon systems are elec-
tric superconductors, typical examples being single-wall
carbon nanotubes and graphene [25-32].

The optical selectivity in different nanoscale sys-
tems has been explored quite intensively before [32—44].
Recently we applied an approach proposed by Makarov
et al. [1] to explore the spectral selectivity in axisym-
metric nanoscale waveguides [2]. We reported that the
transmission spectra of the model waveguides have a
well-defined spectral band, its width dependent on the
waveguide diameter and wall thickness. Thus, we con-
cluded that the MC waveguides composed of bundles of
specialized intermediate filaments may transmit visible
light within a determined spectral range, dependent on
the geometrical parameters of the individual filaments.
Presently, we extend the modeling approaches developed
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earlier [1,2] to explore the planar polarization selectiv-
ity in the optical waveguides (including the specialized
intermediate filaments in Miiller cells, etc), allowing
them to function in the optical tract as polarization filters
in front of the photoreceptors. Generally, polarization
selectivity arises in less-than-axially-symmetric wave-
guides. In particular, here we analyze light polarization
in the waveguides with elliptical cross-section in func-
tion of the a/b ratio, a and b being the semiaxes of the
ellipse, by using both the perturbation theory and the
numerical analysis of the complete model.

2. The theoretical model and methods

Recently, we presented the basic theoretical descrip-
tion of the light (Electromagnetic field, EMF)
transmission by nanochannels [1]. Since the diameter of
the intermediate filaments is about 10—20 nm, the EMF
cannot be transmitted by such channels in the classi-
cal description of the Maxwell theory. Therefore, we
proposed that the EMF transmission by such channels
should be described by the Quantum Mechanism (QM)
based on the Quantum Confinement (QC) of the excita-
tions in long structures of small transverse size [ 1]. In the
first approximation, we described these channels as long
hollow cylinders with conductive walls. A well-known
example of such molecular systems that we already con-
sidered is given by the single-wall carbon nanotubes
(SWCNT), which are electrically conductive due to an
extended conjugated -electronic system of their carbon
backbone [1]. Thus, the external EMF interacts with the
intermediate filaments, inducing formation of the excited
electronic states, delocalized over the entire length of the
filament. Due to the geometry of the intermediate fila-
ments, the excited states mainly emit in the two end zones
of the filament, with the photons immediately reabsorbed
by the photosensor cell [1]. Alternatively, the excita-
tion may be transferred directly from the filament to the
sensor cell chromophores, without generation of a pho-
ton. Presently, we use the main ideas of the previously
developed theoretic description [1].

In the present study, we extend the earlier devel-
oped modeling approaches describing light transmission
by intermediate filaments, present, for example, in the
Miiller cells. This section analyzes the polarization selec-
tivity of the optical channels in the Miiller cells and
other biological systems using the earlier developed
models and methods, including a model for the EMF
transmission by optical channels [1,2]. Note that the
channel diameter and wall thickness are much smaller
than the wavelength of light, with the wall thickness
and the diameter of the optical channel being the model

parameters. This model employs quantum confinement
(QC) to describe the EMF transmission by the opti-
cal channels [1,2]. Presently, we use the same model
to analyze the polarization selectivity of the optical
channels in function of their geometric parameters. We
analyze a waveguide with a coaxial elliptical cross-
section using both the perturbation theory and the direct
numerical analysis. Note that both of the these theoretical
approaches were initially proposed earlier [1,2].

2.1. The quantum confinement model

Presently, we extend the earlier developed theoreti-
cal models [1,2] to the waveguides with an elliptic tube
symmetry, analyzing the light transmission by a coaxial
waveguide with an elliptic cross-section (see Fig. Al.1),
where the ellipse is described by

2 2 2 2
X X

=+ =1 (1)
ext bext mt bmt

Here, aext and by are the semiaxes of the external
ellipse, ain and b,m are the semiaxes of the internal
ellipse, with b“*: = ‘"‘ , L is the length of the device.
The Laplace operator in the elliptic cylinder reference
system (&,n, z; ECRS) may be represented as shown in
the Appendix, while the Schrodinger equation for the

electron in the ECRS is given by:
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Fig. Al.1. The model system: a thick-walled elliptic cylinder.
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above, £ is a positive real value, n € [0,27], and
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We analyzed the problem for the following boundary
conditions:

o0; on the external surface
UEn) =< oo; on the internal surface

0; between the two surfaces @)
U = 0; 0<z<L
“= o0; z=<0; z=1L

The solution of the z-dependent part is given by:
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Thus, we obtain the complete wavefunction in the
form:

_ /2 . rmn
YEnD=vENYE =1/ Tsin () vEn
(10)

The ¥ (&, n) functions may be determined approxi-
mately for small eccentricities, i.e., for a/b — 1 « 1, using
the perturbation theory. Alternatively, the problem may
be solved numerically for any a/b value. Next, we
describe both approaches.

2.2. The perturbation theory approach

The Laplace operator in the elliptical system may be
presented as a sum of two terms [51] (see the Appendix):

A = Acrs + Apert (11

where,
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Note that the first term coincides with the Laplace
operator in the cylindrical reference system (CRS), while
the second term adds the contributions unique to the
elliptic cylinder reference system (ECRS). We used both
terms in the perturbation-theory analysis. The following
relations represent the perturbation operator in terms of
the CRS variables:

p= /(@ — 12) [Ch® (&) cos? () + S? (&) sin® ()]

a>b
(13)
Qint < a =< dext
bint <b< bext
@ = Arctg [Th(£) Tg (n)] (14)

Thus, we may obtain the expressions for &, n of the
ECRS in terms of p, ¢ of the CRS.

The solutions of the Schrédinger equation with the
Laplace operator (12a) have been obtained earlier, and
were used here [1]. Using the zero-order set of the elec-
tronic states in the axisymmetric system, their energies,
and the previously proposed methods to calculate the
light transmission efficiency [1], we calculated numer-
ically the polarization factor of the transmitted light in
function of a/b. We made these calculations in the first-
order perturbation theory, with the perturbed states and
the perturbation matrix elements given by:

|74 ' AT
[nAM) pey = |NAM) + _ RAMNAN, A gy
Pert ©) ©)
' Alm! EnAm = En’A/m/
2
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These calculations were performed using the earlier
developed methods, with appropriate modifications to
the respective homemade FORTRAN code [1,2]. The
simulations used two different parameter sets of the
optical channel: 3.0 or 4.0nm wall thickness, 5nm
internal radius, 10.0 wm channel length, and 34,700 or
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Fig. 1. Perturbation-theory calculations for the elliptic-tube model: (1)
3.0nm wall thickness, 5 nm internal radius, 10.0 um channel length,
34,700 cm™! energy of the incident EMF radiation; (2) 4.0 nm wall
thickness, 5 nm internal radius, 10.0 wm channel length, 19,500 cm™!
energy of the incident EMF radiation.

19,500 cm™! energy of the transmitted light. The results
were presented in terms of the relationship:

Wa — Wp

=20 16
Wa+Wb ( )

where, W, is the calculated output energy with the polar-
ization parallel to the larger axis and Wj, is the calculated
output energy with the polarization perpendicular to the
larger axis, both obtained for the input light with P=0.
The a/b ratio varied from 1.0 to 1.5, with Fig. 1 showing
the results obtained for the two model systems.

Fig. 1 shows that the polarization degree increases
from O to about 0.08, being larger for the higher-energy
radiation, although the calculated difference between
the two parameter sets is <0.01. We shall discuss these
results in detail below.

2.3. The numerical analysis

The Eq. (3a) was solved numerically using the finite-
difference methods as described earlier [1]. Fig. 2 shows
the polarization degree calculated for the same two
parameter sets, in function of the a/b ratio.

Fig. 2 shows that the polarization degree achieves val-
ues close to unity for both of the parameter sets at the
a/b ratio of 5.5. We compared the results obtained in
the two approaches for a/b < 1.5. The values calculated
by the perturbation theory are typically slightly smaller
than those obtained by the numerical analysis, with the
maximum relative differences below 1%. Therefore, the
perturbation theory adequately describes the degree of
polarization at a/b < 1.5.
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o » o %
™o
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o
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1 2 3 4 5 6
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Fig. 2. Numerical analysis of the elliptic-tube model: (1) 3.0 nm wall
thickness, 5 nm internal radius, 10.0 wm channel length, 34,700 cm™!
energy of the incident EMF radiation; (2) 4.0 nm wall thickness, 5 nm
internal radius, 10.0 wm channel length, 19500 cm™! energy of the
incident EMF radiation.

3. Experiments on a thin-film waveguide

We discussed above the theoretical models analyz-
ing the polarization selectivity of the optical waveguides.
The model was primarily addressing the intermediate fil-
aments, existing in the structure of the light-transmitting
cells, such as the Miiller cells. Presently, we are unable
to perform experiments on biological objects; therefore,
we measured the angle of polarization experimentally on
a thin-film model waveguide, a Cr metal track deposited
on AIN substrate with 0.1 x 1.0cm? size and variable
thickness, in the nanometer range. Two fiber-optical
light-guides were connected to the track at both ends,
normal to the track surface. The effective diameter of
the light-guides was 1.0 mm, equal to the track width.
The transmission spectra of the Cr tracks were recorded
with a polarizer in the beam path.

3.1. Experimental methods and techniques

The experimental setup described earlier [2] was
partially modified for the present measurements. Com-
mercial AIN substrates 12.5 mm in diameter and 1.5 mm
thick (Valley Design Corp.) were used to deposit rectan-
gular Crtracks 0.1 x 1.0 cm? in size with the preset thick-
ness in the nm range. Commercial Cr targets (Sigma-
Aldrich) were used to produce nano-tracks on a com-
mercial sputtering/thermo-evaporation Benchtop Turbo
deposition system (Denton Vacuum). A copper foil mask
was used to deposit the Cr tracks of the required geome-
try. The track thickness was controlled by XRD, with
the XPert MRD system (PANalytic) calibrated using
standard nanofilms of the same material. The estimated
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Fig. 3. Transmission spectra of the 0.1 x 1.0 cm? x 6.4 nm Cr sample:
(1) 9 mm distance between the input and output light guides; (2) 7 mm
distance; (3) 5 mm distance.

absolute uncertainty of the Cr track thickness was 7%;
the relative uncertainties were much smaller, determined
by the shutter opening times of the deposition system.

The transmission spectra were recorded on a Hitachi
U-3900H UV-visible Spectrophotometer. The spectral
peak maxima and widths were located using the Peak-
Fit software (Sigmaplot). The AIN substrates with the
deposited Cr tracks were mounted into the sample holder.
Two multimode fiber-optic light-guides with 1.0 mm
diameter were also mounted on the same sample holder,
normal to the track. The light-guides were transparent in
the range of 800—445 nm.

Thus, one end of each of the light-guides was in direct
contact to the Cr track, while the other one was mounted
into a home-made fiber-optic adaptor, connecting the
experimental assembly to the spectrophotometer, with
a linear polarizer installed into the input beam path. The
blank scan made with the two sample ends of the light-
guides connected directly to each other was subtracted
from the experimental spectra.

3.2. Experimental results and analysis

We tested two different Cr tracks: (a)
0.1 x 1.0cm? x 6.4 nm; and (b) 0.1 x 1.0cm? x 8.3 nm.
Fig. 3 shows the spectra of the sample (a) without polar-
izer at different distances between the ends of the two
light-guides connected to the sample.

We saw that the transmitted light intensity is only
weakly dependent on the distance between the ends.
We therefore concluded that the entire surface of the
Cr track emits light almost homogeneously in function
of the distance from the input light-guide.

10
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& 00 1

10 12 14 16 18 20 22 24 26 28 30
Energy (em™, 10%)

Fig. 4. Transmission spectra of the () 0.1 x 1.0 cm? x 6.4 nm and (b)
0.1 x 1.0cm? x 8.3 nm Cr tracks on the AIN substrate recorded with
the polarizer at different angles: (1) 0°; (2) 15°; (3) 30°; (4) 45°; (5)
60°; (6) 75°; (7) 90°.

Fig. 4 shows the transmission spectra of the samples
(a) and (b), recorded with the polarizer in the beam path,
at different angles, with the zero angle, corresponding to
the electric field vector E parallel to the track axis.

Comparing the spectra of the Fig. 4, we conclude that
the polarization efficiencies of the Cr tracks are quite
high, with the thinner sample (a) having a slightly higher
polarization efficiency.

Thus, the Cr sample tracks are efficient light polariz-
ers. Recalling that the transmission of a linear polarizer
varies as cos?(a), o being the angle between the electric
of linearly-polarized light and the polarization direction,
we plotted the integrated transmission spectra in function
of cos?(), with the results shown in Fig. 5.

The data of Fig. 5 were fitted by linear functions
(y = ax + b) with the parameters: a=0.886, b=0.117,

12

1.0 |
0.8 1
0.6 1
04 4 b

0.2 1

Normalized Spectrum Integral

a

0.0

00 02 04 06 08 10 12

Cosz( Q)

Fig. 5. The integrated transmission spectra vs. the theoretical
cos?(er) factor, describing the intensity in function of the polar-
izer angle, for the two samples: (a) 0.1 x 1.0 cm? x 6.4nm and (b)
0.1 x 1.0cm? x 8.3 nm.
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Fig. 6. The integrated transmission spectra vs. the polarizer
angle for both samples (a) 0.1 x 1.0 cm? x 6.4nm and (b)
0.1 x 1.0cm? x 8.3 nm. The experimental points are compared to the
model calculations (lines).

and a=0.817, b=0.195, respectively, and very good
quality fits (RZ >0.9997), showing that the results follow
the cos?(ar) behavior expected for the linearly polarized
light.

Now, we modified the earlier developed theoretical
model [1,2] in order to accommodate waveguides of
rectangular cross-section, using the same physical ideas,
with the band width in the absorption spectrum deter-
mined by the interactions between the discrete quantum
states and the quasi-continuum conduction zone, and by
the density of states in the latter. The home-made FOR-
TRAN code [1,2] was suitably modified to accommodate
rectangular waveguides. Fig. 6 shows that model calcu-
lations reproduce the experimental results quite well.

We conclude this section by stating that nanosized
waveguides have intrinsic polarization selectivity, pro-
vided they are not cylindrically symmetrical, as seen
both in model calculations and in the experimental study
of the rectangular Cr tracks. We believe that the same
mechanism of the polarization selectivity may operate
in the optical channels of live cells build of bundles of
the elliptic intermediate filaments.

4. Discussion

We investigated the polarization selectivity of the
nanosized optical waveguides theorically, and tested
it experimentally on a model strip nanostructure. The
polarization selectivity for the transmitted light arises
when we consider a waveguide with an elliptic cross-
section, being absent for a waveguide of a cylindrical
cross-section. Note that the transversal dimensions of the
waveguide are much smaller than the wavelength of the
light, transmitted in the form of an excited state (exciton)
from one end of the waveguide to the other. Presently we

considered a model based on quantum confinement in
nanostructured conductive materials [1,2]. This model
was used to explore the EMF energy transmission by
cylindrical channels and more complex systems with
axial symmetry; the same approach was presently used to
analyze the spectral selectivity of long optical nanochan-
nels. Note that the light transmission by nanowires,
nanotubes and similar systems has been partially ana-
lyzed using the plasmon—polaron theory [45-47], with
the transmission spectrum also dependent on the wire
radius. The transmission spectra of the nanowires were
significantly wider [45-47] than those obtained previ-
ously [1,2] for the thin-walled tubes, while comparable
to those obtained for the thick-walled tubes [2]. This
result is dependent on the y; in the classical case of
the plasmon—polaron theory, this parameter describes
the friction coefficient describing the electron motion
in such systems; in the QM description, this parame-
ter describes the relaxation rate of the excited electronic
state. The parameter y increases with the wall thickness
of the nanotubes [1,2], resulting, as already mentioned,
in the spectral widths of the plasmon excitations being
comparable to the spectra obtained for the thick-walled
tubes, as calculated using the QM mechanism [2].

The polarization selectivity of the optical channels
made of filaments was analyzed in the present study
using the quantum confinement approach for nanotubes
with elliptic cross-section. We found that such chan-
nels produce polarization degrees in excess of 95% for
an ellipse with a/b = 5.5, functioning as an efficient
polarizer.

Our theoretical model was primarily addressing bio-
logical systems transparent to light, including bundles of
intermediate filaments in Miiller cells. We proposed [ 1,2]
that intermediate filaments are built of electrically con-
ductive proteins [48,49]. Indeed, the structure of protein
molecules was found to facilitate long-range electron
transfer in solutions and even in dry solid state, trans-
mitting electric currents much higher than those recorded
for saturated organic substances with comparable layer
thickness. In fact, proteins demonstrate the electrical
conductivity comparable to that of nanowires made of
carbon nanotubes [48]. Taking into account the infor-
mation on the electric conductivity of proteins and the
experimental data obtained in the present study, we con-
clude that the intermediate filaments with non-circular
cross-section should have some polarization selectiv-
ity as regards light/excitation transmission. Thus, the
currently proposed quantum confinement model should
appropriately describe the intermediate filaments, wire-
like biological structures built of proteins and present
in many types of cells. We believe that the intermediate
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filaments found in transparent cells should be described
quite well by the nanotube-based model, due to their
small diameter (usually, 10-12nm) and because their
cross-section closely resembles that of a thick-walled
nanotube, with the lower-density core and the higher-
density walls, according to the X-ray diffraction data
[18]. Note that SWCNTSs are indeed an efficient EMF
polarizer, in full agreement with the presently discussed
theoretic ideas [53].

While the sensitivity of the vertebrate eye is well-
documented behaviorally, the physical basis of its
polarization sensitivity is still under investigation. There
is a possibility of the optical polarizing filters existing
in front of the photoreceptors, or else the photore-
ceptors themselves may have an intrinsic polarization
sensitivity [3]. Currently, we have reasons to believe
that nature may use both possibilities in different ver-
tebrate species. Here we suggest a novel mechanism
of the polarization-dependent filtering by specialized
nanofilaments existing in the retina, namely the inter-
mediate filaments in the Miiller cells, which transmit
light to the cone photoreceptors in the vertebrate retina
[24,50]. The mechanism discussed in the present study
is radically different from those proposed previously
in the literature; however, it is a definite possibility.
We believe that this mechanism may also be at work
in other transparent biological systems with specialized
filaments.

5. Conclusions

We report that the model device shown in Fig. Al.1
has the polarization selectivity as regards the transmis-
sion of light. The polarization degree of the transmitted
light strongly depends on the a/b ratio, transfor-
ming strongly elliptic nanofibers into efficient optical
polarization filters. We believe that similar structures
exist in nature, including intermediate fiber bundles in
Miiller cells, conducting light from the internal sur-
face of the retina to the sensory photoreceptor cells
(cones).

Presently, we discussed the polarization selectivity of
the specialized intermediate filaments in the Miiller cells.
As we proposed, apparently all of the biological objects
that are transparent to visible light have bundles of inter-
mediate filaments that may directly transmit the light
energy through the cell avoiding light absorption by var-
ious chromophores present in other cellular structures.
We infer that some of these light-transmitting interme-
diate filaments may be polarization-selective, provided
they have an elliptic cross-section. To illustrate the
developed theoretical models, we tested the polarization

selectivity of nanometer-thick macroscopically-sized
rectangular Cr strips. The models modified to accommo-
date waveguides of rectangular cross-section describe
the experimental data with good accuracy. We believe
that the proposed mechanism of the polarization selectiv-
ity may be at work in transparent live cells that transmit
light over bundles of intermediate filaments.
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Appendix A.

Presently, we analyzed the light transmission by a co-
axial cylindrical system with the elliptic cross-section
(Fig. A1.1). The geometry is described by the equations:

.X2 N y2 )C2 y2
S T2 T 3 T
gy by Tint b int

=1 (A1)

Here, aecxt, bext are the semiaxes of the external, and
dint, bine Of the internal ellipse (Fig. A1.1), % = %, L
is the length of the device.

The Laplace operator in the ECRS referential (§,7, z)

may be presented as follows:

Al ! (24242
T f2(Sh2 (&) +sin? () \ & an? 372
(A2)

The latter relationship may be rewritten using the vari-
ables of the CRS referential (p,¢,z), using the following
relations coupling the two reference systems:

p=1f \/ Ch2 (&) cos? (1)) + Sh? (&) sin® (1)) (A3)
¢ = Arctg (Th (&) Tg (1))

f=1/a2—b2

po !
~ Th()
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Thus, the Laplace operator in the ECRS expressed in
terms of the derivatives calculated in the CRS is given
by [51]:

A=

1 — &2 + g*cos? () sin’ (n) < 92
(1 —&%cos?(m) (1 — 2sin® )

1 9 N 92
8,02 ,02 8(/)2 3Z2

n (1 — &2cos? (n)) cos? () + (1 — 82) (1 — &2cos? (n)) (1 — cos? (n)) li

1 — €2 + g*cos? () sin? ()

#  1—(1- 2cost () & + g*cos? () sin® (n) 1 0

= o 1 — 2 + g*cos? () sin? () p op
Thus, the latter operator is a sum of two terms:

A= ACRS + APert (AS)

where,

9 182 9

J— + [ R—

3,02 pz awz 322

1- (1 — 2cos* (n)) e+ edcos (psin® () 1 5
1 — &2 + g4cos? () sin® (1) pop

Acrs =

(A6)

Apert =

The operator (A2) was used in the numerical analy-
sis of the problem using finite difference methods [52],
while the operator (A5) was used in the perturbation-
theory approach.
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