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Abstract. We study CPT and Lorentz violation in the electroweak gauge sector of the
Standard Model in the context of the Standard-Model Extension (SME). In particular, we
show that any non-zero value of a certain relevant Lorentz violation parameter that is thus far
unbounded by experiment would imply that for sufficiently large energies one of the helicity
modes of the Z boson should propagate with spacelike four-momentum and become stable
against decay in vacuum. In this scenario, Cherenkov-like radiation of Z bosons by ultra-high-
energy cosmic-ray protons becomes possible. We deduce a bound on the Lorentz violation
parameter from the observational data on ultra-high energy cosmic rays.

1. Introduction

Lorentz invariance is a fundamental ingredient of both quantum field theory and General
Relativity. Nevertheless, in the past two decades there has been a growing interest in the
possibility that Lorentz symmetry may not be exact in Nature. On the theoretical side,
a number of candidate theories for quantum gravity have been shown to involve Lorentz
invariance violation as a possible effect. We may mention in particular string field theory
[1] and loop quantum gravity [2]. More simple toy models involving spontaneous breaking
of Lorentz symmetry that have been studied are bumblebee models [3] and lattice models
where fermion bilinears carrying Lorentz indices acquire nonzero vacuum expectation values
[4]. Another scenario involves cosmologically varying scalars [5] in which a scalar acquires a
vacuum expectation value that has a (slow) variation as a function of spacetime. In other
words, a preferred direction is selected through a non-zero value for the gradient of a scalar. A
class of Lorentz-violating models that have received a lot of attention involve noncommutative
geometry. Here the coordinates of spacetime are taken to be noncommuting quantities [6],
[xα, xβ ] = i 1

Λ2

NC

θαβ , where θαβ is a tensor-valued set of coefficients of O(1), while ΛNC denotes

the noncommutative energy scale. Noncommutative quantum field theories can be constructed
by taking an ordinary quantum field theory and replacing the ordinary multiplication of fields
with Moyal products. It is possible to re-express resulting noncommutative field theory in terms
of a conventional one, by use of the so-called Seiberg-Witten map [7]. This yields a field theory
with Lorentz-violating terms that are at least of mass dimension six. Finally, it is worthwhile
to mention Hořava-Lifshitz gravity [8, 9] as a fundamentally Lorentz-noninvariant model, with
Lorentz invariance arising at low energy as an emergent symmetry.

However, the most important reason for the recent interest in experimental testing of Lorentz
and CPT symmetry has been the development of low-energy effective field theories with Lorentz-
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invariance violation, in particular de Standard-Model Extension (SME) [10]. The Lagrangian
of the matter sector of this framework contains all Lorentz-violating gauge-invariant effective
operators that can be build from the conventional Standard-Model fields, coupled to vector
and tensor coefficients that parametrize the Lorentz violation. In fact, the SME also contains
all CPT-violating operators, since in any local interacting quantum field theory CPT violation
implies Lorentz violation [11]. The SME can thus be used to provide a general quantification
of the exactness of Lorentz and CPT symmetry in the form of observational contraints on the
Lorentz-violation coefficients [12].

A possible observational consequence of Lorentz violation, that can be addressed using
astrophysical data, is vacuum Cherenkov radiation [13]. The Lorentz-violation coefficients can
in some cases be interpreted as inducing a refractive index for the vacuum. The velocity of
charged particles above some energy threshold might then exceed the phase velocity of light.
This causes these particles to rapidly lose energy through photon emission. The mere observation
of high-energy cosmic particles can then be used to constrain the Lorentz violation coefficients.

In this talk, we consider a process analogous to vacuum Cherenkov radiation, but with the
emitted photon replaced by a Z boson. We assume the latter to obey a Lorentz- and CPT
violating dispersion relation, originating from the superficially renormalizable part of the SME,
called the minimal SME (mSME). In this case, the Lorentz violation originates from a Chern-
Simons-like addition to the Standard-Model Lagrangian [14] and is captured by one four-vector:
kµZZ . Such a theory has been shown to be consistently and covariantly quantizable, despite
the presence of spacelike momenta, which are necessary for vacuum Cherenkov radiation to
occur [15]. If kµZZ is timelike, the nonzero gauge-boson mass is an important ingredient that
prevents the theory from containing imaginary energies. However, at the relevant energies the
Z-boson mass can be considered small, allowing us to obtain stringent limits on the previously
unconstrained Lorentz-violation coefficients kµZZ .

2. Vacuum Cherenkov radiation

One of the first SME terms ever to be considered (even before the formulation of the full SME
[14]) is the Lorentz- and CPT-violating photon term

LAF =
1

2
(kAF )κε

κλµνAλFµν . (1)

Inclusion of this term leads to birefringence. Therefore, observations of cosmological sources
with known polarizations permit searching for energy-dependent polarization changes, either
from distant sources or from the cosmological microwave background radiation. As a result, the
kAF coefficients have been bound with great precision [14]:

|(kAF )
κ| ≤ 10−43GeV . (2)

Another interesting property of the term (1) is that it can provoke vacuum Cherenkov radiation
[13]. This can happen because one of the photon helicities acquires a spacelike momentum, allow-
ing for the possibility for a charged particle to move faster than the phase velocity of the photon.

Let us now consider, instead of the photon, a term analogous to (1) for the Z boson:

LAF,Z =
1

2
(kZZ)κε

κλµνZλZµν , (3)

where Zµν = ∂µZν − ∂νZµ and Zµ represents the Z boson. The Lorentz violation four-vector
coefficient kµZZ is real and can either be timelike, lightlike, or spacelike.
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Figure 1. The dispersion relations of the Z boson subject to the inclusion the Lorentz-violating
term (3) for purely timelike kµZZ , where we took k0ZZ = M

4 , in arbitrary units. Indicated in red
is the +-mode, which has spacelike four-momenta above an energy threshold.

These Z bosons obey the dispersion relations

Λ0(p) = p2 +M2 = 0, Λ±(p) ≡ p2 −M2 ± 2
√

(p · k)2 − p2k2 = 0 , (4)

where pµ and M represent the momentum and the mass of the Z boson, while we dropped the
subscript on kµZZ for simplicity. These dispersion relations are represented in Fig. 1 for the case
of purely timelike kµZZ . As it turns out, the 0 and − gauge-boson polarization modes are timelike
for any momentum. On the other hand, it follows from (4) that the gauge-boson momentum is
spacelike for the + mode, if and only if

(p · k)2 >
1

4
M4 . (5)

This relation determines the energy threshold above which the Cherenkov-like process can take
place. Since spacelike momenta are a necessary condition for the desired Cherenkov-like process,
we will only consider Z bosons in the + polarization mode.

3. Cherenkov emission of Z bosons

We will first calculate the rate of Cherenkov emission of Lorentz-violating Z bosons with a
spacelike momentum by a elementary Dirac fermion with massm. Subsequently, we will consider
the case of a proton.

First of all, we note that covariant quantization of free Z bosons in the presence of the
term (3) can be performed in a fully consistent way, as described in Ref. [15]. Let us label

q

p

q′

Figure 2. Relevant Feynman diagram for Z boson emission by incoming fermion.
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the momentum of the incoming fermion as q, the emitted gauge boson as p, and the outgoing
fermion as q′ = q − p (see Fig. 2). We will assume that the fermion obeys a conventional
Lorentz-symmetric dispersion relation.

The rate at which the fermion loses energy by the Cherenkov-like emission of spacelike gauge
bosons is given by the zeroth component of

dPµ

dt
=

∫

pµdΓ , (6)

where dΓ is the differential decay rate, which reads

dΓ =
1

2q0
d3p

(2π)3
1

Λ′+(p)

d3q′

(2π)3
1

2q′0





1

2

∑

spins

|M|2



 (2π)4δ4(q − p− q′) . (7)

Here, the squared matrix element |M|2 is summed (averaged) over the final (initial) fermion spin.
The unconventional factor Λ′+(p) = ∂Λ+(p)/∂p

0 in the denominator defines a normalization in
which the phase space and the matrix element are separately observer Lorentz invarian [15], i.e.,
invariant under simultaneous Lorentz transformations of the momenta and the Lorentz violation
four-vector coefficient kµZZ . This is important, as traditional calculations in the literature all
have divergent factors in the outgoing boson phase space factors when an observer frame is
chosen in which the energy of the radiated boson goes to zero.

The matrix element that follows from the appropriate tree-level Feynman diagram is given
by

iM = iū(q′)γµ(gV + gAγ
5)u(q)e(+)∗

µ (p) , (8)

where u(q) and u(q′) are conventional Dirac spinors corresponding to the ingoing and outgoing

particles (the case of antiparticles can be treated in an analogous way). The four-vector e
(+)
µ (p)

is the gauge-boson polarization vector that corresponds to the dispersion relation in Eq. (4).
(see [15] for explicit expressions). The coupling constants gV and gA, which multiply the vector
and axial-vector current, respectively, depend on the process under consideration. For example,
a charged lepton emitting a Z boson has tree-level values of gV = −g(1 − 4 sin2 θw)/(4 cos θw)
and gA = −g/(4 cos θw), with g ' 0.65 the SU(2) coupling constant.

Using the fact that [15]

e(+)
µ (p)e(+)∗

ν (p) = −
1

2
ηµν −

pµpνk
2 + kµkνp

2 − (pµkν + pνkµ)(p · k)

2((p · k)2 − p2k2)
+

iεµναβk
αpβ

2
√

(p · k)2 − p2k2
,

(9)

we find that the spin-averaged and spin-summed squared matrix element is given by

1

2

∑

spins

|M|2 =
−ξ

2

[

p2
(

1 + 4X2 − 8yX
)

− 4(1− 2x)m2
]

, (10)

where ξ = g2V + g2A, x = g2V /ξ, y = gAgV /ξ, and

X =
k · (q − 1

2p)
√

(p · k)2 − p2k2
. (11)

The rate of energy-momentum loss becomes

dPµ

dt
=

1

8π2q0

∫

d3p

Λ′+(p)
θ(q0 − p0)δ((q − p)2 −m2)pµ





1

2

∑

spins

|M|2



 . (12)
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To proceed, we note that dPµ/dt transforms as a four-vector divided by q0. Therefore, we
make an ansatz in terms of all available four-vectors:

q0
dPµ

dt
= A(q, k) qµ +B(q, k) kµ , (13)

where A(q, k) and B(q, k) are observer-Lorentz-invariant quantities that can depend on qµ and
kµ. Contracting this expression with qµ and kµ gives two observer-Lorentz-invariant equations,
which we can solve for A(q, k) and B(q, k) after having performed the integrations over ~p, given
in Eq. (12).

To achieve this, we make use of the observer Lorentz invariance of A(q, k) and B(q, k) by
specializing to an observer frame that simplifies the calculation. For the cases that kµ is timelike
or spacelike, we go the frame where kµ is purely timelike, i.e., k = (k0,~0), or purely spacelike,

i.e. k = (0, ~k), respectively. If kµ is lightlike, we do not need to specialize to a particular frame.
The calculation of the rate can now be done in any one of these special frames by explicitly

performing the integral over ~p in (12). It turns out that, for small Lorentz-violation coefficient,
the Z boson is emitted in a narrow forward cone:

cos θpq = 1 +O(κ2/M2) (14)

where θpq is the angle between the Z boson and the incoming fermion, while

κ = k0 − cos θpk|~k| (15)

is a value of the order of the Lorentz-violation coefficient. The θ function in (12) restricts the
emitted Z boson momenta to be in a finite range of spacelike momenta. This in turn forces the
incoming fermion to have a momentum above a threshold value

|~q|th =
M(M + 2m)

2|κ|
(16)

in order that there is a nonzero value of the emission rate.
As it turns out, both A(q, k) and B(q, k) in Eq. (13) are of orderM2. Combined with Eq. (16)

we thus find that the second term in Eq. (13) is of order κ2/M2 compared to the first term. We
therefore neglect this second term and find that the rate of energy-momentum loss is given by

dPµ

dt
=

ξM2

96πq0
θ(a− 1)qµF (a, sgn(κ)) . (17)

where

F (a,
m

M
, ỹ, κ) = (a− 1)

[

8(1− ỹ) +

(

5

a
−

1

a2

)

(1 + 2ỹ)

]

− 12 ln a+O

(

m

M
,
κ2

M2

)

. (18)

Here ỹ = sgn(κ)y, while the variable a is defined as the ratio of |~q| to its threshold value, i.e.,
a = |~q|/|~q|th. In a general observer frame and upto terms of order κ

2/M2 and m2/M2, we can
write this as

a =
2|q · k|

M(M + 2m)
. (19)

The stepfunction demands that a > 1 for Eq. (17) to be nonvanishing. This is just the threshold
condition for the initial fermion.

The zeroth component of the decay rate (17) can be viewed as a differential equation
dE(t)/dt = −W (E(t)) in terms of the energy of the fermion. It can be solved explicitly in
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Figure 3. The ratio of the fermion energy to the threshold value as a function of time, for the
parameter values: M = 91GeV, m/M = 1/91, gV = −0.0026, gA = 0.0445, κ = 5× 10−15GeV.

the regimes a � 1 and close to threshold, a− 1 � 1. In the former case the decay is exponen-
tial, E(t) = Eine

−t/t∞ , with characteristic time t∞ = 6π~
ξ|κ|(1−ỹ) . For a−1� 1, E(t) decays to the

threshold energy Eth in finite time, with characteristic time constant tfin = 8π~
ξ|κ|(1−2ỹ)

(

M
m

)3/2
.

Fig. 3 displays a typical decay curve for the ratio of the fermion energy to the threshold value
as a function of time.

If the radiating particle is a composite fermion, the latter will disintegrate upon emission of
a Z boson. In this case, it makes more sense to consider the decay rate Γ =

∫

dΓ, rather than
the radiation rate calculated above. For a proton the decay rate can be written

Γ =
1

2q0

∫

d3~p

(2π)3
4π

Λ′+(p)
e(+)
µ (p)e(+)∗

ν (p)W µν , (20)

where W µν is the hadronic part, which can be calculated in the parton model. The calculation
essentially amounts to calculating the decay rate of an elementary quark that caries a fraction
x of the longitudonal proton momentum. We can thus use many of the results obtained for the
elementary fermion rate. The final result for the decay rate is

Γ =
|κ|

16π

∑

q

ξq

∫ 1

0
(fq(x) + f̄q(x))Gq(a, x)θ(ax− 1) dx . (21)

Here ξq =
g2

2c2w

(

(T 3
q )

2 + 2Qqs
2
w(Qqs

2
w − T 3

q )
)

, with Qq the quark charge and T 3
q the third weak-

isospin component. The functions fq(x) and f̄q(x) are the parton distributions functions for the
quarks and antiquarks of flavor q, respectively. They represent the chance of finding a quark
with momentum xq inside the proton. The function Gq(a, x) in (21) is given by

Gq(a,
m

M
, yq, κ, x) = (ax−1)

(

−7 + 6ỹq(x)

ax
−
1− 2ỹq(x)

(ax)2

)

−4

(

1 +
1− 2ỹq(x)

ax

)

ln a+O

(

m

M
,
κ2

M2

)

(22)
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with

ỹq(x) =
g2T 3

q (2Qqs
2
w − T 3

q )

4ξqc2w
.
fq(x)− f̄q(x)

fq(x) + f̄q(x)
.

We see that (21) is essentially the sum over elementary-quark decay rates, weighted by the
corresponding parton distribution functions.

4. Limits from ultra-high-energy cosmic rays

We can use the fact that a proton with an energy above threshold will disintegrate to use
astrophysical data to limit kµ. More precisely, such a proton cannot reach Earth if its mean free
path L is much smaller than the distance from its source to Earth. Since many ultra-high-energy
cosmic ray particles (UHECR) with energies above 57EeV ≡ |~q|obs have been observed, more or
less from all directions [16], it follows that

|κ| <
M(M + 2m)

|~q|obs
≈ 1.5 × 10−7GeV ≡ |κ|0 (23)

We see from (21) that the mean lifetime of protons (in the Earth’s frame) tp is proportional to
|κ|−1, but it is enhanced by the minute values of the parton distribution functions for values of
x close to one. A conservative (large) estimate gives a mean free path of

L ' ctp ∼ (~c/|κ|0)× 1015 ∼ 103 km . (24)

It is clear that protons with an energy above this threshold will not be able to reach Earth from
any viable UHECR source. This allows us to conclude that

|kµZZ | < 1.5× 10−7GeV (25)

as a bound on the components of kµZZ .
It is tempting to try and relate the coefficient kZZ to the SU(2) and U(1) gauge boson

parameters kµ1 and kµ2 parametrizing all possible CPT violation in the SU(2)×U(1) gauge sector
of the mSME [10]. However, it turns out that the latter generate, apart from the terms (3) and
(1), a quadratic CPT-violating mixing term between the photon and the Z boson. The terms
(3) and (1) by themselves are not invariant under general SU(2)×U(1) gauge transformations.
However, a similar analysis as the one presented can be done in the case of a Lorentz- and CPT
violation term for the W bosons, in which case no problematic mixing occurs [17].

Acknowledgments

This work is supported in part by the Portuguese Fundação para a Ciência e a Tecnologia
(FCT) through projects UID/FIS/00099/2013 and SFRH/BPD/101403/2014 and program
POPH/FSE.

References
[1] Kostelecky V A and Samuel C 1989 Phys. Rev. D 39 683

Kostelecky V A and Potting R 1991 Nucl. Phys. B 359 545
Kostelecky V A and Potting R 1996 Phys. Lett. B 381 89
Hashimoto K and Murata M 2013 PTEP 2013 043B01

[2] Ashtekar A 1986 Phys. Rev. Lett. 57, 2244
Gambini R and Pullin J 1999 Phys. Rev. D 59 124021

[3] Bluhm R and Kostelecky V A 2005 Phys. Rev. D 71 065008;
[4] Bjorken J 2001 (Preprint: hep-th/0111196)

Kraus P and Tomboulis E T 2002 Phys. Rev. D 66 045015
Chkareuli J L, Froggatt C D, Jejelava J G and Nielsen H B 2008 Nucl. Phys. B 796 211



8

1234567890

Fifth Symposium on Prospects in the Physics of Discrete Symmetries IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 873 (2017) 012017  doi :10.1088/1742-6596/873/1/012017

Tomboulis E T 2012 Phys. Rev. D 85 024042
[5] Kostelecky V A, Lehnert R and Perry M J 2003 Phys. Rev. D 68 123511

Arkani-Hamed N, Cheng H-C, Luty M A and Mukohyama S 2004 JHEP 0405 074
[6] Connes A and Kreimer D 1998 Commun. Math. Phys. 199 203
[7] Seiberg N and Witten E 1999 JHEP 9909 032

Carroll S N, Harvey J A, Kostelecky V A, Lane C D and Okamoto T 2001 Phys. Rev. Lett. 87 141601
[8] Horava P 2009 Phys. Rev. D 79 084008
[9] Blas D, Pujolas O and Sibiryakov S 2010 Phys. Rev. Lett. 104 181302
[10] Colladay D and Kostelecky V A 1997 Phys. Rev. D 55 6760

Colladay D and Kostelecky V A 1998 Phys. Rev. D 58 116002
[11] Greenberg O W 2002 Phys. Rev. Lett. 89 231602
[12] Kostelecky V A and Russell N 2011 Rev. Mod. Phys. 83 11 (Preprint arXiv:0801.0287v10 [hep-ph])
[13] Lehnert R and Potting R 2004 Phys. Rev. Lett. 93 110402

Lehnert R and Potting R 2004 Phys. Rev. D 70 125010 [Erratum-ibid. D 70 129906]
Kaufhold K and Klinkhamer F R 2006 Nucl. Phys. B 734 1
Altschul B 2010 Phys. Rev. D 82 016002

[14] Carroll S M, Field G B and Jackiw R 1990 Phys. Rev. D 41 1231
[15] Colladay D, McDonald P, Noordmans J P and Potting R 2017 Phys. Rev. D 95 025025
[16] Aab A et al. [Pierre Auger Collaboration] 2015 Astrophys. J. 804 15

Abu-Zayyad T et al. [Telescope Array Collaboration] 2013 Astrophys. J. 777 88
[17] Colladay D, Noordmans J P and Potting R work in progress.


