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Abstract

For the Riesz potential operator 1% there are proved weighted estimates
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weights: they may oscillate between two power functions. Conditions on weights are given in terms of
their Boyd-type indices. An analogue of such a weighted estimate is also obtained for spherical potential
operators on the unit sphere S C R”.
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1. Introduction

Last years harmonic analysis in variable exponent spaces attracts enormous interest of re-
searchers due to both mathematical curiosity caused by the difficulties of investigation in variable
exponent spaces and also by various applications. We refer in particular to papers [12,22] on the
spaces L") and papers [4,5,10,11,16] on the recent progress in operator theory and harmonic
analysis in L”®), the theory of these spaces and the corresponding Sobolev spaces WP) with
variable exponent being at present rapidly developing, influenced by applications given in [17],
see also references therein. The main progress concerns in particular non-weighted theorems on
p(-) = p(-)-boundedness of the Hardy-Littlewood maximal operator

1
Mf(x) =SUp e / | f()|dy (1.1)

r>0
B(x,r)
and p(-) — ¢q(-)-boundedness of the Riesz potential operator

1 fdy
Ya() J |x —y|n=e’
R)l

I f(x) =

O<a<n. (1.2)

There are various challenging open problems in this topic; we refer to the existing surveys
[6,8] and [20], one of those problems being related to the weighted theory: to find an analog of
the Muckenhoupt condition for the maximal operator and the Muckenhoupt—Wheeden condition
[15] for the Riesz potential operator.

In this paper we deal with the weighted estimates for the Riesz potential operator.

A non-weighted Sobolev-type p(-) — ¢ (-)-theorem for variable exponents was first obtained
in [21] for bounded domains §2 C R” under the assumption that the maximal operator is bounded
in LPO)(£2), which became unconditional statement after L. Diening’s result [S] on the bound-
edness of the maximal operator. For unbounded domains the Sobolev theorem was proved in by
C. Capone, D. Cruz-Uribe and A. Fiorenza [2] and D. Cruz-Uribe, A. Fiorenza, J.M. Martell and
C. Perez [3], a weaker version being given in V. Kokilashvili and S. Samko [10].

In the weighted theory, Sobolev embeddings were obtained for power weights. First, for
bounded domains there was obtained the weighted p(-) — p(-)-boundedness in V. Koki-
lashvili and S. Samko [11] and the p(-) — ¢(-)-inequality with the limiting exponent ¢ (-) in
S. Samko [26]. As is known, the case of unbounded domains is more difficult (when p(-) is al-
lowed to be variable up to infinity). A generalization of the Stein—Weiss inequality [26], that is,
Sobolev embedding with power weight on unbounded domains for variable exponents was con-
sidered in [24], where this generalization was obtained with a certain additional restriction on
the parameters involved. This restriction was withdrawn in [25]. The progress in [24,25] became
possible under the log-condition on the variable exponent at infinity, a little bit stronger than the
decay condition.

Up to now, for variable exponents no Stein—Weiss-type inequality with weights more general
than power ones was obtained. A characterization of general weights admissible for the Sobolev
embedding is still unknown. In the case of variable exponents, one may easily try to write down
an analogue of the Muckenhoupt—Wheeden condition in terms of the corresponding norms, but
whether this guarantees the weighted boundedness of the Riesz potential, remains an open prob-
lem. The generalization to the case of more general weights encountered essential difficulties,
caused both by the general reasons—non-invariance of the variable exponent spaces with respect
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to translations and dilations—and by the absence of results for the maximal operator with general
weights.

In this paper we partially fill in the existing gap. The main novelty of the results obtained in
this paper is admission of a certain class of general weights w(|x — xol), xo € £2, of radial-type
(in the case of unbounded domains we admit radial type weights “fixed” also to infinity). We
generalize results obtained in [24,25] to the case of general “radial-type” weights by admittong
weights which have a typical feature of Muckenhoupt—Wheeden weights: they may oscillate
between two power functions. The class of admissible weights may be considered as a kind of
Zygmund-Bary—Stechkin class. The idea to use the Zygmund-Bary—Stechkin class of weights is
based on the observation that the integral constructions involved in the Muckenhoupt condition
for radial weights (in the case of constant p) are exactly those which appear in the Zygmund
conditions.

A new point is that the conditions for the validity of the p(-) — ¢g(-)-estimate (with the
limiting exponent) are given in terms of the so called index numbers m(w) and M (w) of the
weights w(r) (similar in a sense to the Boyd indices). These conditions are obtained in the form
of the natural numerical intervals

ap(xo) —n <m(w) < M(w) < n[p(xo) — 1] (1.3)

“localized” to the points xo to which the radial weights w(]x — xg|) are fixed. The sufficiency
of this condition in terms of the numbers m(w) and M (w) is a new result even in the case of
constant p. As is known, even in the case of constant p the verification of the Muckenhoupt—
Wheeden condition for a concrete weight may be an uneasy task. Therefore, independently of
finding an analogue of the Muckenhoupt—Wheeden condition for variable exponents, it is always
of importance to find easy to check sufficient conditions for weight functions, as for instance
in (1.3).

As a corollary to the weighted result for the Riesz potential operator in R” we also obtain a
similar theorem for the spherical analogue

/| f@) o, xeS", 0<ua<n, (1.4)

U|n o

of the Riesz potential in the weighted spaces L?*)(S", p) on the unit sphere $" in R"**1.

The main results of the paper are given in Theorems A—C, see Section 3. Theorem A contains
a weighted result for bounded domains and in this case the order @ = «(x) of the Riesz potential
may be also variable. Theorem B provides the weighted result for the whole space R” in case of
constant «. Finally, Theorem C contains a similar result for spherical Riesz potentials. Section 2
contains necessary preliminaries. In Section 4 we prove a crucial lemma on estimation of norms
of truncated weight functions. The proof of Theorems A—C is given in Sections 57, respectively.

Notation.

Bx,r)={yeR" |y—x|<r};
S" is the unit sphere in R**! ¢, 1 =(0,0,0,...,0, 1);

po =infre p(x), P = sup,co p(x), p'(x) = 5552y

P(£2), see (2.2)—(2.3);
W, see (2.9);
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W, see (2.10);
055 , see Definition 2.2;
llff , see Definition 2.8;

by c or C we denote various positive absolute constants.
2. Preliminaries
2.1. On weighted Lebesgue spaces with variable exponent

We refer to [12,22] for details on the spaces LPO(£2), but give the basic definitions. Let §2
be an open set in R”, p : £2 — [1, 00) a measurable function on £2 and

LPO@. ) = {£: [p()] 7 f(x) € LPO@)), LPO(@2):= L7 (2, 1),

Jx)
A

N

px)
dx 1}, (2.1)

I lLro 2,0 = inf{k > 0: fp(x)
2

where p(x) will be of the form p(x) = w(|x — xo|) with x € 2.
By P(£2) we denote the set of functions p : 2 — (1, oo) satisfying the conditions

l<po<px)<P<oo on§2, (2.2)

: 2.3)

| =

|p(x) — p()| < forall x,y € £2, with |x — y| <

In
lx—=yl
where A > 0 does not depend on x and y. In case of a bounded set §2 condition (2.3) may be

also written in the form

NA _
lpx) —p(| < —F—, x,ye, N=2diam®. (2.4)
lx—yl

Under condition (2.2) for the conjugate space [L? ©)(£2, p)]* we have
+ L _ 1
px)  px)

< kl|u v . . 2.6
X || ”LP/(')(.Q,[p(x)]%)” ||Lp(>(_o,p) (2.6)

[L70@2, p)]" = L7 O(82, [p()]70),

' /u(x)v(x) dx
2

We will also deal with a similar weighted space LP)(S", p) with variable exponent on the
unit sphere S" = {o € R**!: |¢| = 1}, defined by the norm

2.5)

p(o)

”f”Lp(')(anp)Zin{}\.>O: /p(o)'@ do < 1}.
Sn

Similarly to the Euclidean case, by P(S") we denote the set of exponents p(o) on S” which
satisfy the conditions 1 < p_ < p(0) < px <o0,0 €S",

A
|p(o1) — p(o2)| < ———, 01€S", omeS".

lo1—o2|
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2.2. On Zygmund—Bari—Stechkin classes @5 and llff

19, Classes @f = @£([0,£]). By C4([0,€]), 0 < € < oo, we denote the class of functions
w(t) on [0, £] continuous and positive at every point ¢ € (0, £] and having a finite or infinite
limit lim; g w(t) =: w(0). A function ¢ € C1 ([0, £]) is said to be almost increasing (or almost
decreasing) if there exists a constant C > 1 such that ¢(x) < Ce(y) forall x <y (or x > y,
respectively).

Definition 2.1. Let —co < B < y < co. We define the class Z# = Z# ([0, £]) as the set of func-
tions in C4 ([0, £]) satisfying the condition

/hw(x)dx < w(h)

P <c WP 2.7

0

and the class Z,, = Z,,([0, £]) as the set of functions w € C, ([0, £]) satisfying the condition

/e‘w(x)dx < w(h)

S S 28)
h
where ¢ = c(w) > 0 does not depend on % € (0, £].
Let
Wo = { € C+([0, €]): @(x) is almost increasing} (2.9)
and
Wo = {¢ € C+([0, €1): 3a = a(p) € R' such that x*¢(x) € Wp}. (2.10)
Definition 2.2. We define the Zygmund—Bari—Stechkin class of ,as
ol=Wonzfnz, —oco<p<y=<oe. (2.11)
The class 955 is a modification of the class @,?, k=0,1,2,..., introduced in [1], where

increasing functions w were considered. We deal with almost monotonic functions as in [18].
We refer in particular to [7] for properties of functions in 455. Observe that

PlicoRcod). 0<hH<Ap<N<R (2.12)

Definition 2.3. Let w € C4 ([0, £]). The numbers

introduced in such a form in [18], will be referred to as the lower and upper index numbers of a
function w (they are close to the Matuszewska—Orlicz indices, see [13, p. 20]).
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Observe that

m[x“w(x)] =a+m(w) and M[x“w(x)] =a+ M(w) (2.13)

m<l> M), M<l> — “m(w). (2.14)
w w

The following statement characterizes the class (155 in terms of the indices m(w) and M (w),
see its proof in [18, p. 125] for the case 8 =0, y = 1 and in [7] for the case 0 < B < y < 00. The
validity of Theorem 2.4 for all —oo < 8 < y < oo follows from the possibility (2.13) to shift the
indices.

and

Theorem 2.4. Let —o0 < 8 < y < 00. Then

L. A function w(x) € W, is in the Bari-Stechkin class @5 if and only if
B<mw)<Mw)<y. (2.15)
Besides this, the condition m(w) > B for w € Wo is equivalent to inequality (2.7), while the
condition M(w) < y is equivalent to (2.8).
II. Forw e (Df and every ¢ > (O there exist constants c1 = c1(w, &) > 0 and co = c2(w, &) > 0
such that
ctMre Cur) <ept™™ e 0<r <L, (2.16)

II. Ifwe VT’O N ZP, then % is almost increasing for every §1 < m(w); if w € Wo NZ,, then

w(t)

Sy is almost decreasing for every §o > M (w).

Corollary 2.5. Let 0 < y < 0. For every w € d?)(,) there exists a 6 = 6(w) > 0 such that
w e @3_6.

Proof. Indeed, from part I of Theorem 2.4 it follows that one may take any § in the interval
O<d<y—Mw). O

Lemma 2.6. Let a function p(t) € C, ([0, £]) have the property: there exist a, b € R! such that
1%p(t) is almost increasing and 1 p(t) is almost decreasing. Then c1p(t) < p(t) < c2p(7) for
all t,t € [0, £] such that % < % < 2, where c1 and ¢y do not depend on t, .

Proof. The proof is a matter of direct verification. O

The following lemma was proved in [9] (see Lemma 4.1 in [9]).

Lemma 2.7. Let 2 be an open bounded set, x( € 2, letw e dﬁﬂ, —00 < B <y < oo, and let

p(x) be a bounded function on 2 satisfying the condition |p(x) — p(x0)| < IHLN x € 82,

N =2 =diam 2. Then o
e [w(x = xol) ] < [w(lx = x0l)]" < cafw(1x — x0l)]", 2.17)

where c¢1 > 0 and ¢y > 0 do not depend on x.
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29, Classes Wf = llff([f, o0)). Let C4([£, 00)), 0 < £ < oo, be the class of functions w(t)
on [£, 00), continuous and positive at every point ¢ € [¢, 00) and having a finite or infinite limit
lim;—, 5o w(t) =: w(oo). We also denote

VT/OO = {go eCy ([0, 6]): Ja e R x%p(x) is almost decreasing}. (2.18)

Definition 2.8. Let —oo < y < 8 < 0o. We define the class ZP = 2‘6([0, £]) as the set of func-
tions in C ([€, 00)) satisfying the condition

r r ﬂw(l)dl
/(;) ; <cw(r), r— o0, (2.19)

r

and the class 2\}, = 2\},([2, 0)), 0 < £ < 00, as the set of functions w € C4([£, 00)) satisfying
the condition

h Y
/(i) w(?d’ <cw(r). r— oo, (2.20)
L

t

where ¢ = c(w) > 0 does not depend on r € (0, £]. We define the class lI/ﬂ, —0o<fB<y <o,
as

W =WonNZPNZ,. (2.21)

The indices m(w) and M (w) responsible for the behavior of functions w at infinity are intro-
duced in the way similar to Definition 2.3:

w(xh)]
w(h)

. M@w)=inf ————w® °
x>1 Inx

m(w) = sup 1
x>1 nx

One can easily reformulate properties of functions of the class dbf near the origin, given in
Theorem 2.4 and Lemma 2.7 for the case of the corresponding behavior at infinity of functions
of the class J/f . This reformulation is an easy task since for w € C1([€, 00)) one has w,(¢) :=
w(%) e C ([0, %]) and the direct calculation shows that

m(w) = —M(w,), Mw) = —m(wy). (2.22)

Observe in particular that
wewl([l,00) = w,ed f([0,1]) (2.23)
and the analogue of property (2.16) for functions in ‘Ifyﬂ ([1, 00)) takes the form
it Sw(0) <MW 1>, wewf (1L, 00)). (2.24)
2.3. On the maximal operator

The following statement was proved in [9].
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Theorem 2.9. Let 2 be a bounded open set in R", { = diam §2 and let p € P(§2). The operator
M is bounded in the space LP™) (82, w) with the weight w(|x — xo|), xo € 82, if

w(r) € @L([0,€]) with p=—nandy =n[p(xo) — 1]
or equivalently

w e VT/O and —n<m(w)<Mw)< n[p(xo) — 1] (2.25)
3. The main statements

In the case of bounded domain §2 we admit that the order « of the operator /* may be also
variable, so we deal with the operator

190 £ (x) = fWdy o 3.1)
J =yt

We assume that the exponent « (x) in (3.1) satisfies the assumptions

inf a(x) >0 and supa(x)p(x)<n (3.2)
xef2 xXeR

and the logarithmic condition

(3.3)

l\JI'—‘

A

|a(x)—a(y)’<l T X, YEL, [x—yl<
n—
[x—yl

Everywhere in the sequel the exponent g (x) is defined by W =20

In [23] the following statement for power weights was proved.

Theorem 3.1. Let 2 be an open bounded set in R" and xo € 2, let p € P(2) and « satisfy
conditions (3.2)—(3.3). Then

|x_xO|y/ f()dy
ly
2

<Clfllprocey, (3.4)

—xol”|x — y|n_a(x) L1O(2)

if a(xo) —

n n
P SV S P
We prove the following generalization of Theorem 3.1.

Theorem A. Let 2 be a bounded open set in R" and xo € 2, let p € P(2) and « satisfy
conditions (3.2)—(3.3). Let also

w(r) € @F([0,€])  with p = a(x0)p(x0) —n. y =n[p(xo) — 1], (3.5)

or equivalently

weWy and a(x)p(xo) —n <m(w) < M(w) < n[p(xo) —1]. G0
Then
|70 7| ClANLro@wix—xoh)- G

LI10(82, wP(Ix X0 I))
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The proof of Theorem A will be based on a development—to the case of Zygmund—Bari—
Stechkin class—of the technique of weighted estimation of L”)-norms of power functions of
distance truncated to exterior of a ball, used in [21] and [23], on properties of such weights
developed in [7,18,19] and on Theorem 2.9.

The above mentioned development of the technique from [21,23] is given in the next section.
Theorem A itself is proved in Section 5.

For the case of the whole space R” we consider a(x) = o = const as in (1.2) and deal with
the weight is “fixed” to a finite point xo = 0 and to infinity:

w(x) = wo(|x])woo (1x1). (3.8)

where wo(r) belongs to some ch-class on [0, 1] and w (r) belongs to some lI/y'B—class on[1, 0]
and both the weights are continued by constant to [0, 00):

wo(r)=woe(l), 1<r<oo, and we(r)=w(l), O0<r<1.

As in [25], we also need the following form of the log-condition at infinity:

1
|p*<x)—p>.<(y>|<]n T kYIS, xyeRy, (3.9)
lx—yl

where

— (2
p*(X)—p<|x|2>-

Theorem B. Let 0 < o < n and let p € P(R") satisfies assumption (3.9) qand condition
Sup,cgn p(x) < 5. The operator 1* is bounded from LPORY, w) to LIO(R", wr), where w(x)
is the weight of form (3.8) and

w (x) = [wo(lxl)]'q’%[ (|x|)](%), (3.10)
if

wo(r) € ([0, 11),  woo(r) € ¥>([1,00)), 3.11)
where Bo = ap(0) —n, yo =n[p(0) — 11, Boo = n[p(c0) — 11, Yoo = ap(00) —n, or equivalently

wo € W([0,11), ap(0) —n <m(wo) < M(wo) <n[p(0) —1], (3.12)
and

Woo € W([1,001),  ap(00) —n < m(weo) < M(wes) < np(c0) — 1]. (3.13)

For the spherical potential operator (1.4) a similar result runs as follows

Theorem C. Let p € P(S") and sup, cgn p(0) < 2. Leta € §" and w = w(|o — al). The spherz-

cal potenttal operator K® is bounded from the space LP)(S", w) into the space L1V (S", w P(’” ),
1 o

where 7z q(o) ICIRT i

w e ®£([0,2]), (3.14)

with 8 =ap(a) —n and y =n[p(a) — 1], or equivalently

weW and ap(a) —n<m(w) < M(w) < n[p(a) — l]. (3.15)
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4. Estimation of [||x — y| ™2™ x, (x — )l Lr0 (@, p)

In all the proofs in the sequel, when we pass to a neighborhood {x € £2: |x — xg| < §} of the
point xg, in the case xo € 952 we consider, whenever necessary, the function f(x) as continued
to the whole neighborhood {x € R": |x — x| < 8} as zero and the exponent p(x) continued with
conservation of the log-property, which is always possible.

4.1. A technical lemma

Let
A(x,r) = f ly — x| 7" @p(ly —xol)dy, xo € £2. (4.1)
yes
ly—x|>r

Lemma 4.1. Let d =: infcp a(x) > 0 and

p(t) € <Dd_”([0, E]), £ =diam £2. 4.2)
Then the following estimate holds

A, 1) <Cr*@p(ry),  re =max(r, [x — xol), (4.3)

where C > 0 does not depend on x € 2 and r € (0, £].

Proof. We take xo = 0 for simplicity and consider separately the cases |x| < 5, 5 < [x] < 2r,
|x| = 2r.

Iyl ly—x|+]x| |x] i Lyl x| < 1
The case |x| < 5. We have =] < aa =T < 1+ = <2 and similarly = >1—-"2>5.
Hence % < |yli‘x‘ < 2. Therefore, by Lemma 2.6 we have p(]y]) < Co(]x — y|). Consequently,
¢
A(x,r<C / e =y p(lx — yl)dy < C/r—l—“%(r) dr.
yeS2 r

|[y—x|>r

The inequality frg 17179 o (1) dt < Cr=*9 p(r) with C > 0 not depending on x and r, is valid.
Indeed, this is nothing else but the statement that p(¢) € Z,() uniformly in x € §2, which holds
because condition (4.2) implies the validity of the uniform inclusion p(t) € Z,() by property
(2.12). Therefore,

A(x,r) < Cr Y p(r). (4.4)

The case 5 < |x| <2r. We split the integration in A(x, r) as follows

Axr) = / Iy — 2174 o1y ) dy + / I — 74O p(1y]) dy
yes? yes
r<l|y—x|<2|x| [y—x|>2]x|

=71+ 7.
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For J; we have

3, < ) / p(lyl)dy.

yes2
r<|y—x|<2|x|

Observe that
ly=xl>r = [yI<|ly—x|+xI<|y—x|+2r <3y —x|.

Consequently,

Jp < / p(Iyl)dy <r "™ / o(lyl)dy
[y—x|<2lx]| lyl<6lx]
[yI<3]y—x]
6)x|

_ —n—a(x) n—1

=Cr " p(t)dr.
0

Since " p(t) € @ 5, we obtain J; < Cr=@ p(6]x|) < Cr=4™ p(|x|). The estimate for Jp =

A(x,2|x]) is contained in (4.4) with r = 2|x|.

The case |x| > 2r. We have

Aler) = / I — 1" p(1yl) dy + / I = ¥4 p(1y1) dy
yes2 yes
r<ly—x|<3lx| ly—x|>41x|
=:J34+J4.

For the term J3 we have %|x| <yl < %|x|, so that p(|y]) < Cp(]x]) by Lemma 2.6. Therefore,

x|

2
J3 < Cp(|x|)/t_l_“(x) dt <Cr~*@p(Ix|), |x| >2r. 4.5)

r

The term J4, coincides with A(x, %) and its estimate is contained in the preceding case 5 <
|x]| < 2r.
Gathering all the estimates, we arrive at (4.3). O

4.2. The principal estimate

Let
)L if x| >,
Xr(x) = {O, if x| <r
and p = p(|y — xop|). For the proof of Theorem A we need to estimate the norm
1o () = 1x = 17D 3000 = D) Lo (4.6)

as r — 0, the norm being taken with respect to y. (We will need it with B(x) =n — «a(x) and
p(-) replaced by p'(-).)
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Theorem 4.2. Let 2 be a bounded open set in R", xo € 2, and let p € P(22) and B € L™ (£2).

If

essinf B(x)p(x) > n, 4.7)

xesf2
"pt)ed’, withy = essinf () p(x), (4.8)
xe
then
n ;
g pp(6, 1) < Crea PONp )70 ry = max(r, |x — xol) (4.9)

forall x € 2,0 <r < { =diam £2, where C > 0 does not depend on x and r.

Proof. We follow ideas of the proof of similar estimation for the power weight in [23, Theo-
rem 4.2]; complications arising from the general weight are overcome by means of the properties
of Zygmund—Bari—Stechkin weights presented in Section 2.2. For simplicity we take xo = 0. By
definition (2.1) of the norm we have

=B\ PO
/ (7” al ) p(lyl)dy=1. (4.10)

ng,p.p
yes2
ly—x|>r
st step. Values ng p ,(x,r) = 1 are only of interest. This follows from the fact that the right-
hand side of (4.9) is bounded from below:
inf PP @ oy =01 >0, 1y =max(r, [x]). 4.11)

xe
O<r<diam 2

To verify (4.11), note that from the condition 8(x) p(x) > n there follows that
PP () 2 int{r" TP p (), x| TPOPO p([x]) | > min{c, Jnf r"—yp(r)}

and to arrive at (4.11), it remains to observe that r"~” p(r) is bounded from below: from the
condition " p(r) € @,9 it follows that % is almost decreasing (see part III of Theorem 2.4)
and consequently bounded from below.

2nd step. Small values of r are only of interest. We assume that r is small enough, 0 < r < &y.
To show that this assumption is possible, we have to check that the right-hand side of (4.9)
is bounded from below and ng, ,(x,7) is bounded from above when r > g9. The former was
proved at the step 1 even for all » > 0. To verify the latter for » > ¢o, we observe that from (4.10)

. x| ~BOPG)
and from the fact that ng , , > 1 it follows that 1 < f Mpﬂ y|) dy whence

YER, |y—x|>€0 nB.p.p
w1y =X TPOPOp(ylucr. ) dy.
yefR
[y—x|>e0
where u(x,y) = |y — x| POPO=P®] - Estimating Inu(x,y), we obtain that e M5 <
u(x,y) <eMB x,y e £2, where N and A are the constants from (2.4) and B = sup, .o (x).
Therefore,
p(yDdy _BP
< — - <K =
ng ppx,r)<C / oy — PP < Ceg, p(|y|)dy const

yEQ 2
ly—x|>&0
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since p € L1(£2) which is easily derived from condition (4.8). This proves the boundedness of
ng, p,p(x,r) from above.

The value of g¢ will be chosen later.

3rd step. Rough estimate. First, we derive a weaker estimate

ng.p.p(x,r) < Cr P (4.12)

which will be used later to obtain the final estimate (4.9). To this end, we note that always
APO) L AP 4 jsupP(Y) 5o that from (4.10) we have

y = x[TPRONP |y — x| PONT
1< L/ [(——————— +(=——— [e(¥))dy.
o ng.p.p ng.p.p

|y—x|>r

Since |y — x| > r, we obtain

pmBENPO =B\ P
<[5 +(5) 1 e
ng,p,p ng,p,p
yes2

Hence

FmBOONPO =B P

+ Zc

ng,p.p ng.p.p

which yields - ;ﬁ:: > C and we arrive at the estimate in (4.12).
4th step. We split integration in (4.10) as follows
3 - (6]
ly — x| 7BOINP
1=y (l———— p(I)dy =T + T + T, (4.13)
i1 ng.p.p
£2(x,&0)

where

|y —x|7P
21(x,&0) = {ye.Q: r<l|y—x|<g, —m > 1},
ng.p.p

|y — x| =P
22(x,80) = {y e2:r<|y—x|l<g, —m < 1}, and
ng.p.o
23(x,80) = {y € 2: |y — x| > go}.
Sth step. Estimation of . We have
ly —xl_ﬁ(x) px)
I = (—) p(lyl)ur(x, y)dy, (4.14)
nB.p.p
£21(x,€0)
where
ly —x|7A™) P —pX)
oy = (LY
ng,p.p

By direct estimations it may be shown that u, (x, y) is bounded from below and from above with
bounds not depending on x, y and r (see details in [23, p. 432]). Therefore,
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C
< —_
i s px)
B.p.p yeR
ly—x|>r

ly — x| 7P@PO p(1y]) dy. (4.15)

We may use here estimate (4.3), which is applicable by (4.8) and (4.7), and get

C
1 < —i " PP p (). (4.16)

g p.p

6th step. Estimation of I, and the choice of g¢. In the integral 7, we have

| _x|—/3(X) Pey (X)
n<c [ (y— p(1y1) dy 4.17)

ng.v,p
§27(x,80)

where pg,(x) =min|y_y|<¢ p(y). Then

C p—
hs 75 / |y = x| PP p(|y]) dy. (4.18)
B.p.o  yeQ
ly—x|>r

To be able to apply estimate (4.3), we have to guarantee the validity of the corresponding
condition (4.2). To this end, we will have to choose ¢g sufficiently small. By conditions (4.8)
and (4.7) and Corollary 2.5, there exists a small § € (0, y — n) such that t"p(¢) € @g_a, y =
infye B(x)p(x). Since p(x) is continuous and B(x) is bounded, we may choose ¢y small enough
so that B(x) ps,(x) > y — 8 > n. Then condition (4.2) for a(x) = as,(x) = B(x)pe,(x) — n are
satisfied and estimate (4.3) is applicable. It gives

pg(x) r”*ﬂ(X)Pso(x)p(rx)’ (4.19)

B.p.p

I <

where C does not depend on x and r.
7th step. Estimation of 3. We have

C _ ,

LT Bi=Ta0) = / |y = x| PP p(1y]) dy.
B.p.p ye

[y—x|>¢o

The integral Z4(x) is obviously a bounded function of x. Therefore, 73 < %
B.p.p
8th step. Gathering the estimates for 7, Z, and Z3, we have from (4.13)

F B p(x)+n F=BE) ey ()+n 1
1< CO< ) p(re) + NES o(ry) + np0—>, (4.20)
B.p.p ng.p.p B.p.p
with a certain constant Cy not depending on x and r. We may assume that
1

wrs(——)" =c 4.21)

n X,r — =Cyq, .
B.p.p “\2¢, 1

because for those x and r where ng , ,(x,r) < C there is nothing to prove, the right-hand side
of (4.9) being bounded from below according to (4.11). In the situation (4.21) we derive from
(4.20) the inequality
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)

FBOPpE)+n =B ) pey (X)+n
(rx)
"B.p.p "g.p.p

l<2C0<

Since C’ﬂp < 1 by (4.12) and pg,(x) < p(x), we have

;B Pey () +n FB@)p(xX)+n
<
P ¢ P
g p.p B.p.p

Therefore, from (4.22) we derive the estimate
p B px)+n

p(x)
B.p.p

which yields (4.9). O

plry) =2C

5. Proof of Theorem A

(4.22)

We first observe that the equivalence of conditions (3.5) and (3.6) follows from Theorem 2.4.

We take xo = 0 for simplicity.

By the direct application of Hedberg’s approach we can cover only the case when the indices
m(w) and M (w) of the weight w belong to an interval narrower than the interval given in (3.6).

Namely, this approach will work within the interval
—a <m(w) < Mw) < n[p(O) — 1],
where

n—ax)px)
px)—1
Then, by duality arguments, we will cover the interval

a=[p0)—1] iné ., —a>a)p©) —n.

a(0)p0) —n <m(w) < M(w) <b,

where

np(0) q(x)
inf
q(0) xe2 p'(x)’

b=

b<n[p0)—1].

.1)

(5.2)

(5.3)

(5.4)

The remaining case where «(0) p(0) —n < m(w) < a and b < M(w) < n[p(0) — 1] will be
separately treated, based on a possibility to reduce the problem to consideration of the Riesz

potential operator /% on a small neighborhood of the point xo = 0.

19, The case —a < m(w) < M(w) < n[p(0) —1]. We have

d d
1O ) — / fody / FO)dy
[ = ypre @ o=y
xef2 xesf
lx—y|<r |x—y|>r

We make use of the known inequality

}A (x)| er®O M f (x),

=A,(x) +B,(x).

(5.5)

(5.6)
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where C > 0 does not depend on r and x, which is known in the case of «(x) = const and
remains valid in case it is variable thanks to the first condition in (3.2). Let f(x) > 0 and
I f||Lp(.)(_Q’w) < 1. By the Holder inequality (2.6), we obtain

B, ()| <kng pr o8, Nl @,m) < 1ppp (X7, (5.7

1
where B(x) = a(x) —n and p(x) = [w(]x]|)]=r®. By Lemma 2.7 we may take p(x) =
1

po(Jx]) :=[w(]x])]T™=7© . To make use of estimate (4.9) for ng, ., py» W€ have to check the validity
of condition (4.8) which is equivalent to m (" po(¢)) > 0 and M (" py(t)) < min[n — a(x)]p’(x)
by Theorem 2.4. The latter holds since is the same as —a < m(w) < M(w) < n[p(0) — 1],
see (2.14).

We make use of estimate (4.9) and obtain

n 1 n 1
B, (x)| < Crma@w™ 7@ (r,) < Cr~ a@w™ 7 (|x]), (5.8)

1
where we took into account that r, > |x| and the function w™ ™ (r) is almost decreasing in r
(which follows from the condition m(w) > 0 according to part III of Theorem 2.4); and

[w(Ix)] =7 ~ [w(lx])] =7

by Lemma 2.7.
Therefore, taking into account (5.6) and (5.8) in (5.5), we arrive at

190 £ (x) < C[r*© Mf () + [w(|xl)] 70~ ], (59)

It remains to choose the value of r which minimizes the right-hand side (up to a factor which is
bounded from below and above):

_1 _prx
r=[w(ix)] 7M@)
Substituting this into (5.9), we get

190 £ () < Clw(xl) |77 [MF )]0

Hence
/[w(|x|)]% |1a(~)f(x)|q(x) dx < C/w(|x|)|Mf(x)|P(X) dox.
$ 2

Finally we make use of Theorem 2.9 and obtain that

@
/[w(|x|)];’:<x> |1°‘(')f(x)|4(x) dx <C
2
forall f € LPV (2, w) with I Nl ro)(2.w) < 1 which is equivalent to (3.7).

20 The case a(0)p(0) —n < m(w) < M(w) <b. This case is reduced to the previous case by
the duality arguments. Observe that the operator conjugate to 7%*) has the form

(1°0) g (x) = /| g(y)dy g(y)dy

— ga()
— yjn— oz(y) Ix — y|nfot(x) =1""g(x) (5.10)
2

thanks to the logarithmic condition for o (x).
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We pass to the duality statement in Theorem A considering it already proved in the case
—a <m(w) < M(w) <n[p(0) — 1]. By (5.10) we obtain from (3.7) that

a()
1708l (oo @y < C”g”(mo(g,w%))*'
In view of (2.5) and equivalence (2.17), this takes the form

(I <Clgll o - (5.11)

§ B 8
” LP'O(2,w=r0)) LO2,w PO

Now we re-denote

4’0

[w(lx)] 7@ =wi(lx]), ¢'(x)=p1x).

For the exponent pj(x) we have

p1(x) = np) and
nlp(x) =11+ a(x)p(x)
n?[p(x) — 1]

>c>0.

n—ax)p(x)= nlp(x) — 1]+ a(x)p(x) -

Its Sobolev exponent is

np1(x)

" proam P

q1(x) =

Under this passage to the new exponent pj(x) and the new weight w;(|x|), the whole interval
a2(0)p0) —n <m(w) < M(w) <n[p(0) — 1] transforms into the exactly similar interval

a(0)p1(0) —n <m(w)) < M(wy) <nfpi1(0) — 1], (5.12)

which can be easily checked via relations (2.14). Besides this, the subinterval —a < m(w) <
M(w) < n[p(0) — 1] is transformed into the subinterval «(0) p1(0) —n < m(w;) < M(wy) < by

_ np1(0) - q1(x)
where by = Jy infre oG-

In the new notation, estimate (5.11) has the form

%0 <C , 5.13
H g”L‘“(‘)(.Q,wl%) < ”g”LI’l()(_Q’wl) ( )

which is nothing else but our Theorem A for the subinterval treated in this case 2°.

30. The remaining case m(w) < —a and M(w) > b. The possibility to treat the remaining
case is based on a simple observation that the left-hand side bound —a in (5.1) coincides with
the natural left bound «(0) p(0) — n if the infimum in (5.2) is attained at the point x = 0 and
similarly the right-hand side bound b in (5.3) coincides with the natural right bound n[p(0) — 1]
if the infimum in (5.4) is attained at the same point. This leads to the idea to reduce the estimates
to those in a small neighborhood of the point x = 0.

We find it more convenient to pass to the weighted Riesz potential

1
a,w _ w(lx|) |P®  f(y)dy
! f(x)_/[wuyn} iy 619
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and we take f > 0. With Lemma 2.7 in mind, we have to prove in the considered case that

119 £ Loy < CUF Moo (5.15)

We split integration over §2 in (5.14) into two parts, one over a small neighborhood Bs =
{y: |y| < 8} of the point xo = 0, and another over its exterior §£2\ Bs, with the aim to make an
appropriated choice of § later. We have

IO[ w [a,w

W= xp 1" xBy + xBs I x2\Bs + x2\Bs I xBs + x2\Bs I¥" X2\ B
=1+ (5.16)

Since the weight w(|x|) is bounded from below and from above beyond every neighborhood of
the point xg = 0, we have

12V f(x) <CIY f(x). (5.17)

For I3"" we have

1
wu (D70 _1f)ld
570 = xavm0n () / [Zu;)} |x{yy|"ay<x>'
BsN$2

Here |x| > 6 > |y|. Observe that the function w, () = ﬂ‘;é% is almost decreasing for every

& > 0 according to part III of Theorem 2.4. Therefore

w(lx])  we(|x]) [xMOte | | M (w)Fe
w(lyD) — we(lyl) [yM@+e =7y Mwte”
Denoting
KI\* FO)dy
o — =) SRS
g f(x)_/<|yl> x — y[re@?
Q
we obtain
Mw) +e
Yf) <CL f(x), h=—7— (5.18)
Similarly we conclude that
(w) —¢
19" f(x) S CIE f(x), Ap= 2 —E (5.19)
2 f Azf 2 p(O)
Thus, from (5.16) according to (5.17), (5.18) and (5.19) we have
Lo £ () < xs Dy xBs [ () + 19 f(x) + I f(x) + I3 f(x). (5.20)

The operator 7% is known to be bounded from L7 (£2) to L4V (£2), see for instance The-
orem 3.1, the case y = 0. The operators If‘l and 1)‘3‘2 are p(-) — q(-)-bounded by the same
Theorem 3.1, if

n n
M, A E (O((O) - —, —>7
p©) p'(©)
thatis, x(0)p(0) —n < m(w) —e <n[p0)—1], x(0) p(0) —n < M(w) +¢ < n[p(0) — 1] which
is satisfied by (3.6) with ¢ sufficiently small.
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It remains to prove the boundedness of the first term on the right-hand side of (5.20). This
boundedness is nothing else but the boundedness of the same operator I;} over a small set £25 =
Bs N £2. According to the preceding parts 1° and 2°, this boundedness holds if

—as <m(w) < M(w) < bs, (5.21)
where
np(0) p'(x) np(0) q(x)
as = Ilf 5 = inf
p'(0) IxI<s g(x)’ q(0) Ix|<s p'(x)’
For m(w), M (w) satisfying the condition in (3.5), that is,
—ag <m(w) < M(w) <bg, withag=n—a(0)p(0), b():n[p(O) — 1], (5.22)

we can choose ¢ sufficiently small so that m(w) and M (w) prove to be in the interval (5.21).
This follows from the following easily derived estimates

0<ag—as <A sup|p(x)

[x]<d [x|<8

0<bo—bs <n sup [p(x) = p(O)] + B sup o) p(x) — a0)p(O)],

where
— -1
xXeR p(x) -1 xe.Q n— OZ(X)P(X)
and from the continuity of the functions p(x) and «(x). Condition (5.21) having been satisfied,
the theorem in the remaining case is proved.

6. Proof of Theorem B

Proof. We follow ideas of [25] where Theorem B was proved for power weights. Let

ab(n = [wwl )" a.
Rﬂ
We have to show that AZ;I (I%p) < ¢ < oo for all ¢ with AL (¢) < 1, where ¢ > 0 does not
depend on ¢, and we denoted

pIes) 20 ()
w! () = [w)]7® ~ [wo(lx])]7® [woo (1x[)] 7>,

the latter equivalence following from Lemma 2.7.
Let By ={x e R": |x| < 1}and B_ = {x € R": |x| > 1}. We have

AT (I%9) Sc(Ary + Ap- + A +A_), (6.1)
where
(x)
1 p(y)dy |1
A++ = / w0(|x|) W dX,
B, By
p(y)dy |1
Ay_= w(l)(|x|) —_ dx,
|x —y|"=

By B_
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and
Cp(y)dy |1V
= w (Ix1) dx,
| |l’l o
B_
Cp(y)dy |1V
w | | | T dx
B_
with

q(0

wh(bel) = [wo(#)] 0, wh(ix) = [wo ()]

The term A4. This term is covered by Theorem A, condition (3.7) of Theorem A being ful-
filled by (3.12).

The term A__. The estimation of A__ is reduced to that of A4 by means of the simultaneous
change of variables (inversion):
u du v J dv 62)
= —F, X = s, = —F, = — .
ul? N T PTET
As a result, we obtain
(oo) d qx(x)
/|x| 2}1[“}00( )} [ 290()’*) y dx,
|x] | V12 2 — [P
where x, = ﬁ and g, (x) = q(xy) = q(| |2) It is easy to check that |x, — y.| = \‘jl . Since
p«(x) satisfies the log-condition (3.9), then g.(x) does the same, so that
|x|(n—a)q*(x) ~ C|x|(n—oc)q*(0) — C|x|(n—a)q(oo)
and we get
wOl  Y)dy =
__>~C wo (x) | P+© —_ dx, 6.3
[ [ oo 63)
By +
where
_ 1 —n— y
wa (|x]) = x| 0RO Z"woo(m) and Y (y)=|yl™" w(w) (6.4)
It is easily checked that
fw2(|x|)|1p(x) PO e C/woo(|x|)’go(x)’p(x) dx < co. (6.5)
B, B_

Therefore, the boundedness of the right-hand side of (6.3) is nothing else but the boundedness
of the Riesz potential operator over the ball B, from the weighted space L?+) (B, wy) to the

()
space L9+0) (B4, [w2] ZT@). According to Theorem A, this boundedness holds if
ap«(0) —n < m(wz) < M(w2) < n[ps(0) —1]. (6.6)

In view of (2.22) this coincides with the given condition (3.13). Consequently, A__ < C < oo
by Theorem A.
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Theterm A_y. Wesplit A_ as A_, = A; + Aj, where

(x)
I pdy |1
Al = / u)oo(|x|)‘ / 7|x — y|n—a dx,
1<|x|<2 ly|<1
(x)
I p(dy |
[x[>2 lyl<1

Since the weight functions w(l)(lxl), w!_(|x]) are bounded from below and from above in the
layer 1 < |x| < 2, we get

A <C / wé(uD‘/M

x =yl

q(x)
dx

I<|x|<2 lyl<1

<o [ fuo(e) | [ S0E

lx —y|*—¢

q(x)

|x|<2 lyl<2

so that A] < C < oo by Theorem A. For the term A, we have |x —y| > |x|—|y| > % Therefore,

q(x)
Ay <C / |x|(°‘">‘f<x>w3>o(|x|)< f |<o(y)|dy) dx.

|x]|>2 ly]<1

Since |g(x) — g (0c0)| < ﬁ, |x] > 2, we have
q(x)
Ar<C / |x|<“>’f<°°>wéo(|x|)( / |¢<y)|dy) dx. 6.7)
|x]|>2 lyl<1

1
Denote g(y) = [w(y)]” 707 ; by the Holder inequality for variable LP()-spaces we get

1
/ le|dy <kligll oo [wP el oo =KIgH Lo 101 Lpo @ w)- (6.8)
lyl<I1
We have
. 1 m(wgy)—e
/ le|"Mdy < / [wo(ly)] @ dy <C | |yl T=® dy
lyl<l1 Iyl<1 lyl<I1
for arbitrarily small &€ > 0 according to (2.16). The last integral is finite because W;(i”gza)e >-—n
under the choice of sufficiently small €. Then from (6.7)
Ay <C / x| @4y (1x]) dx. (6.9)

|x]|>2
The convergence of the last integral is verified by means of property (2.24):

(00) (c0)
|x|(ot—n)q(oo)wéo(|x|) _ |x|(a—n)q(oo)[woo(|x|)]% < C|x|(a—n)q(00)+[M(UJoo)+5]%

=Clx|™"?,
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where

q(00)
= m{n[p(oo) —1] = M(wso) — ¢}

is positive for small & > 0. Therefore, A> < C < oo.

The term A4_. This term is estimated similarly to A_,: we split Ay_ as A, = Az + Ay,
where

e(dy |1
Az = w (Ix]) ———| dx,
|x =y
lx|<1 I<|y|<2
() dy |1V
Ay = w(l)(|x|) —_ dx.
lx — y|r—«
[x]<1 |y|>2

The term A3 is covered by Theorem A similarly to the term A above. For the term A4, we have

|x—y|>|Y|—|x|2m.Then
/MZC/ o)l dy

' / _eWdy | _ .
=yl | Iyl 7
‘y|> |y|>2 |y|>2 |y|n a[w00(|y|)] PG

)

where
909 = [weo (1Y) ] 0 (») € L7 (R B0, 2)),

1 1
since [p ()17 @(y) € LPO(R™) and [p(y)]70 ~ |y| 259 for |y| > 2 under the log-condition at
infinity. Then

p(y)dy B L
/ m <Cl”(pOHU’(')(R"\B(O,z))H|y|a n[woo(|y|)] 28] “L”/(')(R"\B(O,z))'
[y|>2
Hence
p(y)dy
/ I — y|—« < Cllll Lroy@nwyNp < CNp,
[y|>2

where the norm

1
Np = [1y1* " [wos (Iy1)] 7 HLI"<')(R"\B(O 2))

is finite under the condition ap(c0) — n < m(ws). Therefore, A4 < C < oo which completes
the proof. O

7. Proof of Theorem C

The statement of Theorem C is derived from Theorem B by means of the stereographic pro-
jection similarly to the case of power weights [25], so we omit details pointing out only the
principal points, referring to [25] for more technical details.

Since Theorem B was proved for the product case of two weights, one fixed to a finite point,
another fixed to infinity, it will be technically more convenient for us to obtain Theorem C for
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the weight of the form w = wi(Jo — a|)wz2(Jo — b|), where a and b, a # b, are two arbitrary
points of the sphere (one may always take wy = 1). Without loss of generality we may take
a=e,4+1=1(0,0,...,0,1) and b = —e,41.

We recall that the stereographic projection (see, for instance, [14, p. 36]) of the sphere S”
onto the space R” = {x € R"*!: x,,| = 0} is the mapping generated by the following change of
variables in R"t1: & = s(x) = {s1(x), s2(x), ..., Sut1(x)} where

% o d (x) P -1
= s =1,2,...,n, an S X) = .
1+ |2 ntl X2+ 1

Via the known formulas

+e 2 2|0 —
T e o ¢l
& —enni]

1€ —ens1l’ lo — enti1l - 1€ — engrl’
2Mdo
lo — ent1 |2n '

sp(x)

dy =

where £ =s(x), 0 =s5(y),x,y € R"t1 we obtain the relation

¢y o [ ¥(0)do
e =y & —olrme’

n

(7.1)

where (0) = %. The following modular equivalence holds
fwmh—aHM~moa+%HDWwwwwwa~/wdum%JMMMandx
Sl‘l Rn
(7.2)
where p(x) = pls(x)], wo(r) = wa(r), if 0 <r <1, wo(r) = wo(l), if r > 1, and wee(r) =
wy (Dr@FerEI=2nif > 1w (r) = wi(1),if 0 <r < 1.
Relation (7.2) is verified directly via the inverse formulas

2 2|x|
1§ —enti1l = —, & +eptl| = ———=,
" 1+ x2 " ST+ 2

20x —y| 2"dy
£ —o|= . do=——3
V14 x12/1+y2 (I +1y1%

with the property wy (cr) ~ wi(r), k = 1,2, of our weights taken into account.

In view of relation (7.1) and equivalence (7.2), the statement of Theorem C follows from
Theorem B. Indeed, conditions (3.15) of Theorem C for the exponent p(o) and the point
a = ey4+1 and similar conditions for the point b = —e, 4 after recalculation coincide with
the corresponding conditions (3.12) and (3.13) of Theorem B for the exponent p(x) for the
points 0 and oo, if we take into account that m(wo) = m(w3z), M (wg) = M (w3) and m(ws) =
(n+a)p(00) —2n — M(wy1), M(we) = (n +a) p(c0) — 2n — m(wy).
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