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Abstract

In this paper, we consider the problem of determining the exact num-
ber of periodic orbits for polynomial planar flows. This problem is a vari-
ant of Hilbert’s 16th problem. Using a natural definition of computability,
we show that the problem is noncomputable on the one hand and, on the
other hand, computable uniformly on the set of all structurally stable
systems defined on the unit disk. We also prove that there is a family
of polynomial planar systems which does not have a computable sharp
upper bound on the number of its periodic orbits.

1 Introduction

In his famous lecture of the 1900 International Congress of Mathematicians,
David Hilbert stated a list of 23 problems. There has been intensive research
on these problems ever since. The second part of Hilbert’s 16th problem asks
for the maximum number and relative positions of periodic orbits of planar
polynomial (real) vector fields of a given degree

x′ = p(x), (1)

where the components of p : R2 → R2 are polynomials of degree n. More than a
century later, and despite extensive work on this topic (see [19] for an overview
of its rich history), this problem remains open even for the simplest non-linear
systems where p consists of quadratic polynomials. In this paper, we investigate
the following related problem:

Problem. Is there some general procedure that, given as input a function
p : R2 → R2 with polynomial components of a given degree, yields as output
the number and relative positions of periodic orbits of (1)?
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A “general procedure” is referred to a formula or an algorithm. We show
that the answer to this problem is negative:

Theorem A. The operator Θ which maps a function p : A ⊆ R2 → R2 with
polynomial components to the number of periodic orbits of (1) is noncomputable
when:

1. A is the unit ball;

2. A = R2. In this case there exists a family of polynomials {pn}n∈N and a
value δ > 0 such that ‖pn − pm‖ ≥ δ whenever n 6= m, with the property
that the operator Θ is still noncomputable over the set {pn : n ∈ N}.

In the second item of the theorem, we notice that the existence of a family
{pn}n∈N of polynomials which are not close to each other but on which Θ is non-
computable shows that noncomputability can arise even if continuity problems
are avoided (it is well known that, over real numbers, discontinuous functions
are also noncomputable).

On the other hand, there is an algorithm that computes the number and de-
picts the positions of periodic orbits - the portraits can be made with arbitrarily
high precision - for any structurally stable vector field defined on the closed unit
disk; moreover, the computation is uniform on the set of all such vector fields.
This is our second main result, Theorem B. Recall that the density theorem
of Peixoto [31, Theorem 2] shows that, on two-dimensional compact manifolds,
structurally stable systems are “typical” in the sense that such systems form a
dense open subset in the set of all C1 systems

x′ = f(x). (2)

Moreover, structurally stable system can only have a finite number of equilib-
rium points and of periodic orbits.

Theorem B. Let D ⊆ R2 be the closed unit disk and let SS2 be the subset of
X (D) consisting of all C1 structurally stable vector fields f : D→ R2 (the defini-
tion of X (D) is given in subsection 3.1). Then the operator which maps f ∈ SS2

to the number of periodic orbits of (2) is (uniformly) computable. Meanwhile,
the algorithm which produces the computation can depict the periodic orbits
with arbitrarily high precision.

Another related problem is to find a sharp upper bound (see Section 4 for
definition) for the number of periodic orbits that a polynomial system (1) of
degree n can have. We show that this problem is in general not computable.

Theorem C. There is a family of polynomial systems (1), namely the family
{pn}n∈N of Theorem A, which does not have a computable sharp upper bound
on the number of its periodic orbits.
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The structure of the paper is as follows. In Section 2, we discuss classical
computability theory and computability over the real numbers. In Section 3, we
review some notions about structurally stable systems. For completeness of the
paper, several “folklore” results are presented in this section which are not, up
to our knowledge, coherently presented elsewhere in the literature (Appendix A
includes some proofs of these results). In Section 4, we prove Theorems A and
C. Section 5 presents an outline for the proof of Theorem B, while the remaining
sections present all the technical parts of the argument. Section 11 discusses
possible connections of the present work with Hilbert’s 16th problem and proves
that Hilbert’s 16th problem is computable, relative to the Halting problem, over
a dense and open subset, both for vector fields defined over the unit ball D or
over the whole plane R2. The conclusion reviews the main results of the paper
and discusses some open problem.

2 Introduction to computability theory

In this section we briefly outline the classical computability theory and com-
putability over the reals. The presentation draws heavily from [7, Section 2.1].

Classical Computability. Computability theory allows one to classify
problems as algorithmically solvable (computable) or algorithmically unsolv-
able (noncomputable). For example, most common computational tasks such
as performing arithmetic operations with integers, finding whether a graph is
connected, etc. are all computable.

A major contribution of computability theory is to show the existence of non-
computable problems. The best known examples of noncomputable problems
(see e.g. [36], [23]) are the Halting problem and the solvability of diophantine
equations (Hilbert’s 10th problem).

In the setting of formal computability theory, computations are performed
on Turing machines (TM for short), which were introduced by Alan Turing in
1936 [38]; the notion of Turing machines has since become a universally accepted
formal model of computation. A function u : Nk → Nl is computable if there
exists a TM that takes a as an input and outputs the value of u(a). There are
only countably many Turing machines, which can be enumerated in a natural
way. (See, e.g., [36] and references therein for more details.)

Since Turing machines solve exactly the same problems which are solvable
by digital computers, it suffices to regard a TM as a computer program written
in any programming language. We will often take this approach in the paper.

This notion of computability can be naturally extended to the rational num-
bers Q, some countable subsets of the real numbers, or any domain that can be
“effectively encoded” in N. For example, mathematical expressions consisting of
finitely many symbols can be symbolically manipulated as performed by com-
puter algebra systems (there are only countably many such expressions, viewed
as strings of finite length). Another example is that any finite union of balls or
rectangles in Rn having rational radii and centers with rational coordinates or
having corners with rational coordinates are computable objects. On the other
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hand, it is clear that R - the set of all real numbers - is too big to be encoded in
N. Computability of the real numbers and real functions is the subject studied
in computable analysis.

Computability of real functions and sets. Computable analysis was
originated from the work of Banach and Mazur [2, 24]. There are several equiv-
alent modern approaches; for example, the axiomatization approach [34], the
type two theory of effectivity or representation approach [5, 39] (the approach
used in this paper), and the oracle Turing machine approach [22, 8]. These
approaches provide a common framework for combining approximation, com-
putation, computational complexity, and implementation. Roughly speaking, in
this model of computation, an object is computable if it can be approximated
by computer-generated approximations with an arbitrarily high precision.

Formalizing this idea to carry out computations on infinite objects, those
objects are encoded as infinite sequences of finite-sized approximations with ar-
bitrary precision, using representations (see [5, 39] for a complete development).
Let Σ be a countable set of symbols. A represented space is a pair (X; δ), where
X is a set, δ : ΣN → X is an onto map, and dom(δ) ⊆ ΣN. Every q ∈ dom(δ)
such that δ(q) = x is called a name (or a δ-name) of x. Note that q is an infinite
sequence in Σ. In majority of cases, δ(q) is an infinite sequence in X with finite-
sized members that converges to x in X with a prescribed rate. For instance, a
name of a Ck function f : R → R, k ≥ 0, can be taken as an infinite sequence
of finite-sized functions such as polynomials Pl with rational coefficients that
satisfies ‖f(x)−Pl(x)‖k ≤ 2−l for all l ∈ N, where ‖·‖k is a Ck-norm. Naturally,
an element x ∈ X is computable if it has a computable name in ΣN; namely,
it has a name that is classically computable. For example, a popular name for
a real number x is a sequence {rl} of rationals satisfying |x − rl| ≤ 2−l. Thus,
x is computable if there is a Turing machine (or a computer program or an
algorithm) that outputs a rational rl on input l such that |rl − x| ≤ 2−l for all
l ∈ N.

The notion of computable maps between represented spaces now arises nat-
urally. A map Φ : (X; δX) → (Y ; δY ) between two represented spaces is com-
putable if there is a (classically) computable map φ :⊆ ΣN → ΣN such that
Φ ◦ δX = δY ◦ φ. Informally speaking, this means that there is a computer pro-
gram that outputs a name of Φ(x) when given a name of x as input. Thus, for
example, a Ck function f : R→ R, k ≥ 0, is computable if there exists a machine
capable of computing an approximation pl of f(x) satisfying ‖f(x)−pl‖k ≤ 2−l

when given as input of l ∈ N (accuracy) and (a name of) x ∈ R. The precise
definition of a computable Ck function is given below. Since only the planar vec-
tor fields are considered in this paper, the definition is given to planar functions
defined on R2 only. The definitions A and B are equivalent.

Definition 1 Let f : R2 → R2 be a Ck function, and let K = {x ∈ R2 : ‖x‖ ≤
r}, r is a rational number.

A. f is said to be (Ck-) computable on K if there is a Turing machine that,
on input l (accuracy), outputs the rational coefficients of a polynomial Pl
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such that dk(f, Pl) ≤ 2−l, where

dk(f, Pl) = max
0≤j≤k

max
x∈K
‖Djf(x)−DjPl(x)‖

B. f is said to be (Ck-) computable on K if there is an oracle Turing machine
such that for any input l ∈ N (accuracy) and any name of x ∈ K given as
an oracle, the machine will output the rational vectors q0, q1, . . . , qk in R2

such that ‖qj −Djf(x)‖ ≤ 2−l for all 0 ≤ j ≤ k (see e.g. [22, 7]).

In practice, an oracle can be conveniently treated as an interface to a program
computing f : for every l ∈ N, the oracle supplies a good enough rational ap-
proximation p of x to the program, the program then performs computations
based on inputs l and p, and returns rational vectors qj , 0 ≤ j ≤ k, in the end
such that ‖qj − Djf(x)‖ < 2−l. In other words, with an access to arbitrarily
good approximations for x, the machine should be able to produce arbitrarily
good approximations for f(x), Df(x), . . . , Dkf(x). This is often termed as f(x)
is computable from (a name of) x.

Definition 2 Let C be a compact subset of R2. Then C is said to be computable
if there is a Turing machine that, on input l ∈ N (accuracy), outputs finite
sequences rj ∈ Q and cj ∈ Q2, 1 ≤ j ≤ jl, such that dH(C, Sl) ≤ 2−l, where

Sl = ∪jlj=1B(cj , rj) is the finite union of the closed balls B(cj , rj) = {x ∈ R2 :
‖x− cj‖ ≤ rj} and dH(·, ·) denotes the Hausdorff distance between two compact
subsets of R2.

Thus, if we imagine those rational balls as pixels, then C is computable provided
it can be drawn on a computer screen with arbitrarily high precision.

We mention in passing that although the computation can only exploit ap-
proximations up to some finite precision in a finite time, nevertheless it is always
possible to continue the computation with better approximations of the input.
In other words, the computation can be performed to achieve arbitrary precision
and obtain results which are guaranteed correct.

We also note that many standard functions like arithmetic operations (+,×, . . .),
polynomials with computable coefficients, the usual trigonometric functions sin,
cos, the exponential ex, their composition, etc. are all computable [5]. Many
other standard operations are also well-known to be computable. In particular,
the operator which yields the solution of some initial-value problem (2) with
x(t0) = x0 is also computable [14], [9], [10] and one can also often determine
bounds on the computational resources needed to compute it (see e.g. [27], [26]
[20], [4], [21], [33], [13]).

3 Structural stability

3.1 Classical theory

We recall the definition of structurally stable systems for the case of flows (see
e.g. [32, pp. 317-318]). Let K be a compact set in Rn with non-empty interior

5



and smooth (n−1)-dimensional boundary. Consider the space X (K) consisting
of restrictions toK of C1 vector fields on Rn that are transversal to the boundary
of K and inward oriented. X (K) is equipped with the norm

‖f‖1 = max
x∈K
‖f(x)‖+ max

x∈K
‖Df(x)‖

where ‖ · ‖ is either the max-norm ‖x‖ = max{|x1|, . . . , |xn|} or the l2-norm
‖x‖ =

√
x2

1 + · · ·+ x2
n; these two norms are equivalent.

Definition 3 The system (2), where f ∈ X (K), is structurally stable if there
exists some ε > 0 such that for all g ∈ C1(K) satisfying ‖f − g‖1 ≤ ε, the
trajectories (orbits) of

y′ = g(y) (3)

are homeomorphic to the trajectories of (2), i.e. there exists some homeomor-
phism h such that if γ is a trajectory of (2), then h(γ) is a trajectory of (3).
Moreover, the homeomorphism h preserves the orientation of trajectories with
time.

Intuitively, (2) is structurally stable if the shape of its dynamics is robust to
small perturbations. We now recall the notion of non-wandering set.

Definition 4 The non-wandering set NW (f) of (2) is the set of all points x
with the following property: for any neighborhood U of x, given some arbitrary
T > 0, there exists t ≥ T such that φt(U) ∩ U 6= ∅, where φt(U) = {φt(y) : y ∈
U}, and φt(y) is the solution of (2) with the initial condition x(0) = y.

For a structurally stable planar vector field f , the set NW (f) consists of
equilibrium points and periodic orbits. A point x0 ∈ K is called an equilibrium
(point) of the system (2) if f(x) = 0. Accordingly any trajectory starting
at an equilibrium stays there for all t ∈ R. An equilibrium x0 is called a
hyperbolic equilibrium if the eigenvalues of Df(x0) have non-zero real parts.
If both eigenvalues of Df(x0) have negative real parts, x0 is called a sink - it
attracts nearby trajectories; if both eigenvalues have positive real parts, x0 is
called a source - it repels nearby trajectories; if the real parts of the eigenvalues
have opposite signs, x0 is called a saddle. A system is locally robust near a
hyperbolic equilibrium. Indeed, it follows from the Hartman-Grobman theorem
that the nonlinear vector field f(x) is conjugate to its linearization Df(x0) in a
neighborhood of x0 provided that x0 is a hyperbolic equilibrium.

A closed curve γ in NW (f) is called a periodic orbit if there is some T > 0
such that for any x ∈ γ one has φT (x) = x. Periodic orbits can also be hy-
perbolic, with similar properties as of hyperbolic equilibria. However, there are
only attracting periodic orbits and repelling periodic orbits, both are pictured
in Fig. 1. There is no equivalent of a saddle point for periodic orbits in dimen-
sion two (one dimension is “used up” by the flow of the periodic orbit. The
remaining direction can only be attracting or repelling). See [32, p. 225] for
more details.

The following well-known theorem proved by Peixoto in 1962 [31] is a refine-
ment of the Poincaré-Bendixson theorem.
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Theorem 5 (Peixoto) Let f be a C1 vector field defined on a compact two-
dimensional differentiable manifold K ⊆ R2. Then f is structurally stable on
K if and only if:

1. The number of equilibria (i.e. zeros of f) and of periodic orbits is finite
and each is hyperbolic;

2. There are no trajectories connecting saddle points, i.e. there are no saddle
connections;

3. The non-wandering set NW (f) consists only of equilibria and periodic
orbits.

Moreover, if K is orientable, the set of structurally stable vector fields in
C1(K) is an open, dense subset of C1(K). Similar results hold for D = {x ∈
R2 : ‖x‖ ≤ 1}, assuming that the vector fields always point inwards on the
boundary of D (see [32, Theorem 3 of p. 325], [30], and the references therein),
with the difference that condition 3 is not needed (it follows from the Poincaré-
Bendixson theorem). It is mentioned in [30, p. 200] that the results remain true
if D is replaced by any region bounded by a C1 Jordan curve.

Due to the above result, we will always assume that the vector field points
inwards along the boundary of D.

3.2 Results about structurally stable systems

In this section, we present several results which are needed for proving Theorem
B. Most ideas and results of this section are implicitly present in the literature
or are “folklores”. However, as details are usually important when working
with computability theory, and because, up to our knowledge, these results are
not presented coherently elsewhere, we decided to include a section with these
results. Readers familiar with structural stability and related fields may skip
this section. For completeness, we have included a proof for each result if no
reference is provided in Appendix A.

The following theorems can be found in [32, Theorem 1 of p. 130 and The-
orem 3 of p. 226]. They state that there is a neighborhood, called the basin
of attraction, around an attracting hyperbolic equilibrium point or hyperbolic
periodic orbit (the attractor) such that the convergence to the attractor is ex-
ponentially fast in this neighborhood. Let Nε̄(A) denote the ε̄-neighborhood of
A:

Nε̄(A) =
⋃
x∈A

B̊(x, ε̄) =
⋃
x∈A
{y ∈ D : ‖x− y‖ < ε̄}.

Proposition 6 Let x0 be a sink of (2) such that Re(λi) ≤ −α < 0 for all
eigenvalues λi of Df(x0). Then given ε > 0, there exists δ > 0 such that for all
x ∈ Nδ(x0), the flow φt(x) of (2) satisfies

|φt(x)− x0| ≤ εe−αt

for all t ≥ 0.
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Proposition 7 Let γ = γ(t) be an attracting periodic orbit of (2) with period
T . Then there exist some α > 0, δ > 0 and ε > 0 such that for any x ∈ Nδ(γ),
there is an asymptotic phase t0 such that for all t ≥ 0

|φt(x)− γ(t− t0)| ≤ εe−αt/T .

Theorem 8 Let (2) be structurally stable and defined on the compact set D ⊆
R2, and suppose it does not have any saddle equilibrium point. Then for every
ε > 0 there exists some T > 0 such that for any x ∈ D satisfying d(x,NW (f)) ≥
ε one has d(φt(x), NW (f)) ≤ ε for every t ≥ T .

Remark 9 Theorem 8 is relevant to prove Theorem B in a simplified case where
(2) has no saddle points, since it shows that for any given precision n, there
always exists some time Tn > 0 such that for every x ∈ D, either x is already in
N1/n(NW (f)) or φt(x) will enter N1/n(NW (f)) no later than Tn and stay in
N1/n(NW (f)) thereafter. This “uniform” time bound is an essential ingredient
in constructing the algorithm presented in section 8.1.

When (2) has saddle points, the situation becomes more complicated because
a saddle does not have a basin of attraction: no matter how small a neighborhood
of a saddle is, almost all trajectories entering the neighborhood will leave it after
some time; even worse, there is no “uniform” bound on time sufficient for the
trajectories to leave the neighborhood.

The following results provide some useful tools to handle the saddles.

Lemma 10 (See e.g. [3, Theorem 3, p. 177]) Let (2) define a structurally
stable system over the compact set D ⊆ R2, and let x0 be a saddle point. Then
there are at most two attractors Ω1(x0),Ω2(x0), with Ω1(x0)∩Ω2(x0) = ∅, such
that any trajectory starting on Ux0

−{x0}, where Ux0
is a local unstable manifold

of x0, will converge to one of the attractors Ω1(x0),Ω2(x0).

Theorem 11 Let (2) define a structurally stable system over the compact set
D ⊆ R2 with saddle points x1, . . . , xm. Then there exists some ε > 0 such that
for every 1 ≤ i ≤ m, any trajectory starting in B(xi, ε) will never intersect
B(xj , ε), where j = 1, . . . , i− 1, i+ 1, . . . ,m.

We end this section with two more lemmas.

Lemma 12 ([17]) Given a periodic orbit γ of a structurally stable dynamical
system (2) defined on a compact subset of R2, there is always an equilibrium
point in the interior of the region delimitated by γ.

Corollary 13 The previous lemma implies that for every f ∈ SS2, the system
(2) has at least one equilibrium point.

A sketch of proof: Suppose otherwise. The Poincaré-Bendixson Theorem
implies that if a trajectory does not leave a closed and bounded region of phase
space which contains no equilibria, then the trajectory must approach a periodic
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orbit as t → ∞ (see, e.g. [17]). Thus there is at least one periodic orbit inside
D. Then it follows from Lemma 12 that there is at least one equilibrium inside
the region delimitated by the periodic orbit. We arrive at a contradiction.

The next result can be found e.g. in [3].

Lemma 14 Assume that x and y are, respectively, the solutions of the ODEs
(2) and (3) with initial conditions set at t0 = a, which are defined on a domain
D ⊆ Rn, where f and g are continuous and satisfy ‖f(x)− g(x)‖ ≤ ε for
every x ∈ D. Suppose f also satisfies a Lipschitz condition in D with Lipschitz
constant L. Then

‖x(t)− y(t)‖ ≤ ‖x(a)− y(a)‖ eL|t−a| + ε

L

(
eL|t−a| − 1

)
.

Let x(·, x0) be the solution of (2) with initial condition x(0) = x0. Note that
the previous lemma implies that given any x0 ∈ D, T ≥ 0, and δ > 0, one has
that ‖x0 − y0‖ ≤ δe−LT yields ‖x(T, x0)− x(T, y0)‖ ≤ δ. This fact implies the
following corollary.

Corollary 15 Let T > 0. The maps φT : D → D and φ−T : φT (D) → D are
continuous, where φt(x0) = x(t, x0) and x(·, x0) is the solution of (2) with initial
condition x(0) = x0.

4 Proof of Theorems A and C

We begin this section by reviewing a variant of the halting problem and its
proof. Recall from Section 2 that it is possible to enumerate all the Turing
machines in a natural (computable) manner: TM1, TM2, . . ..

Lemma 16 The function

h(k) =

{
1 if TMk halts on k
0 if TMk doesn’t halt on k

is not computable.

Proof. Suppose otherwise h was computable. Then there is a Turing machine
TMj computing it. Let TMi be the following machine: given some input k it
simulates TMj with this input. If TMj outputs 1, then TMi enters an infinite
loop and never halts; if TMj outputs 0, then TMi halts and outputs 1. In other
words:

TMi(k) =

{
enters an infinite loop if TMk halts on k
halts and outputs 1 if TMk doesn’t halt on k.

What is the output of running TMi(i)? If TMi halts on input i, then TMi(i)
enters an infinite loop; if TMi(i) does not halt, then it halts and outputs 1. We
arrive at a contradiction.
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We now prove Theorem A of Section 1. We start with the case of the unit
ball and we argue by way of a contradiction. Suppose the operator Θ which
maps p to the number of periodic orbits of (1) was computable.

Let g : N2 → N be the function defined as follows:

g(k, i) =

{
1 if TMk halts in ≤ i steps on input k
0 otherwise

This function is computable since its output can be computed in finite time.
Let G : N → [0, 1/2], G(k) =

∑∞
i=1 g(k, i)/2i+1. Then G is also a computable

function with
∑n
i=1 g(k, i) being a rational approximation of G(k) with accuracy

2−n. Moreover, 0 < G(k) ≤ 1/2 if TMk halts on k and G(k) = 0 if TMk doesn’t
halt on k.

We now define a family of polynomial systems with parameters G(k): x′ =
pk(x), where x = (x1, x2) ∈ R2, pk(x1, x2) = (pk,1(x1, x2), pk,2(x1, x2)),

pk,1(x1, x2) = −x2 + x1(x2
1 + x2

2 −G(k))

and
pk,2(x1, x2) = x1 + x2(x2

1 + x2
2 −G(k)).

Since G : N → [0, 1] is computable, so is the function P : N → P, k 7→ pk,
where P is the set of functions p : R2 → R2 with polynomial components. By
assumption that Θ is computable, it follows that the composition Θ◦P : N→ N
is a computable function.

In the polar coordinates, the system is converted to the following form: let
θ = t,

dr/dt = r(r2 −G(k)), d(θ)/dt = 1

Thus, if TMk doesn’t halt on k, then dr/dt = r3, and there is only one equi-
librium point at the origin and no periodic orbit; if TMk does halt on k, then
dr/dt = r(r2−G(k)) and there is one periodic orbit and one equilibrium point.
In other words,

Θ ◦ P (k) =

{
1 if TMk halts on k
0 if TMk doesn’t halt on k.

We arrive at a contradiction because it follows from Lemma 16 that Θ◦P cannot
be a computable function.

Notice that the above argument also proves the second item of Theorem
A, with the exception of the existence of the family of polynomials {pn}n∈N,
since the same argument works over the whole plane R2. Before we show the
existence of such a family {pn}n∈N, we first proceed to the proof of Theorem C.
The missing part of the second item of Theorem A will follow as a corollary of
the proof of Theorem C.

Definition 17 Let {pi}i∈I be a family of functions pi : R2 → R2 whose compo-
nents are polynomials. A sharp upper bound for the number of periodic orbits
for the family of polynomial ODEs of the form (1) is a function f : N→ N with
the following properties:
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1. If p is a function from {pi}i∈I with components of degree at most n, then
the number of periodic orbits of (1) is ≤ f(n);

2. There is a function p in {pi}i∈I with components of degree at most n such
that (1) has exactly f(n) periodic orbits.

Theorem C. There is a family {pk}k∈N of polynomial systems on R2 for which
there is no computable sharp upper bound for the number of periodic orbits of
(1).
Proof. Let {pk}k∈N be the family of polynomial systems with parameters G(k):
dx/dt = pk(x, y), where pk(x, y) = (pk,1(x, y), pk,2(x, y)),

pk,1(x, y) = −y + xΠk
j=1(x2 + y2 − Σji=1iG(i))

= −y + x(x2 + y2 −G(1)) · · · (x2 + y2 − (G(1) + 2G(2) + · · ·+ kG(k)))

and
pk,2(x, y) = x+ yΠk

j=1(x2 + y2 − Σji=1iG(i))

In the polar coordinates, the system is converted to the following one: let θ = t,

dr/dt = rΠk
j=1(r2 − Σji=1iG(i)), and d(θ)/dt = 1.

Again we argue by way of a contradiction. Suppose otherwise there was a
computable sharp upper bound f for the number of periodic orbits for this
family of polynomial systems. We note first that f is defined for every n. It
follows from the definition that the components of pk have degree 1+2k, and so
f(3) would yield a sharp upper bound for the number of periodic orbits of (1)
when p = p1. In particular, if f(3) = 0, then G(1) = 0, which implies that TM1

does not halt on input 1 and thus h(1) = 0; if f(3) = 1, then G(1) > 0 and thus
h(1) = 1. Now let k > 1. We observe that if h(k) = 0, then G(k) = 0 and thus
f(1 + 2(k − 1)) = f(1 + 2k); on the other hand, if h(k) = 1, then G(k) > 0 and
f(1 + 2k) = f(1 + 2(k− 1)) + 1. This observation together with the assumption
that f is computable generates the following algorithm for computing h(k) of
Lemma 16

h(k) =

{
1 if f(1 + 2k) = f(1 + 2(k − 1)) + 1
0 if f(1 + 2k) = f(1 + 2(k − 1))

for k > 1. But the function h cannot be computable according to Lemma 16.
We arrive at a contradiction.

We now remark that the proof of Theorem C can be used to prove the missing
part of the second item of Theorem A. Indeed, the family {pk}k∈N constructed
in the proof for Theorem C has, at most, one polynomial vector field of degree n
for every n ∈ N. Hence, finding a computable sharp upper bound for the number
of periodic orbits of the family {pk}k∈N is equivalent to finding an algorithm
that computes the exact number of periodic orbits of each pk, uniformly in k.
Moreover, the construction also indicates that the non-computability results are
not simply the consequences of discontinuity.
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5 Proof of Theorem B

The following theorem is needed in order to prove Theorem B. Recall that N
denotes the set of all positive integers; D ⊆ R2 the closed unit disk; SS2 the set
of all C1 structurally stable planar vector fields defined on D; and K(D) the set
of all non-empty compact subsets contained in D. Then SS2 is a subspace of
C1(D;R2) and K(D) is a metric space with the Hausdorff metric. Recall that if
f ∈ SS2, then the trajectories of (2) are transversal to the boundary of D and
are inward oriented.

Theorem 18 The operator Ψ : SS2 → K(D), f 7→ NW (f) of (2), is com-
putable.

Note that it follows from Theorem 5 that NW (f) consists of equilibria and
periodic orbits only, and NW (f) 6= ∅ according to Corollary 13.

To prove Theorem 18 it suffices to construct an algorithm that takes as input
(k, f) and returns a set in K(D) such that the Hausdorff distance between the
output set and NW (f) is less than 1/k, for every k ∈ N and every f ∈ SS2. The
construction concept is intuitive and not entirely new (see, for example, [11]); it
can be outlined as follows: first, cover the compact set D with a finite number of
square “pixels;” second, use a rigorous numerical method to compute the (flow)
images of all pixels after some time T , and take the union ΩT of all images
of pixels as a candidate for an approximation to NW (f); third, test whether
ΩT is an over-approximation of NW (f) within the desired accuracy. If the
test fails, increase T , and use a finer lattice of square pixels when numerically
approximating the flow of (2) after time T . Similar simulations using time −T
are run in parallel to find repellers.

The novel and intricate components of the algorithm are where the saddle
points are dealt with, and the search for a time T such that the Hausdorff
distance between ΩT and NW (f) is less than 1/k with (k, f) being the input
to the algorithm. Two comments seem in order. The problem with a saddle
point is that it may take an arbitrarily long time for the flow starting at some
point near but not on the stable manifold of the saddle to eventually move
away from the saddle. This undesirable behavior is dealt with by transforming
the original flow near a saddle to a linear flow using a computable version of
Hartman-Grobman’s theorem ([15]). The time needed for the linear flow to go
through a small neighborhood can be explicitly calculated (see section 8.2 for
details). Another key feature of the algorithm is that for every k ∈ N, the
algorithm computes a uniform time bound T such that dH(ΩT , NW (f)) < 1/k,
where each connected component of ΩT is in a donut shape containing at least
one periodic orbit if it doesn’t contain any equilibrium. This feature is crucial
for finding the number and positions of the periodic orbits of the system (2). A
coloring program is constructed for checking whether T is a good enough time
(see section 8.3 for details).

We proceed to prove Theorem B once Theorem 18 is proved. The idea is to
use the coloring algorithm to find a cross-section for each connected component
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of ΩT and then compute the Poincaré maps. By finding the number of fixed
points of each Poincaré map, via a zero-finding algorithm, we will be able to
count the total number of periodic orbits of (2).

The remaining sections are devoted to the proof of Theorem B. Section 6
explains how the algorithm for computing the number of zeros of a function
works. Section 7 explains how we can numerically compute the solution of the
ODE (2) at a time T in a rigorous manner. This result is, in a sense, not
surprising, but we present the details so that we can adapt them later to the
more subtle case when saddle points are present in (2). In Section 8 we prove
Theorem 18; we start with the simpler case where (2) has no saddle points, and
then proceed to the general case. In Section 8.3, we explain in more details the
coloring algorithm used to determine the accuracy of approximations to periodic
orbits as well to define cross-sections. In Section 9 we show how to compute the
Poincaré maps and their derivatives defined on those cross-sections, and finally
prove Theorem B in Section 10.

6 Computing the number of zeros of a function

For every f ∈ SS2, let Zero(f) = {x ∈ D : f(x) = 0}, and let #(f) = |Zero(f)|
be the number of zeros of f . Then #(f) 6= 0 according to Corollary 13. It is
proved in [16] that there exists an algorithm taking as input (k, f), k ≥ 1, and
outputting #(f) and a non-empty set C in K(D) such that Zero(f) ⊂ C and
dH(C,Zero(f)) < 1

k . The construction of the algorithm relies on the fact that
the equilibrium point(s) of the system x′ = f(x) are all hyperbolic for every
f ∈ SS2, and thus f is invertible in some neighborhood of each equilibrium
point.

The following is a brief sketch of the algorithm: Start from l = k and
cover D with side-length 1/l square pixels. For each pixel s, compute d(0, f(s))
and minx∈s ‖Df(x)‖, increase l if necessary until either d(0, f(s)) > 2−l or
minx∈s ‖Df(x)‖ > 2−l after finitely many increments. If d(0, f(s)) > 2−l, then
there is no equilibrium inside s; if minx∈s ‖Df(x)‖ > 2−l, then use the elements
from the proof of the inverse function theorem to either locate the squares
contained in s such that each hosts a unique equilibrium or else increase l and
repeat the process on smaller pixels contained in s. The full details of the
construction can be found in [16].

The algorithm also works for any function defined on a computable compact
subset of R2 that has finitely many zeros if all of them are invertible.

We mention in passing that the algorithm is fully automated in comparison
with most familiar root-finding numerical algorithms - Newton’s method, Secant
method, etc - in the sense that no extra ad hoc information or analysis - such
as a good initial guess or a priori knowledge on existence of zeros or requiring
further properties of the given function in order to distinguish nearby zeros - is
needed.
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7 Discrete simulation of planar dynamics

We begin with some preliminary notions.

Definition 19 The δ-grid in Rd is the set G = (Zδ)d, where δZ = {δz ∈ R :
z ∈ Z} = {. . . ,−2δ,−δ, 0, δ, 2δ, . . .}.

An initial-value problem x′ = f(x), x(t0) = x0, is often solved numerically
using, for example, Euler’s method, which can be described as follows: select
an initial point y0 ' x0 (ideally y0 = x0), choose h > 0 (the stepsize), and set

yn+1 = yn + hf(yn), n = 0, 1, 2, . . . (4)

If f has bounded partial derivatives on D and hence a bounded jacobian, then
f satisfies a Lipschitz condition

‖f(x)− f(y)‖ ≤ L ‖x− y‖

for all x, y ∈ D, where L is a Lipschitz constant, which can be chosen as L =
maxx∈D ‖Df(x)‖ (see e.g. [3, p. 26]). Assume that x(t) is defined for all t ∈ [t0, b]
for some b > t0. Let xn = x(t0 + nh), n = 0, 1, 2, . . ., and let ρ be a rounding
error bound when computing yn+1 using (4). Then the (global truncation)
error of Euler’s method is bounded by the following formula (see [1, p. 350] for
one-dimensional case and Appendix B for the two-dimensional case):

‖yn − xn‖ ≤ e(b−t0)L ‖y0 − x0‖+

(
e(b−t0)L − 1

L

)(
h

2
E +

ρ

h

)
(5)

for all n = 0, 1, 2, . . . satisfying t0 ≤ t0 +nh ≤ b, where E is a bound for ‖x′′(t)‖.
Since

‖x′′(t)‖ =
∥∥(f(x(t)))

′∥∥ =

∥∥∥∥( ∂f1

∂x1
f1(x) +

∂f1

∂x2
f2(x),

∂f2

∂x1
f1(x) +

∂f2

∂x2
f2(x)

)∥∥∥∥
it follows that (5) can be rewritten as

‖yn − xn‖ ≤ e(b−t0)L ‖y0 − x0‖+

(
e(b−t0)L − 1

L

)(
hM2 +

ρ

h

)
(6)

where M = maxx∈D(‖f(x)‖ , ‖Df(x)‖), which is computable from (a C1-name
of) f .

The global truncation error bound (6) depends on h, ρ, b, L, and M , where
L and M are computable from f . We may assume that L,M ≥ 1. It is possible
to make the error smaller than any given ε > 0 over any time interval [t0, T ],
as long as the solution x(t) is defined, by selecting appropriate values for h
and ρ. In other words, we can choose h and ρ such that ‖yn − xn‖ ≤ ε for all
n = 0, 1, 2, . . . satisfying t0 ≤ t0 + nh ≤ T (we assume that y0 is obtained from
x0 by rounding it with error bounded by ρ). This can be achieved, for example,
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by requiring that each term of the sum in the right-hand side of (6) is bounded
by ε/2. For the first term,

eTLρ ≤ ε

2
=⇒ ρ <

ε

2eTL
.

For the second term,(
eTL − 1

L

)(
hM2 +

ρ

h

)
≤ eTL

(
hM2 +

ρ

h

)
= eTLhM2 + eTL

ρ

h
. (7)

If we require both terms on the right hand side of (7) are bounded by ε/4, we
obtain the desired estimate. For the first term of (7),

eTLhM2 ≤ ε

4
=⇒ h ≤ ε

4eTLM2
.

Now we fix some h satisfying the inequality above. We can then derive a desir-
able value of ρ by bounding the second term of (7) with ε/4

eTL
ρ

h
≤ ε

4
=⇒ ρ ≤ εh

4eTL
.

The above analysis is summarized in the following theorem:

Theorem 20 Let ε > 0, T > 0 be given and assume that the solution x(t) of (2)
with initial condition x(0) = x0 is defined in the interior of D for all t ∈ [0, T ].
By selecting a stepsize h satisfying

h ≤ ε

4eTLM2
(8)

and then using a rounding error ρ bounded by

ρ ≤ min

(
εh

4eTL
,

ε

2eTL

)
(9)

the approximations yn generated by Euler’s mathod have the property that ‖yn − xn‖ ≤
ε for all n = 0, 1, 2, . . . satisfying 0 ≤ nh ≤ T .

We now define a computable function ChooseParameters as follows: it takes
as input (f, ε, T ), where ε > 0 and T > 0 are rational numbers, and returns in
finite time as output (h, ρ, nT ), where h and ρ are rational numbers satisfying
(8) and (9), nT ∈ N and T = nTh. Then, using the function ChooseParameters

as a subroutine and Euler’s method, we can devise a new computable function
TimeEvolution that receives as input some compact set D ⊆ D, f and some
rational numbers 0 < ε < 1 and T > 0, with the following properties (usually
we omit the explicit dependence on f and write TimeEvolution(D, ε, T ) instead
of TimeEvolution(f,D, ε, T ) if that is clear from the context):
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• φT (D) ⊆ TimeEvolution(D, ε, T ) ⊆ φT (D) + εB(0, 1). In particular this
implies that dH(φT (D), TimeEvolution(D, ε, T )) ≤ ε.

• The computation of TimeEvolution with input (D, ε, T ) halts in finite
time.

The algorithm that computes TimeEvolution is designed as follows:

1. Compute ChooseParameters(ε/4, T ), and obtain the corresponding values
h, ρ, nT . Next create a (ρ/2)-grid over D (technically, create a (ρ/2)-grid
over R2 and then intersect it with D).

2. For each (rational) point p of the ρ
2 -grid over D, decide whether d(p,D) ≤

ρ/2 or d(p,D) ≥ ρ/3. Let D1 be the set of all ρ
2 -grid points p with the

test result d(p,D) ≤ ρ/2.

3. Apply Euler’s method to all points in D1, using h as the timestep and
ρ as the rounding error. Let p̃n be the nth iterate obtained by applying
Euler’s method for the IVP (2), x(0) = p, with these parameters. Then
output ⋃

p∈D1

B(p̃nT , ε/2).

It is readily seen that all three steps can be executed in finite time, and
thus the computation of TimeEvolution with input (D, ε, T ) halts in finite
time. The second property is satisfied. It remains to show that the func-
tion TimeEvolution also has the first property. Since a ρ/2-grid is used, ev-
ery point q ∈ D is within distance ≤ ρ/2 of a ρ/2-grid point p, which im-
plies that p ∈ D1. Furthermore, it follows from the definition of the function
ChooseParameters(ε/2, T ) that

‖p̃nT − φT (p)‖ ≤ ε/4 (since φ0(p) = p). (10)

On the other hand, it follows from Lemma 14 and (9) that

‖φT (p)− φT (q)‖ ≤ ρ

2
eLT , ‖φT (p)− φT (q)‖ ≤ (ε/4)h

4eTL
eLT ≤ ε

16
.

Combine the last inequalities together with (10) yields

‖p̃nT − φT (q)‖ ≤ ‖p̃nT − φT (p)‖+ ‖φT (p)− φT (q)‖ ≤ ε

4
+

ε

16
= 5ε/16. (11)

Hence φT (D) ⊆ TimeEvolution(D, ε, T ). To verify that TimeEvolution(D, ε, T ) ⊆
D+ εB(0, 1), it suffices to show that if r ∈ ∪p∈D1

B(p̃nT , ε/2), then there exists
a point q ∈ D such that ‖r − φT (q)‖ ≤ ε. Since r ∈ ∪p∈D1B(p̃nT , ε/2), it follows
that there is a point p ∈ D1 such that

‖r − p̃nT ‖ ≤ ε/2.
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Therefore, there must be a point q ∈ D within distance ≤ ρ/2 from the point p.
In particular, (11) must hold. This, together with the above inequality, shows
that

‖r − φT (q)‖ ≤ ‖r − p̃nT ‖+ ‖p̃nT − φT (q)‖ ≤ ε/2 + 5ε/16 < ε.

We end this section by defining a computable function HasInvariantSubset

that receives as input some compact set D ⊆ D, a function f , and some
rational numbers 0 < ε < 1 and T > 0. If this function returns 1, then
the set D is guaranteed to be invariant in the sense that φt(D) ⊆ D for all
t ≥ T . If it returns 0, then D may or may not contain invariant subsets. We
can compute HasInvariantSubset(f,D, ε, T ) (which we will denote simply as
HasInvariantSubset(D, ε, T ) if f is clear from the context) as follows:

1. Compute rationals t0, t1, . . . , tN satisfying 0 = t0 < t1 < t2 < . . . < tN =
T and |ti+1 − ti| ≤ ε/(4M). (Recall thatM = maxx∈D(‖f(x)‖ , ‖Df(x)‖).)

2. Let Di = TimeEvolution(D, ε/4, T + ti) be a union of finitely many balls
with rational centers and radii for each i = 0, 1, . . . , N .

3. Compute an over-approximation A, consisting on the union of finitely
many balls with rational centers and radii, of D−D with accuracy bounded
by ε/4.

4. For every i = 0, 1, . . . , N , test if Di ∩ (A + B(0, ε/4)) = ∅. If the test
succeeds, return 1; otherwise return 0.

Steps 1–3 can be easily computed, as well as A + B(0, ε/4) (it suffices to
increase the radius of each ball defining A by ε/4). We can also determine
in finite time whether or not Di ∩ (A + B(0, ε/4)) is empty since Di and A +
B(0, ε/4) are formed by finitely many rational balls. Now suppose step 4 returns
1. We show that φt(D) ⊂ D for all t ≥ T . We first note that φT+ti(D) ⊆
Di by definition of TimeEvolution and Di + B(0, ε/4) ⊂ D by assumption.
Furthermore, for any 0 ≤ t ≤ T , there exists an i, 0 ≤ i ≤ N − 1, such that
t ∈ [ti, ti+1]. Since |t− ti| ≤ ε/(4M), it follows that ‖φT+t(x)− φT+ti(x)‖ ≤ ε/4
for every x ∈ D. Hence, φT+t(D) ⊆ φT+ti(D)+B(0, ε/4) ⊆ Di+B(0, ε/4) ⊆ D
for every 0 ≤ t ≤ T . In other words, φt(D) ⊆ D for all T ≤ t ≤ 2T . Now
it follows from φT (D) ⊆ D that φ2T+t(D) ⊆ φT+t(D) ⊆ D for all 0 ≤ t ≤ T ,
or φt(D) ⊆ D for all 2T ≤ t ≤ 3T . Continuing the process inductively, we
conclude that φt(D) ⊆ D for all t ≥ T . A final note. If D includes in its interior
an attracting hyperbolic point or attracting periodic orbit and D is inside the
basin of attraction of this attractor, then HasInvariantSubset(D, ε, T ) will
return 1 for sufficiently large T and small enough ε according to Propositions 6
and 7.

8 Proof that the non-wandering set is computable

In this section, we prove Theorem 18: The operator Ψ : SS2 → K(D), f 7→
NW (f) of (2), is computable.
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To show NW (f) is computable, it suffices to construct an algorithm that
takes as input (k, f) and returns as output a compact non-empty set NWk(f)
such that

(I) NW (f) ⊆ NWk(f) ⊆ D.

(II) dH(NW (f), NWk(f)) ≤ 1/k.

The idea underlying the construction is to simulate (2) numerically using
Euler’s method with rigorous bounds on the error generated from approximation
as described in the previous section; we will show how to establish such rigorous
error bounds. By using increasingly accurate approximations, we are able to
uniformly approach NW (f) (cf. Theorem 8) with arbitrary precision.

Recall that since f ∈ SS2, NW (f) consists only of Zero(f) and Per(f), a
finite set of equilibrium points and a finite set of periodic orbits, respectively;
moreover, Zero(f) 6= ∅ but Per(f) might be empty. An algorithm for comput-
ing Zero(f) has been outlined in section 6; the details of that algorithm are
presented in [16].

8.1 A first approach to the problem: no saddle point

The case where (2) has no saddle point is less complicated because in this case,
we can make use of Theorem 8 to find approximations to NW (f) by computing
φt(D). But how can we actually find such a time Tk given in Theorem 8? And
how do we decide if a point x is already in N1/k(NW (f)) without knowing
NW (f)? (After all our goal is to locate NW (f).) One simple but essential
fact about NW (f) is that it is the “minimal” time invariant set of the system
(2). This observation leads to the following tactics for developing a working
algorithm: numerically simulate φT (D) using TimeEvolution(D, ε, T ); note that
TimeEvolution(D, ε, T ) is valid for all values of T as explained at the end of
section 7, NW (f) ⊂ TimeEvolution(D, ε, T ), and by its definition,

TimeEvolution(D, ε, T ) =
⋃
i∈I
B(pi, ε/2) (12)

where I is a finite set and pi ∈ Q. By making use of the pixels B(pi, ε/2)
it is possible to compute the invariant sets of the simulation and select those
invariant sets which are minimal, and thus find approximations to NW (f) with
arbitrary precision by using increasingly accurate simulations – smaller ε and
larger T .

In the following we present the algorithm first, and then we show that the
algorithm returns the desired output in finite time.

The algorithm to compute NW (f) runs as follows: taking as input (k, f),
where 1/k sets the error bound for the output approximation, k ∈ N \ {0}, do:

1. Let ε = 1/(2k) and T = 1.
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2. Compute the set Zero(f) with precision ε using the algorithm described
in [16], obtaining an over-approximation Zeroε(f) of Zero(f) satisfying
dH(Zeroε(f), Zero(f)) ≤ ε.

3. Compute TimeEvolution(D, ε, T ) and obtain a finite set I for which (12)
holds true.

4. Take P = ∅.

5. For each J ⊆ I check whether
⋃
j∈J B(pj , ε/2) is a connected set and

whether HasInvariantSubset(D, ε, T ) = 1. If both conditions hold, take
P = P ∪ {J}.

6. (The minimum principle) For each J1, J2 ∈ P , test whether J1 $ J2. If
the test succeeds, then take P = P\{J2}.

7. For each J ∈ P , test whether
⋃
j∈J B(pj , ε) is contained in a connected

component of Zeroε(f). If the test succeeds, then take P = P\{J}. If the
test fails, but

⋃
j∈J B(pj , ε)

⋂
Zeroε(f) 6= ∅, then take ε := ε/2, T := 2T ,

and go to step 2. For each J ∈ P , test if ∪j∈JB(pj , ε) ∩ ∂D 6= ∅. If the
test succeeds, then take ε := ε/2, T := 2T .

8. Do steps 2–7 to the ODE x′ = −f(x) defined over D, i.e. by taking the
transformation t 7→ −t which reverses time in (2), obtaining a set P̃ similar
to the set P of step 7.

9. For each set J ∈ P ∪P̃ , use the algorithm described in Section 8.3 to check
whether

⋃
j∈J B(pj , ε) has a doughnut shape with cross-sections bounded

by 1/k. If this check fails, then take ε := ε/2, T := 2T , and go to step 2.

10. Check whether TimeEvolution(D−(Zeroε(f)
⋃ ⋃

J∈P
⋃
P̃ (
⋃
j∈J B(pj , ε)), ε/3, T )) ⊆

Zeroε(f)
⋃ ⋃

J∈P
⋃
P̃ (∪j∈JB(pj , ε)). If this test fails, then take ε := ε/2,

T := 2T , and go to step 2.

11. Switch the dynamics to the ODE x′ = −f(x) and test whether TimeEvolution(D−
(Zeroε(f)

⋃ ⋃
J∈P

⋃
P̃ (
⋃
j∈J B(pj , ε)), ε/3, T )) ⊆ Zeroε(f)

⋃ ⋃
J∈P

⋃
P̃ (
⋃
j∈J B(pj , ε))

for this ODE. If this test fails, then take ε := ε/2, T := 2T , and go to step
2.

12. Output Zeroε(f) ∪
⋃
J∈P∪P̃ ∪j∈JB(pj , ε) (= NWk(f)).

It is perhaps time to explain a bit of roles played by the steps in the al-
gorithm. Step 2 supplies a subprogram for locating the set of equilibrium
point(s) with arbitrary precision whenever the need arises; in particular, it de-
tects whether a (time) invariant set contains an equilibrium. Step 5 identifies
the connected invariant sets of the simulation TimeEvolution(D, ε, T ), which
serve as possible candidates for approximations to NW (f) (see discussion at
the end of Section 7). In order to get “good” candidates for Per(f), those who
contain the equilibrium point(s) or who are not minimum are discarded using
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Figure 1: Dynamical systems with nested periodic orbits.

steps 6 and 7. After step 8, every remaining candidate – if there is any – is
minimum, and each of them contains at least one periodic orbit (see corollary
13). Afterwards, step 9 checks whether each remaining candidate is a good
enough approximation to those periodic orbit(s) it contains. Finally, steps 10
and 11 check if there are any periodic orbits which have not been counted in
the current round of simulation.

Here is an example demonstrating why only the minimum invariant sets
are qualified to serve as candidates: Consider Fig. 1. In this figure, we have
a repelling equilibrium point which is surrounded by (in order) an attracting,
a repelling, and an attracting periodic orbit which are nested together. It is
not hard to see that if U denotes the region “inside” the outer periodic orbit
(including this orbit), then φt(U) = U for all t ≥ 0. Indeed, it is readily seen
that φt(U) ⊆ U . For the reverse inclusion, let x ∈ U and t ≥ 0 be given. Then
φ−t(x) ∈ U , which implies that x = φt(φ−t(x)) ∈ φt(U), i.e. φt(U) = U . It
is also clear that U has “big” regions not contained in NW (f) and it is not a
minimum invariant set. Thus if U is not eliminated as an candidate, then step
9 will run into an infinite loop. The example reveals the reasoning behind step
6.

Now we show that the algorithm returns the desired output in finite time.
It is clear that the algorithm runs through steps 1 – 6 in finite time. Since
each equilibrium is either a sink or a source, for ε sufficiently small, Zeroε(f)
becomes a set of disjoint ε-balls with each containing a unique equilibrium that
attracts or repels all trajectories inside the ball towards it or away from it. Fur-
thermore, since there are only finitely many periodic orbits and each periodic
orbit is a compact subset of D, it follows that, after finitely many updates on
ε and T , for every J ∈ P from step 6, either ∪j∈JB(pj , ε) is contained in a
connected component of Zeroε(f) or ∪j∈JB(pj , ε) ∩ Zeroε(f) = ∅. In other
words, step 7 as well step 8 completes its task in finite time. As output of
steps 7 and 8, if P ∪ P̃ = ∅, move to steps 10 and 11; otherwise, for every
J ∈ P ∪ P̃ , since φT (∪j∈JB(pj , ε)) ⊆ TimeEvolution(∪j∈JB(pj , ε), ε/3, T ) by
the definition of the simulation TimeEvolution, it follows from step 5 that
φT (∪j∈JB(pj , ε)) = ∪j∈JB(pj , ε), which implies that ∪j∈JB(pj , ε) contains at

20



least one periodic orbit, since it does not contains any equilibrium point. Now
if ∪j∈JB(pj , ε) passes the test in step 9 for every J ∈ P ∪ P̃ and, afterwards,
Zeroε(f)

⋃
J∈P∪P̃ ∪j∈JB(pj , ε) passes the tests in steps 10 and 11, then it is

not hard to see that the output Zeroε(f) ∪ ∪J∈P∪P̃ ∪j∈J B(pj , ε) satisfies re-
quirements (I) and (II). But, the minimum nature of the remaining invariant
sets after step 6 together with Theorem 8 ensure that all invariant sets output
by step 7 or step 8 will pass the three tests in steps 9, 10, and 11 after finitely
many updates on ε and T .

We note that the precision ε and time T are independent of each other in
Theorem 8 but dependent in the algorithm – an update doubling T and cutting
ε in half. This technicality is dealt with as follows: suppose that n iterations
have been performed (i.e. after n updates of the T variable and of ε). Then
we have T = 2n and ε = 1/(2n+1k). According to Propositions 6 and 7, it is
sufficient to show that there is some n0 ∈ N such that for all n ≥ n0 one has

K1e
−α2n <

1/(2n+1k)

6
=

1

2n+23k
⇒

−α2n < − ln
(
2n+23kK1

)
⇒

2n >
ln
(
2n+23kK1

)
α

⇒

2n >
n+ 2 + ln (3kK1)

α

Thus there is indeed an n0 ∈ N, which depends on k,K1, α > 0, such that
the last inequality is true for all n ≥ n0. Therefore, if we simultaneously
double T and halve ε, we can be sure that the condition φT (∪j∈JB(pj , ε)) ⊆
Nε/6(NW (f)) will eventually hold after n0 iterations of the method.

We mention in passing that, in step 1, we could just have required that
one should compute a finite set I and rationals pi, i ∈ I such that (12) holds.
However, computing TimeEvolution(K, ε, T ) automatically does it and may
provide a computational gain.

A final note. The algorithm uses internally uniform time bounds for per-
forming simulations TimeEvolution(D, ε, T ), computations, and tests; if a test
fails, it restarts a new round by doubling the time bound in the previous round
(as well halving the error bound).

8.2 The full picture

In Section 8.1 we have assumed that the flow of (2) does not have any saddle
point. We now drop that assumption. The major difference from the previous
case is that Theorem 8 is no longer valid, as explained in Remark 9. A funda-
mental implication of Theorem 8 from the view point of computation is that it
provides a “uniform” time bound Tk for approximating NW (f), using φTk(D),
globally on the entire phase space D with any precision 1/k. The algorithm con-
structed in Section 8.1 relies on this uniform time bound coupled with the min-
imum principle for performing numerical simulations TimeEvolution(D, ε, T )
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and computing invariant sets – approximations to NW (f) – of the simulations.
The problem with a saddle point x0 is that when a trajectory passes near the
stable manifold of x0, the flow is to approach x0 but may move very slowly as
it gets closer and closer to x0 (since f has a zero at x0) before it finally leaves
the vicinity of x0 (or eventually converges to x0, if the trajectory is part of the
stable manifold of x0). In this case, the hope for having uniform time bounds
is slim, if not impossible.

We solve the problem by mending the previous algorithm so that only one
time unit is counted from the moment a trajectory entering a small neighbor-
hood of a saddle point until the moment it finally leaving the neighborhood,
provided that it indeed leaves the vicinity. This is done by placing a “black
box” at each saddle. Outside the black box, the algorithm runs as before;
upon entering the box the algorithm switches from simulating trajectories of
(2) to computing the trajectories of a linear system conjugated to (2). One
time unit is allotted to the work done in the black box. The idea is motivated
by Hartman-Grobman’s Theorem and a computable version of it (see e.g. [32,
p. 127] for its classical statement; and [15] for its computable version). For
completeness, we state the computable version here: let F be the set of all
functions f ∈ C1(Rn;Rn) such that 0 is an hyperbolic zero of f i.e. f(0) = 0
and Df(0) only has eigenvalues with nonzero real part; let O be the set of all
open subsets of Rn containing the origin of Rn; and let I be the set of all open
intervals of R containing zero.

Theorem 21 There is a computable map Θ : F → O × O × C(Rn;R) ×
C(Rn;Rn) such that for any f ∈ F , f 7→ (U, V, µ,H), where

(a) H : U → V is a homeomorphism ;

(b) the unique solution x(t, x̃) = x(x̃)(t) to the initial value problem ẋ = f(x)
and x(0) = x̃ is defined on (−µ(x̃), µ(x̃)) × U ; moreover, x(t, x̃) ∈ U for
all x̃ ∈ U and −µ(x̃) < t < µ(x̃) ;

(c) H(x(t, x̃)) = eDf(0)tH(x̃) for all x̃ ∈ U and −µ(x̃) < t < µ(x̃) .

Recall that for any x̃ ∈ Rn, eDf(0)tx̃ is the solution to the linear problem
ẋ = Df(0)x, x(0) = x̃. So the theorem shows that the homeomorphism H,
computable from f , maps trajectories of the nonlinear problem ẋ = f(x) onto
trajectories of the linear problem ẋ = Df(0)x, near the origin, which is a hy-
perbolic equilibrium point. In other words, H is a conjugacy between the linear
and nonlinear trajectories near the origin. Note that the theorem holds true
for any hyperbolic equilibrium point, and the origin is used just for convenience
(see [15] for details).

The linear system in a neighborhood of the origin, ẋ = Df(0)x and x(0) = x̃,
can be solved explicitly with the solution eDf(0)tx̃. Moreover, the solution is
computable from (a C1-name of) f because Df(0) is computable from f and
eDf(0) is computable from Df(0) (see, for example, [40]).

Thus Theorem 21 provides us a computational tool to deal with the problem
of lacking uniform time bounds near saddles for simulations TimeEvolution as
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outlined as follows: for a saddle of (2), use a neighborhood provided by Theorem
21 as an oracle or a black box; once a trajectory generated by the simulation
TimeEvolution enters the black box, TimeEvolution sits in idle and waits for
an answer from the black box; inside the black box, the trajectory of the linear
system is computed starting from a point on the simulated trajectory that enters
the black box; then the black box supplies an answer to TimeEvolution with
a desirable precision and TimeEvolution restarts working after receiving the
answer. The waiting time is counted as one time unit. It is not hard to see
that the strategy solves the problem of computing the flow of (2) near a saddle
point using the simulation TimeEvolution. Of course, for the strategy to work,
we need to show that the black box is able to supply an answer with required
accuracy to TimeEvolution for any simulated trajectory that enters it. The
proof is given below.

Apply Theorem 21 to each saddle point xi of (2) with the homeomorphism
Hi : Ui → Vi, where xi is the unique equilibrium contained in Ui. Compute a
rational number εi such that B(Hi(xi), εi) ⊆ Vi for each i and set ε = mini εi
(recall that B(Hi(xi), εi) is the closed ball having center Hi(xi) and radius εi
with the max-norm, and there are finitely many saddles). From now on we will
concentrate on the saddle point xi; the other saddles can be dealt with similarly.
For simplicity, we assume that xi = 0.

Referring to Theorem 21, assume that λ and µ are eigenvalues of Df(0)
with λ < 0 < µ. Since the eigenspaces associated to these eigenvalues have
known dimension (=1), and are the kernel of Df(0) − λI and Df(0) − µI, we
can compute (see [41, Theorem 11 - a), c)]) eigenvectors vλ, vµ associated to the
eigenvalues λ, µ, respectively. Let Q = [vλ vµ] be the 2 × 2 matrix formed by
the eigenvectors. Then Q is invertible. We can change the coordinates by using

the (invertible) linear transformation Q−1 :

[
x
y

]
7→
[
u
v

]
= Q−1

[
x
y

]
.

Then the old linear problem

[
x′

y′

]
= Df(0)

[
x
y

]
,

[
x(0)
y(0)

]
=

[
x0

y0

]
, is

reduced to a decoupled simpler problem which has the solution u(t) = u0e
λt,

v(t) = v0e
µt. The solution to the original linear problem can then be written as

follows:

[
x
y

]
= Q

[
eλt 0

0 eµt

]
Q−1

[
x0

y0

]
. Since the matrix Q is computable

from Df(0); in other words, Q is computable from (a C1-name of) f , we may
assume, without loss of generality, at the outset that the standard basis of R2

is an eigenbasis with x-axis being the stable separatrix and y-axis the unstable

separatrix. In other words, we assume that Df(0) =

[
λ 0
0 µ

]
(see Fig. 2).

In order to construct an algorithm that is able to output an approximation,
we need to estimate the time for a trajectory to pass by a saddle. We now
turn to address this problem. Referring to Fig. 2, it is clear that any trajectory
starting in the interior of a quadrant will stay inside the same quadrant for all
t. Thus it suffices to consider the trajectories in the first quadrant. Since the
trajectory starting at a point in the first quadrant z0 = (x0, y0) is the graph
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Figure 2: Central idea used to determine the time needed to pass by a saddle.

of z(t, z0) = (eλtx0, e
µty0), it is readily seen that t can be solved as a function

of x: t = t(x). Let γ1 be a vertical line segment passing the point (x1, 0) and
γ2 a horizontal line segment passing the point (0, y2), where x1, y2 > 0, and let
z(t, z∗) be the trajectory of the linear system starting at z∗, where z∗ = (x∗, y∗),
x∗ > 0, is a point on the upper portion of γ1.Then z(t, z∗) will stay in the first
quadrant for all t and cross γ2 at some time instant. Assume that z(t, z∗)
crosses γ2 for the first time at z∗∗ = (x∗∗, y∗∗), x∗∗ > 0. Then this first time
can be computed by the formula below: Let T (z∗) = inf{t > 0 : z(t, z∗) ∈ γ2}
be the time needed for the trajectory z(t, z∗) to go from z∗ on γ1 to a point
z∗∗ = (x∗∗, y∗∗) on γ2. Then

T (z∗) =

∫ x∗

x∗∗

dx

|λx|
(13)

(see Theorem 8*.3.3 from [18, p. 221]).

Now we turn to the construction of the black box at the saddle point 0.
First we partition the ball B(0, ε), which is the outer square in Fig. 3 and
it will remain fixed for any application of TimeEvolution(D, ε, T ), into four
regions: A = {x ∈ R2 : ‖x‖ ≤ 1/T}, B = {x ∈ R2 : 1/T ≤ ‖x‖ ≤ 2/T},
C = {x ∈ R2 : 2/T ≤ ‖x‖ ≤ 3ε/4}, and D = {x ∈ R2 : 3ε/4 ≤ ‖x‖ ≤ ε}, where
we assume that 2/T < 3ε/4. The region A is depicted in white in Fig. 3, B in
yellow, C in light orange, and D in darker orange. Since the solution operator,
eDf(0) : (t, x) 7→ eDf(0)tx, of the linear system is computable, we are able to
compute the image of (any subset or point of) A,B,C, or D at any given time
t > 0. The neighborhood H−1

i (A ∪B ∪ C) of 0 serves as the black box.
Here is how the black box is programmed and incorporated with the simula-

tion TimeEvolution. The simulation TimeEvolution performs normally outside
Ui as well as in Ui −H−1

i (A ∪ B ∪ C) but stops whenever a simulated trajec-
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Figure 3: Vicinity of a saddle point.

tory enters the black box. The linear system will then pick up a point on this
simulated trajectory via Hi as the initial point, compute the trajectory until
it reaches the region D, and then returns a point in D sufficiently close to the
linear trajectory via H−1

i to TimeEvolution; the point supplied by the black
box will be ρ/2-close to some point on a trajectory of (2); upon receiving the
answer from the black box, TimeEvolution resumes its normal working routine.

For a bit more details. Suppose that a trajectory computed by TimeEvolution

enters H−1
i (A ∪ B ∪ C). Then we transform the system into its linearized ver-

sion via the map Hi, obtaining a point zj in A ∪ B ∪ C. Now we compute
the solution of the linear system with zj as the initial point, until it eventually
reaches D. Assume that eDf(0)t1zj ∈ D for some t1 > 0. At this moment, we
pick a rational point zj+1 ∈ D such that |zj+1 − eDf(0)t1zj | ≤ 2−m(l), where
m is a modulus of continuity for the homeomorphism H−1

i and 2−l ≤ ρ/2.
Then H−1

i (zj+1) ∈ H−1
i (D) ⊆ Ui and |H−1

i (zj+1) − H−1
i (eDf(0)t1zj)| ≤ ρ/2.

In other words, H−1
i (zj+1) is an approximation with error ρ/2 of a point on

the trajectory φt(x̄) = H−1
i (eDf(0)tzj) of (2) starting at x̄ = H−1

i (zj). Now
TimeEvolution resumes its normal work.

There is one problem with the argument above; that is, when the point zj
lands on the stable separatrix – the x axis – of the saddle 0. In this case,
eDf(0)tzj will stay on the stable separatrix for all t > 0 and move towards
the origin; thus it will never reach D. In other words, the black box won’t
be able to supply an answer to TimeEvolution in this case. Even worse, if zj
is on the stable separatrix or, equivalently, the x-coordinate of zj equals zero,
there is in general no effective way of verifying this. The black box has to be
re-programmed.

The remaining proof is devoted to re-programming the black box so that it
is able to return an answer, no matter where zj lands in A ∪ B ∪ C. We begin
by constructing, algorithmically, a finite set J contained in D to be used as an
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answer to TimeEvolution from the black box when zj is “likely” to land on the
stable separatrix. Since the system is linear, it follows that, for any trajectory,
if it enters A along a direction other than the x-axis, then it will leave A, then
B and C, and enter D; in particular, once it leaves a region, it won’t re-enter
that region ever again. Furthermore, for any trajectory z(t, z0) = (x0e

λt, y0e
µt),

y0 6= 0, if it enters A, B, C, or D, then the only way it can leave the region
is through the upper or lower horizontal border of that region, because the
trajectory is the graph of x(t) = x0e

λt and y(t) = y0e
µt, where λ < 0 < µ. Let

m = minz∈B∪C∪D ‖Df(0)z‖ and M = maxz∈B(0,ε) ‖Df(0)z‖. Note that m > 0
since Df(0) is invertible and Df(0)z = 0 has a unique solution z = 0. Both m
and M are computable from f , ε, and T . Let regionH denote the union of the
upper and the lower horizontal border of the region. For any point z∗ = (x∗, y∗)
on BH , the trajectory z(t, z∗) = eDf(0)tz∗ will not re-enter B but leave C and
D, and eventually reach DH . The time it takes for z(t, z∗) to go from z∗ to a
point on DH , say z∗∗ = (x∗∗, y∗∗), is bounded by 3ε/m following (13):

0 <

∫ x∗

x∗∗

dx

|λx|
≤
∫ 3ε

0

dx

m
=

3ε

m
. (14)

(note that any two points in B(0, ε) are within Euclidean distance < 3ε). This
time bound allows us to pick, effectively, a finite set of points with rational
coordinates on BH , W = {w1, w2, . . . , wq}, which has the following property:
for every z∗ ∈ BH , there is some wk such that

‖wk − z∗‖ ≤ min

(
ε

32e3εM/m
,

1

T

)
(15)

(recall that T is a rational number). Then it follows from Lemma 14 that for
any t ∈ [0, 3ε/m],

‖z(t, wk)− z(t, z∗)‖ ≤ ‖wk − z∗‖ e3εM/m ≤ ε/32 (16)

Without loss of generality we may assume that ‖H−1
i (z1) − H−1

i (z2)‖ < ρ/2
whenever ‖z1− z2‖ ≤ ε/32. Otherwise we simply increase the precision of (15).
(Recall that the modulus of continuity of H−1

i is computable.) Next pick a
rational number 0 < τ < ε/(32M), and numerically compute z(lτ, w) for every
w ∈W and l = 0, 1, . . . , r = b3ε/(τm)c as long as z((l+1)τ, w) ∈ B(0, ε), where
bxc = max{n ∈ Z : n ≤ x}. It is clear that the following inequality holds true
for any trajectory z(t, w), w ∈W :

‖z((l + 1)τ, w)− z(lτ, w)‖ ≤ ε/32 (17)

Inequality (17) further implies that for each w ∈W , there exists some 0 ≤ lw ≤ r
such that 3ε/4 + 3ε/32 ≤ ‖z(lwτ, w)‖ ≤ 3ε/4 + 5ε/32. Finally it follows from
the inequalities (15), (16), and (17) that for every z∗ ∈ BH , there is a w ∈ W
such that ‖z(lwτ, z∗)− z(lwτ, w)‖ ≤ ε/32; in particular,

3ε/4 + ε/16 ≤ ‖z(lwτ, z∗)‖ ≤ 3ε/4 + 3ε/16

26



thus z(lwτ, z∗) ∈ D. Let J = {z(lwτ, w) : w ∈W}. It follows from its construc-
tion that the finite set J is computable from f , ε, and T .

We are now ready to re-program the black box. Proceed as before: assume
that zj is a point in A∪B∪C sent by Hi and compute the trajectory eDf(0)tzj .
If the numerically computed trajectory of eDf(0)tzj , with accuracy ≤ 1/T and
using the computable version of Hartman Grobman’s theorem, does not enter
B, then for sure the (real) trajectory eDf(0)tzj will not enter A and it will
leave C and then enter D because the flow is linear; in this case, the black
box operates as before and it will supply an answer to TimeEvolution. On the
other hand, if the numerically computed trajectory of eDf(0)tzj enters B first,
the (real) trajectory eDf(0)tzj can enter the problematic region A. To avoid the
problem of region A, the black box will immediately return, as the answer to
TimeEvolution, the H−1

i -image of the set J . It is not hard to see that the black
box is now able to produce an answer whenever there is a simulated trajectory
entering it because if zj lands on the stable separatrix of the saddle point 0,
then eDf(0)tzj will converge to the origin and thus it will enter A at some time
instant and stay in A thereafter.

A final note: the use of the black boxes does not affect the way how NW (f)
are approximated by the invariant sets of the simulation TimeEvolution. On
the one hand, the black box does not throw out any information on possible
sets invariant under simulation TimeEvolution. The only trajectory that “dis-
appears” in the black box is the trajectory starting on the stable separatrix
of the saddle; but this trajectory will move into the connected component of
Zeroε(f) containing the saddle when T is large enough (or ε is small enough).
On the other hand, for every other trajectory that enters the black box in a
direction not along the stable separatrix, the black box will either supply one
point in Ui or an over-approximation H−1

i (J) ⊂ Ui; in either case, every point
supplied by the black box is within ρ/2 error bound to a point on some tra-
jectory of (2). Since TimeEvolution uses ρ/2-grid for simulation, the invariant
sets of the simulation are not going to change when the black boxes are used.

Now we come to the construction of the desired algorithm – the algorithm
that computes NW (f) for the full case, where saddle points may exist. The
algorithm is constructed as follows: take as input (k, f), where f ∈ SS2 and
k ∈ N\{0} (k sets the accuracy 1/k for the output approximation of NW (f)),
do:

1. Let ε = 1/(2k) and T = 1.

2. Compute the set Zero(f) with precision 1/k with the algorithm described
in [16], obtaining an over-approximation Zeroε(f) of Zero(f). If Zeroε(f)∩
∂K 6= ∅, then take ε := ε/2, T := 2T , and repeat this step.

3. Compute the eigenvalues of each equilibrium in Zero(f) and check whether
they have opposite signs. If yes, label the equilibrium point as a saddle
point.

4. If there are saddle points zi, i = 1, . . . , n compute homeomorphisms
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Hi, H
−1
i and ε > 0 as stated above, and use the adapted version of

TimeEvolution.

5. Compute TimeEvolution(D, ε, T ) and obtain a finite set I for which (12)
holds.

6. Take P = ∅.

7. For each J ⊆ I check if ∪j∈JB(pj , ε/2) is a connected set and HasInvariantSubset(D, ε, T ) =
1. If both conditions hold, take P = P ∪ {J}.

8. (The minimum principle) For each J1, J2 ∈ P , test if J1 $ J2. If the test
succeeds, then take P = P\{J2}.

9. For each J ∈ P , test if ∪j∈JB(pj , ε) is contained in a connected component
of Zeroε(f). If the test succeeds, then take P = P\{J}. If the test fails
but ∪j∈JB(pj , ε) intersects a connected component of Zeroε(f) containing
a sink or a source, then take ε := ε/2, T := 2T , and go to 2. For each
J ∈ P , test if ∪j∈JB(pj , ε) ∩ ∂D 6= ∅. If the test succeeds, then take
ε := ε/2, T := 2T .

10. For each J ∈ P and each saddle point zi, test if ∪j∈JB(pj , ε) intersects
H−1
i (A ∪ B) by computing the distance d(pj , H

−1
i (A ∪ B)), j ∈ J , and

check whether d(pj , H
−1
i (A ∪ B)) < ε. If this is true, then take ε := ε/2,

T := 2T , and go to step 5.

11. Do steps 5–10 to the ODE x′ = −f(x) defined over D, i.e. by taking
the transformation t 7→ −t which reverses time in (2), obtaining a set P̃
similar to the set P of step 10.

12. For each set J ∈ P ∪P̃ , use the algorithm described in Section 8.3 to check
whether ∪j∈JB(pj , ε) has a doughnut shape with cross-section bounded
by 1/k. If this check fails, then take ε := ε/2, T := 2T , and go to step 5.

13. Check if TimeEvolution(D−(Zeroε(f)∪ ∪J∈P∪P̃ (∪j∈JB(pj , ε)), ε/3, T ) ⊆
Zeroε(f) ∪ ∪J∈P∪P̃ (∪j∈JB(pj , ε)). If this test fails, then take ε := ε/2,
T := 2T , and go to step 2.

14. Switch the dynamics to the ODE x′ = −f(x) and test if TimeEvolution(D−
(Zeroε(f)∪ ∪J∈P∪P̃ (∪j∈JB(pj , ε)), ε/3, T ) ⊆ Zeroε(f)∪∪J∈P∪P̃ (∪j∈JB(pj , ε/2))
for this ODE. If this test fails, then take ε := ε/2, T := 2T , and go to step
5.

15. Output Zeroε(f)
⋃
∪J∈P∪P̃ ∪j∈J B(pj , ε).

This algorithm, with the adaptations explained above, is essentially similar
to the one presented in the preceding section. A novel step that has not yet
been explained is step 10. The test is designed to eliminate possible “fake”
cycles which might occur when the unstable separatrix of a saddle point comes
back very near to the stable separatrix. The invariant sets output by step 9
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will eventually pass step 10; for the system is structurally stable and there is
no saddle connection by Theorem 5. We note that since H−1

i : Vi → Ui is a
homeomorphism and A∪B ⊂ Vi is a compact set, it follows that H−1

i (A∪B) is
computable from H−1

i and A∪B, and thus so is the distance d(pj , H
−1
i (A∪B)).

8.3 Notes about the computation of limit cycles

In this section, we construct the algorithm needed for completing step 12 in the
preceding algorithm. Assume that Ci is a connected component returned from
step 10 or step 11. Then Ci ∩ ∂D = ∅ and Ci contains at least one periodic
orbit, say γi. According to the Jordan Curve Theorem, γi separates R2 into two
disjoint regions, the interior (a bounded region) and the exterior (an unbounded
region). The Poincaré-Bendixson Theorem further implies that there is a square
si (of side length ε) containing an equilibrium point such that si and ∂D lie in
different connected components of D−Ci, si is in the interior while ∂D is in the
exterior. We show that there exists a sub-algorithm that, taking as input the
sets returned by steps 10 or 11, halts and outputs an approximation with an
error bounded by 1/k of the set of all periodic orbits contained in the output
approximation. The idea is to use a color-scheme algorithm to check whether
Ci is in the shape of a “doughnut” Ȯnce Ci is confirmed to have such a shape,
then the error in the approximation can be determined by measuring the width
of cross sections.

As the output of step 10 or step 11 of the main algorithm presented in Section
8.2, Ci has the form Ci = ∪j∈JiB(pi,j , ε); hence the closure of its complement,
D− Ci, can be written in the form of D− Ci = ∪j∈J̄iB(p̄i,j , εi,j), where J̄i is a
finite set of indices, εi,j are rational numbers satisfying 0 < εi,j ≤ ε, and p̄i,j ∈ D
has rational coordinates. In the following, we call B(p̄i,j , εi,j) a square (it can
be viewed as a pixel).

The sub-algorithm embedded in step 12 of the main algorithm of Section 8.2
is defined as follows:

1. Choose a square s contained in D− Ci such that s ∩ ∂D 6= ∅. Paint this
square s blue.

2. If s′ is a square contained in D− Ci adjacent to a blue square, then paint
s′ blue. Repeat this procedure until there are no more squares which can
be painted blue. Let Ĉi,blue be the union of all blue squares.

3. Pick an unpainted square s̃ ⊆ Zeroε(f)∩D− Ci, if there is any, and paint
it red.

4. If s′ is a square contained in D− Ci adjacent to a red square, then paint
s′ red. Repeat this procedure until there are no more squares which can
be painted red. Let Ĉi,red be the union of all red squares.

5. Let Ĉi = D− Ĉi,blue − Ĉi,red. If Ĉi ∩ Zeroε(f) 6= ∅, return False (the
sub-algorithm has failed).
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6. Compute an overapproximation wi with accuracy ε of the quantity

max

(
max
x∈Ĉi

min
y∈Ĉi,blue

‖x− y‖ ,max
x∈Ĉi

min
y∈Ĉi,red

‖x− y‖

)
> 0. (18)

If 2wi ≤ 1
k , then return True (the algorithm succeeded), else return False.

Note that all sets used in this sub-algorithm, Zeroε(f), Ĉi,blue, ∂D, Ĉi, etc.,
are the unions of finitely many polytopes with rational vertices. Thus, whether
or not their intersections are empty can be computed in finite time.

We note that steps 1–4 are rather straightforward and can be computed in
a finite amount of time. In addition, neither Ĉi,blue nor Ĉi,red returned by steps
1–4 is empty as shown below. Recall that Ci ∩ ∂D = ∅, Ci ∩ Zeroε(f) = ∅,
Ci contains at least one periodic orbit, say γi, and ∂D is contained in the
exterior region delimited by γi. Subsequently, Ĉi,blue is nonempty and it does not

intersect the interior of γi. If Ĉi,red is empty, then either Zeroε(f) ⊆ Ĉi,blue or

there is a square in Zeroε(f) that cannot be colored blue. If Zeroε(f) ⊆ Ĉi,blue,
then Zeroε(f) is contained in the exterior of γi, which is a contradiction to the
Poincaré-Bendixson Theorem. Hence there is at least one square in Zeroε(f)
that cannot be colored blue. Since Ci ∩ Zeroε(f) = ∅, this square is available

for being picked up by step 3, which confirms that Ĉi,red 6= ∅.
We mention in passing that the reasoning that ensures steps 1–4 output

non-empty sets Ĉi,blue and Ĉi,red in finite time is classical, and γi is used in its
classical capacity – its existence in Ci. In other words, the algorithm dictates
computations; but the correctness of the algorithm – halting in finitely many
steps with the intended output – is proved in a classical mathematical way. In
the remaining of this subsection, γi is to be used repeatedly in this capacity to
show that steps 5 and 6 are guaranteed to halt with output True for sufficiently
small ε.

Next we show that if the sub-algorithm returns a True answer on input set
Ci, then Ci is ensured to be an over-approximation to the set of all periodic
orbits it contains with accuracy ≤ 1/k. Afterwards, we prove that the sub-
algorithm will return True for sufficiently large T and small enough ε.

Assume that the sub-algorithm returns a True answer on input set Ci. Then
every point in Ĉi is guaranteed to be, at most, at a distance of ≤ wi from Ĉi,blue
as well from Ĉi,red. In particular, this ensures that every point in Ĉi will be, at
most, at a distance of ≤ 2wi from a point of γ, where γ is an arbitrary periodic
orbit contained in Ĉi. Indeed, let x ∈ Ĉi. Then there is some xred ∈ Ĉi,red and

some xblue ∈ Ĉi,blue such that

‖x− xred‖ ≤ wi and ‖x− xblue‖ ≤ wi. (19)

It follows from the triangular inequality that ‖xred − xblue‖ ≤ 2wi. Since xred ∈
Ĉi,red and xblue ∈ Ĉi,blue, the line segment xredxblue will have to cross γ at
some point y, as to be shown momentarily. Since the line segment has length
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bounded by 2wi, it follows that ‖y − xred‖ ≤ wi or ‖y − xblue‖ ≤ wi, which
in turn implies that ‖x− y‖ ≤ 2wi. Consequently, we arrive at the conclusion

that the Hausdorff distance between Ĉi and the set of periodic orbits contained
inside Ĉi is at most 2wi, provided that the steps 5 & 6 of the sub-algorithm
both return True answers on input Ci. Since Ci ⊂ Ĉi by definition, the same
conclusion holds true for Ci. To show that any line segment Σ that goes from
a point on Ĉi,blue to a point on Ĉi,red must cross each and every periodic orbit

contained in Ĉi, we argue by way of a contradiction. Suppose γ was a periodic
orbit contained in Ĉi and γ ∩ Σ = ∅. Then there is a square s in Zeroε(f)

lying in the interior of γ but not colored red because Ĉi ∩Zeroε(f) = ∅ and the
red region is path connected by construction (see step 4 of the sub-algorithm).

Since Ĉi does not contain any equilibrium point, it follows that each square in
Zeroε(f) is colored either blue or red and thus s has color blue, which in turn
implies that s is in the same connected component as of ∂D. We arrive at a
contradiction, for s is in the interior of γ while ∂D in the exterior of γ. We have
now proved that if the sub-algorithm returns a True answer on input set Ci,
then Ci is ensured to be an over-approximation to the set of all periodic orbits
contained in Ci with accuracy ≤ 1/k.

It remains to show that the sub-algorithm will return True for sufficiently
large T and small enough ε. Let Ci be an output of step 10 or step 11 (of the
main algorithm presented in section 8.2) that fails either step 5 or step 6 of the
sub-algorithm. Assume that Ci is an output of step 10, then Ci contains at
least one attractive periodic orbit named γi as in the previous paragraphs. Our
strategy is to show that, after finitely many updates on ε, this periodic orbit γi
will be over-approximated with an error bound 1/k in the sense that there is
a set, also called Ci for simplicity, output by step 10 such that γi is contained
in Ci and the sub-algorithm will output True on input Ci. Since there are
only finitely many periodic orbits, the strategy ensures that, as an input to the
sub-algorithm, every output of step 10 or step 11 will return True, after finitely
many updates on ε. (Recall that every output of step 10 or step 11 contains
at least one periodic orbit.) The strategy is executed as follows: first, we show
that Ci will be inside a basin of attraction of γi and 2wi ≤ 1

k after finitely many
updates on ε and T , ε := ε/2 and T := 2T ; second, we prove that if Ci is inside

a basin of attraction of γi, then Ĉi ∩ Zeroε(f) = ∅. Hence steps 5 & 6 are
guaranteed to halt with outputs True. We mention in passing that there is no
need to find the exact number of updates; it suffices to show classically that
there exists a rational number such that the two mentioned conditions will be
satisfied whenever ε is updated to be less than this rational number.

Now for the details. Assume that Ci is an output of step 10 for some 0 <
ε < 1/(8k) and T > 0. A similar argument applies to the case where Ci is an
output of step 11. Then Ci contains at least one attractive periodic orbit, say
γi.

We begin by showing that Ci will be inside a basin of attraction of γi and
2wi < 1/k after finitely many updates on ε. Let δ1 > 0 be a rational number
such that Nδ1(γi) is inside a basin of attraction of γi. Pick a point x0 on γi.
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Let Σ ⊂ D be a line segment orthogonal to γi at x0; i.e., let Σ = {x ∈ D :
(x−x0) ·f(x0) = 0}. (Note that f(x0) 6= 0 since γi cannot have any equilibrium
point of (2) on it.) Then there is a rational number 0 < δ2 < δ1 and a unique
function τ(x), defined and continuously differentiable for x ∈ Nδ2(x0), such
that Nδ2(x0) ⊂ Nδ1(γi), τ(x0) = Tγi = the period of γi, and φτ(x)(x) ∈ Σ. The
restriction of τ on Nδ2(x0) ∩ Σ is called the first return map or the Poincaré
map. Note that Nδ2(x0) ∩ Σ intersects both the interior and exterior delimited
by γi. Pick two points, y0 and z0, on Nδ2(x0)∩Σ such that y0 is in the interior
while z0 is in the exterior. Let yn+1 = φτ(yn)(yn) and zn+1 = φτ(zn)(zn).
Then the trajectory φt(y0) (φt(z0), respectively) stays in the interior (exterior,
respectively) for all t > 0 and yn → x0 (zn → x0, respectively) monotonically
as n→∞ (see, e.g., [18, Lemma 8*.5.10,on p. 242]).

Let t0 > Tγi be a positive number such that Ke−α(t0−Tγi ) ≤ 1/(8k), where
Tγi is the period of γi. Pick an ñ ∈ N such that ‖yñ−x0‖ ≤ 1/(8k), ‖zñ−x0‖ ≤
1/(8k), and

min

{
ñ−1∑
n=0

τ(yn),

ñ−1∑
n=0

τ(zn)

}
> t0

where
K = max

1≤j≤q
Kj and α = min

1≤j≤q
αj/Tj (20)

Kj , αj and Tj are the corresponding values of K,α, T provided by Proposition
7 for the periodic orbit γj . Then it follows from Proposition 7 that

d(φ(t0 − Tγi + t, y0), γi) < 1/(8k), d(φ(t0 − Tγi + t, z0), γi) < 1/(8k)

for every t ≥ 0. Let L1 be the trajectory of (2) from yñ to yñ+1, L2 the
trajectory of (2) from zñ to zñ+1, l1 the line segment from yñ to yñ+1, and l2
the line segment from zñ to zñ+1 (see Fig. 4). It is clear that L1 ∪ l1 is a simple
closed curve in the interior of γi and L2∪ l2 a simple closed curve in the exterior
of γi. Since y0, z0 ∈ Nδ2(γ2) ∩ Σ ⊂ Nδ1(γi) and Nδ1(γi) is a basin of attraction
of γi, it follows that the closed curves L1 ∪ l1 and L2 ∪ l2 as well the region
bounded by them are contained inside Nδ1(γi).

We show next that the Hausdorff distance between L1 ∪ l1 and γi as well as
between L2 ∪ l2 and γi is bounded by 1/(8k). It suffices to show that d(L1 ∪
l1, γi(t− ty0)) ≤ 1/(8k) for every T ′ ≤ t ≤ T ′+Tγi , where ty0 is the asymptotic
phase corresponding to y0, for some T ′. Two cases are to be considered:

Case (1): τ(yñ) ≥ Tγi . In this case, by taking T ′ =
∑ñ−1
n=0 τ(yn), for any

ñ−1∑
n=0

τ(yn) ≤ t ≤
ñ−1∑
n=0

τ(yn) + Tγi ≤
ñ∑
n=0

τ(yn)

we have either φ(t, y0) = yñ, or φ(t, y0) = yñ+1, or

φ(t−
ñ−1∑
n=0

τ(yn), yñ) = φ(t, y0) ∈ L1
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Figure 4: Curves enclosing a periodic orbit γi.

and
‖φ(t, y0)− γi(t− ty0)‖ ≤ 1/(8k)

Case (2): τ(yñ) < Tγi . Let Td be the positive number

0 < Td = Tγi − τ(yñ) < Tγi

and take T ′ =
∑ñ−1
n=0 τ(yn)− Td. Then for any

ñ−1∑
n=0

τ(yn)− Td ≤ t ≤
ñ−1∑
n=0

τ(yn) + Tγi − Td =

ñ∑
n=0

τ(yn)

if
ñ−1∑
n=0

τ(yn) ≤ t ≤
ñ∑
n=0

τ(yn)

then the proof is similar as that for case (1). On the other hand, if

ñ−1∑
n=0

τ(yn)− Td ≤ t ≤
ñ−1∑
n=0

τ(yn)

then there exists some 1 ≤ m ≤ ñ− 1 with

m−1∑
n=0

τ(yn) ≤ t ≤
m∑
n=0

τ(yn)

which implies that φ(t, y0) is on the trajectory somewhere between ym and ym+1.
Since t ≥ t0 − Tγi , we also have

‖φ(t, y0)− γi(t− ty0
)‖ ≤ 1/(8k)

Note that φ(t, y0) is not on L1 ∪ l1. However, since L1 ∪ l1 is a closed curve
surrounding γi and yn → x0 monotonically, it follows that L1 ∪ l1 lies between
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the trajectory from ym to ym+1 and γi; thus the line goes from the point φ(t, y0)
to the point γi(t− ty0) must cross a point on L1. Consequently,

d(L1 ∪ l1, γi(t− ty0
)) ≤ 1/(8k) (21)

Define

δk = min

{
min

x∈L1∪l1
d(x, γi), min

x∈L2∪l2
d(x, γi), δ1

}
Then δk > 0 since the compact sets γi, L1∪ l1, and L2∪ l2 are mutually disjoint.
It is clear that Nδk(γi) is contained in Nδ1(γi) as well in the region bounded by
L1 ∪ l1 and L2 ∪ l2.

We now show that the main algorithm will output an updated Ci that is
contained in Nδk(γi) after finitely many updates on ε, with the property that
2wi < 1/k and Ci is in a basin of attraction of γi. This is indeed the case as
shown as follows. Recall that the main algorithm starts with ε = 1/k and T = 1.
With each iteration of the algorithm, the updates ε := ε/2 and T := 2T are
performed. Thus, after n iterations, T = 2n and ε = 1/(2nk). Let 0 < ζ < δk.
Then it is readily seen that the condition 2ε < ζ will be met after n0 iterations
with n0 > 1+| log2(kζ)|. Similarly, for any x ∈ Nδ1(γi) but x /∈ γi, the condition
0 < d(φt(x), γi) < ζ/4 is reached after n1 iterations as long as Ke−α2n1

< ζ/4

or, equivalently, n1 >
∣∣∣log2

(
1
α ln

(
4K
ζ

))∣∣∣, where K and α are defined in (20).

Note that after n1 iterations, T ≥ 2n1 . Set

N = max

{
1 + | log2(kζ)|,

∣∣∣∣log2

(
1

α
ln

(
4K

ζ

))∣∣∣∣}
and assume that the main algorithm is on the nth iteration for some n ≥ N ,
and Ci = ∪j∈JiB(pj , ε/2) is an output of step 10 that contains γi. Let C̃i =

∪{B(pj , ε/2) : j ∈ Ji, d(pj , γi) ≤ 3ζ/4}. Then C̃i covers γi. Moreover,the

following are true: (i) if x ∈ C̃i, then d(x, γi) < ζ because ε/2 < ζ/4, which

implies that C̃i ⊂ Nζ(γi) ⊂ Nδ1(γi); (ii) if y ∈ φT (C̃i), then d(y, γi) < ζ/4

because T ≥ 2n1 ; and (iii) TimeEvolution(C̃i, ε, T ) ⊆ C̃i (invariance of C̃i
by the operator TimeEvolution). Since, by construction, Ci is the minimal

invariant set by TimeEvolution that includes γi, this implies that Ci ⊆ C̃i.
Thus, for every x ∈ Ci, d(x, γi) < ζ. Therefore, Ci ⊆ Nζ(γi) ⊂ Nδk(γi) ⊂
Nδ1(γi). This shows that Ci is inside the region enclosed by the closed simple
curves L1 ∪ l1 and L2 ∪ l2 (we shall call it the L-region for simplicity), which in
turn is contained in Nδ1(γi), a basin of attraction of γi.

This suggests that if we can show that Ĉi is contained in the L-region and
every square in Zeroε(f) is disjoint from the L-region, then Ĉ1 ∩Zeroε(f) = ∅.
Hence step 5 returns True.

To show that Ĉi is contained in the L-region, we begin with the assumption
that Ci ⊆ Nδk/3(γi) and ε ≤ δk/3. Clearly this can be done as proved above.
Recall that Nδk(γi) is inside the L-region and Ci is in the exterior of L1 ∪ l1.
Then for every x ∈ L1 ∪ l1 or in its interior,

d(x,Ci) ≥ d(x,Nδk/3(γi) ≥ 2δk/3 ≥ 2ε > ε. (22)
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We already know that there is at least one red square s (of side length ε con-
taining an equilibrium point xe) in the interior of γi and all equilibrium points
in the interior of γi must be in the interior of L1 ∪ l1 due to the fact that the
L-region is in a basin of attraction of γi. Thus this red square covers a portion
of the interior of L1 ∪ l1 and is disjoint from Ci by (22). We shall show that

L1 ∪ l1 together with its interior has color red, which implies that Ĉi,red covers

L1∪ l1 and its interior. It can be shown similarly that Ĉi,blue covers L2∪ l2 and

its exterior. This ensures that Ĉi = D− Ĉi,red− Ĉi,blue is indeed a subset of the
L-region. We now look at the interior of L1 ∪ l1. By the Jordan curve theorem,
the interior is a path-connected region and, by (22), every square with center
on L1 ∪ l1 or in its interior having side length ε is disjoint from Ci. Then step
4 of the subalgorithm colors every such square red starting with the red square
containing xe. Since each square in Zeroε(f) has side-length ε and contains one
equilibrium point either in the interior of L1 ∪ l1 or in the exterior of L1 ∪ l2,
it follows that Zeroε(f) ⊂ Ĉi,red ∪ Ĉi,blue. Hence Ĉi ∩ Zeroε(f) = ∅.

Finally, it follows from (21) that d(Ĉi, γi) ≤ 1/(8k). Hence the quantity
(18) is bounded by 1/(4k). We recall that wi is an over-approximation of the
quantity (18) with an error bound ε ≤ 1/(8k). This implies that wi < 1/(2k) or,
equivalently, 2wi < 1/k. Thus step 6 also returns True. The proof is complete.

We conclude this section with the computation of a cross-section for each
Ĉi, where Ĉi is the output of a successful run of the subalgorithm, i is in some
finite index set I, and

⋃
i∈I Ci is an over-approximation of Per(f) with error

bound 1/k. Recall that a cross-section of Ĉi is a line segment that lies in Ĉi,
is transversal to all trajectories across it, and intersects with all periodic or-
bits contained in Ĉi. These cross-sections will be used in the next section for
computing the exact number of periodic orbits contained in Ci. The same tech-
nique used to write the subalgorithm can be extended to compute the desired
cross-sections.

Given Ci, let Ĉi, Ĉi,red, Ĉi,blue be the corresponding sets obtained by a
successful run of the preceding subalgorithm, i ∈ I. Then to compute a cross-
section for Ĉi, proceed as follows:

1. Compute a rational point pi on Ĉi∩Ĉi,red (it suffices to look at the vertices

of the finitely many squares which form Ĉi and pick one such vertex which
is also painted red. Note that all the vertices of the squares defining Ĉi and
Ĉi,red have rational coordinates, and therefore such a pi can be computed
in finite time).

2. Consider the vector n(pi) = (−f2(pi), f1(pi)) which is orthogonal fo f(pi) 6=
0. Compute a rational approximation vi to n(pi) with accuracy bounded
by ε.

3. Test whether ](vi, n(pi)) ≤ π/10 or ](vi, n(pi)) ≥ π/11, where ](x, y)
denotes the positive angle between vectors x and y. If ](vi, n(pi)) ≥ π/11,
then update ε := ε/2 and go to step 2.
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4. Let s1, . . . , sl be the squares (with rational vertices) computed by the

preceding subalgorithm such that Ĉi,blue = ∪j=1,...,lsj ; let lvi be the ray
starting at pi and parallel to vi such that pi is the only red point on lvi .
Starting from j = 1, for each 1 ≤ j ≤ l, decide whether sj ∩ lvi= ∅. If the
condition holds true, take rj being the point (3, 0) in R2 and move to sj+1.
If sj ∩ lvi 6= ∅, compute the point rj ∈ D (which has rational coordinates)
satisfying ‖rj − pi‖ = miny∈sj∩lvi ‖y − pi‖, and then move to sj+1. (We
note that, in the latter case, rj is a blue point.)

5. Take qi be some rj satisfying ‖qi − pi‖ = minj=1,...,l ‖rj − pi‖.

6. Compute

θ = max
z∈piqi

](f(pi), f(z)) =

∣∣∣∣arccos

(
f(pi) · f(z)

‖f(pi)‖ ‖f(z)‖

)∣∣∣∣
and test whether θ ≤ π/10 or θ ≥ π/11. If θ ≥ π/11, then update ε := ε/2
and T := 2T in the main algorithm of Section 8.2, obtaining new sets Ci,
Ĉi, Ĉi,red, Ĉi,blue and repeat the current algorithm starting from step 1.

7. Output the line segment piqi as a cross-section for Ĉi.

We need to show that the algorithm halts after finitely many updates on
ε; when it halts, it returns a cross-section of Ĉi. The first five steps are rather
straightforward, for f(pi) is computable and every square in Ĉi,red or Ĉi,blue has
rational corners and rational side-length. Since the ray lvi starting from the red
point pi will move out of D, it must cross the blue -colored ∂D. Hence, there is
at least one square, say sj , in Ĉi,blue such that sj ∩ lvi 6= ∅. This ensures that qi
has color blue and the length of piqi > 0 (recall that Ĉi,red ∩ Ĉi,blue = ∅). We
now turn to step 6. We begin with the definition of the function

h :
⋃
i∈I

Ĉi ×
⋃
i∈I

Ĉi → R, h(x, y) = ](f(x), f(y)) = arccos

(
f(x) · f(y)

‖f(x)‖ ‖f(y)‖

)

For simplicity, we call
⋃
i∈I Ĉi a hat-over-approximation of Per(f). Since⋃

i∈I Ĉi is a compact subset of D and Ĉi∩Zeroε(f) = ∅ for all i ∈ I, the function

h is well-defined and uniformly continuous on
⋃
i∈I Ĉi×

⋃
i∈I Ĉi. Thus, there is

a rational number δ > 0 such that

|h(x1, y1)− h(x2, y2)| < π/10 whenever ‖(x1, y1)− (x2, y2)‖ ≤ δ (23)

Hence, if the length of piqi is no larger than δ, then θ ≤ π/10. On the other hand,
suppose the length of piqi is larger than δ. In this case, we recall briefly some
facts which were worked out in detail in the proof of the preceding subalgorithm.
First, when ε and T are updated, the updated hat-over-approximation is a
subset of the hat-over-approximation before the update. This indicates that (23)
holds true for any updated hat-over-approximation. Second, given any positive
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integer l, the main algorithm of section 8.2 and the preceding subalgorithm can
output a hat-over-approximation such that wi + ε < 1/l for all i by updating
ε and T finitely many times, where wi is an approximation with accuracy ε
to the quantity defined in (18). Hence, by picking l such that (1/l) < δ and
by updating ε and T , the condition wi + ε < δ is ensured to be met for all i.
Now since the length of piqi cannot be larger than wi + ε by definition of qi,
it follows that the length of piqi will be bounded by δ for all i after updating
ε and T finitely many times. Hence, step 6 will halt and output θ ≤ π/10. As

the last step, we show that piqi is indeed a cross-section of Ĉi. It is clear that
piqi lies in Ĉi. We recall that it has been shown in the proof of the preceding
subalgorithm that any line segment that goes from a point on Ĉi,red to a point

on Ĉi,blue must cross each and every periodic orbit contained in Ĉi. It remains
to show that the trajectories move through piqi transversely at every point on
piqi. For any z ∈ piqi, since ](f(pi), f(z)) ≤ θ ≤ π/10 and ](vi, n(pi)) ≤ π/10,
it follows that ](f(z), vi) ≥ ](f(pi), n(pi)) − ](n(pi), vi) − ](f(pi), f(z)) ≥
(π/2)− (π/10)− (π/10) = 3π/10. Hence, the trajectories cross piqi transversely
at every point on piqi.

9 Computing Poincaré maps

In this section, we make use of Poincaré maps (or first return maps) to construct
an algorithm for computing the number of periodic orbits contained in each Ci.
A cross-section is needed in order to define a first return map. Since we have
an algorithm for computing a corss-section of Ĉi, it is natural to work with Ĉi
instead of Ci provided that Ĉi is invariant for all t ≥ T for some T > 0 and
Ĉi ∩ Ĉj = ∅ whenever i 6= j. The first condition guarantees that the first return
map can be defined in a neighborhood of a cross-section when T is sufficiently
large, and the second condition ensures that Ĉi contains the exact number of
periodic orbits as Ci does because Ci ⊆ Ĉi and Per(f) ⊂ ∪iCi.

We give a sketch that both conditions shall be met. Suppose Ĉi, i ∈ I,
are True outcomes of the subalgorithm with input parameters ε and T . Now
compute HasInvariantSubset(Ĉi, ε, T ) and test whether Ĉi ∩ Ĉj = ∅. If

HasInvariantSubset(Ĉi, ε, T ) = 1 for all i and Ĉi ∩ Ĉj = ∅ whenever i 6= j,
then return True. Otherwise, update ε := ε/2 and T := 2T and rerun the main-
and the sub-algorithm. It can be proved that the computation and the test will
return True after finitely many updates on ε and T by an argument similar to
that used to confirm that steps 5 and 6 in the subalgorithm will return True
after finitely many updates on ε and T .

In the remainder of this section, we assume that Ĉi are the True returns and
Per(f) ⊂ ∪iĈi. For simplicity, we further assume that Ĉi is invariant for all

t > 0 by a transformation of time. For each Ĉi, let piqi be the cross-section of
Ĉi computed at the end of the previous section. Then a Poincaré map Pi can be
defined on piqi: it assigns to every p on piqi the point on piqi that is first reached
by following the trajectory φt(p) for t > 0. In particular, a point q on piqi is on
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a periodic orbit iff q is a fixed point of the Poincaré map, Pi(q) = q. Hence, in

order to compute the number of periodic orbits contained in Ĉi, we just need to
compute the number of fixed points of Pi or, equivalently, the number of zeros
of the function Qi : piqi → R2 defined by Qi(x) = Pi(x) − x. The number of
zeros of Qi can be computed using the algorithm from Section 6 as long as Qi
has the following properties:

1. If q is a zero of Qi, then the jacobian of Qi at point q, DQi(q), is invertible;

2. Qi and DQi are computable from f of (2).

It is well known that if all periodic orbits in Ci are hyperbolic, then condition
1 holds.

Concerning condition 2, it suffices to show that the Poincaré map Pi and its
derivative DPi are computable from f .

Theorem 22 Let Σ = piqi ⊆ D ⊆ R2 be a computable line segment which
defines a cross-section for a periodic orbit γ of (2), where f ∈ C1(D). Suppose
also that the Poincaré map P : Σ→ Σ is defined for all all points x ∈ Σ. Then
P and DP are computable from f of (2).

Proof. The techniques from [12] and [37] are used to prove the computability
of P and DP , respectively.

We begin by showing that P is computable. Since Σ = piqi is a cross-section
on an approximation Ĉi of some periodic orbit(s), the flow of (2) crosses this
section transversaly. This implies that for any point x ∈ Σ, the angle ](f(x),Σ)

between f(x) and Σ is nonzero, ](f(x),Σ) > 0. Let θ = minx∈Σ ](f(x),Σ)
2 > 0.

Then θ is computable from f . Furthermore, by continuity of f , there exists
some ε > 0 such that

min
x∈B(Σ,ε)

](f(x),Σ) > θ > 0

where B(Σ, ε) = {x ∈ D : ‖y − x‖ ≤ ε for some y ∈ Σ} contains no zeros of f .
Let

α = min
x∈B(Σ,ε)

‖f(x)‖ , β = max
x∈B(Σ,ε)

‖f(x)‖

Since B(Σ, ε) is compact and contains no zero of f , it follows that α, β > 0. It

is convenient to view B(Σ, ε) as a rectangle. Note that B(Σ, ε) ∩ Ĉi is divided
into two parts B1 and B2 by the line passing through pi and qi. Let us assume,
without loss of generality, that the flow passes from B1 through Σ and then
moves through B2 until it leaves B(Σ, ε). A simple analysis shows that the
flow of (2) cannot take more than 2ε/(α sin θ) > 0 time units to cross B(Σ, ε)
(the flow will have to cross this rectangle; but since the norm of the orthogonal
component is at least α sin θ, this will be done in time 2ε/(α sin θ)), but requires
at least 2ε/β > 0 time units to cross it (because the norm of the orthogonal
component is bounded by β). Therefore if x and y are solutions of (2) with

initial conditions x(0) = x0 and y(0) = y0, with x0, y0 ∈ B(Σ, ε)∩ Ĉi, then x(t)
and y(t) leave B(Σ, ε) at times tx, ty ∈ [0, 2ε/(α sin θ)], respectively.
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Now take some rational ε0 > 0 satisfying ε0 ≤ min{εα sin θ/2, ε}, where
ε > 0 is a rational yet to be defined. In particular, this implies that the time
for the flow in Ĉi to cross B(Σ, ε0) ⊆ B(Σ, ε) is bounded by

2ε0/(α sin θ) ≤ 2εα sin θ

2α sin θ
≤ ε (24)

Let B̄1 = B1∩B(Σ, ε0), B̄2 = B2∩B(Σ, ε0), and δ = ε0/(2β). Next consider
the sequence of iterates φti(x), where x ∈ Σ, 0 < ti+1 − ti ≤ δ, and {ti}i∈N is
computable. Since the flow φt(x) takes at least 2δ time units to cross each band
B̄1 or B̄2, we are certain that φt1(x), φt2(x) ∈ B̄2 when the flow first leaves
Σ from x and that there is some k > 0 such that φtk(x), φtk+1

(x) ∈ B̄1 with
tk, tk+1 > t1 > 0. Note that, at most, only one of the iterates φtk(x), φtk+1

(x)
are on ∂B̄1, so that at least one of the iterates φtk(x), φtk+1

(x) is in the interior of
B̄1. Since B̄1 is compact and computable, so does the closure of its complement.
Thus, we can decide whether one of the iterates φtk(x), φtk+1

(x) is on B̄1 or on
the closure of its complement (the problematic case to detect is when one of
these iterates is on ∂B̄1, and that’s why we always use two iterates, since this
ensures that at least one of the iterates will not be on the boundary of B̄1). If
we conclude that one iterate is on the closure of the complement of B̄1, then
we skip this iteration and increment k until (and that will eventually happen)
it reaches the first k for which we conclude that φtk(x) belongs to B(Σ, ε0) and
thus also necessarily to B̄2 and then return φtk(x).

Now we turn to find some sufficiently small ε > 0 such that φtk(x) is close
enough to the real value P (x). Assume that we need to compute P (x) with ac-

curacy 2−j for some j > 0. Recall that the time needed for the flow in Ĉi to cross
B(Σ, ε0) is bounded by (24). Hence, the time it takes to cross B̄1 until reaching
Σ is bounded by ε/2. Let M be a rational such that M ≥ supx∈B̄1

‖f(x)‖, which
is computable from f . Then ‖P (x)− φtk(x)‖ ≤ Mε/2. Furthermore, since we
usually cannot compute φtk(x) exactly, but only an approximation φ̄tk(x) of it,
it follows that if we take ε ≤ 2−j/M and compute φ̄tk(x) with accuracy bounded
by Mε/2, then we have∥∥P (x)− φ̄tk(x)

∥∥ ≤ ‖P (x)− φtk(x)‖+
∥∥φtk(x)− φ̄tk(x)

∥∥
≤Mε/2 +Mε/2

≤Mε

≤ 2−j

It remains to show that DP is computable. The proof essentially follows along
the lines of [37, Section 5] and uses the fact just shown above that P is com-
putable. We may assume that the (computable) cross-section Σ is parallel to
the vertical axis. If the asumption is not true, a (computable) change of basis
will result in the desirable case.

First we note that if φ(t, x̄) denotes the solution of (2) with initial condition
x(0) = x̄ at time t, and if given some x ∈ Σ, τ(x) > 0 denotes the first time where
the trajectory starting on x ∈ Σ will hit Σ again, we have P (x) = φ(τ(x), x).
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Let us now calculate the partial derivatives of P = (P1, P2). We have

∂Pi
∂xj

(x) =
∂

∂xj
φi(τ(x), x)

=
∂φi(τ(x), x)

∂t

∂τ(x)

∂xj
+
∂φi(τ(x), x)

∂xj

= fi(φ(τ(x), x))
∂τ(x)

∂xj
+
∂φi(τ(x), x)

∂xj

= fi(P (x))
∂τ(x)

∂xj
+
∂φi(τ(x), x)

∂xj
(25)

for i = 1, 2. To obtain the partial derivatives of τ(x), we note that P1(x) is
constant. Hence, by (25)

0 =
∂P1

∂xj
(x) = f1(P (x))

∂τ(x)

∂xj
+
∂φ1(τ(x), x)

∂xj
.

Solving for ∂τ(x)/∂xj , we get

∂τ(x)

∂xj
= −∂φ1(τ(x), x)

∂xj

1

f1(P (x))

(note that f1(P (x)) 6= 0 as the flow of (2) is transverse to Σ). Replacing this last
expression into (25) (note that we only need to compute the partial derivatives
of P2 as the partial derivatives of P1 are zero, as we have seen), we get

∂P2

∂xj
(x) = −f2(P (x))

∂φ1(τ(x), x)

∂xj

1

f1(P (x))
+
∂φ2(τ(x), x)

∂xj
(26)

The only element still missing in order to compute the partial derivatives of
P2 is the computation of the partial derivatives of φl, for l = 1, 2. This can
be achieved as follows. From (2) we get that (φk(t, x))

′
= fk(φ(t, x)) for k =

1, 2. By applying partial derivatives to both sides and switching the order of
differentiation on the left-hand side (φ is C2 and thus this operation will not
affect the result), we get

d

dt

∂φl(t, x)

∂xj
=

2∑
i=1

∂fl
∂xi

(φ(t, x))
∂φi
∂xj

(t, x), l = 1, 2.

In matrix form this can be written as

d

dt
Dφ(t, x) = Df(φ(t, x))Dφ(t, x)

which is a linear ODE with the initial condition Dφ(0, x) = I (note that
φ(0, x) = x is the identity map and that the partial derivatives are only taken
in order to x). The solution of this initial-value problem can be computed as
the solution of an ODE, for an arbitrary amount of time as in [14]. Moreover
the time τ(x) used in (26) can also be computed as in [12]. Indeed, from the
above arguments, one can conclude that to compute τ(x) with accuracy 2−n it
suffices to take ε < 2−n and return tk as above. This proves the theorem.
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10 Proof of Theorem B – Putting it all together

Let us assume that Zeroε(f) does not include any (very small) periodic or-
bit. This can be ensured, for example, by using Theorem 21, the computable
Hartman-Grobman theorem, to compute some ε > 0 such that if x0 is an equi-
librium point, then B(x0, ε) is inside the neighborhood computed by the com-
putable version of the Hartman-Grobman Theorem. In this neighborhood there
are no periodic orbits, since the flow is conjugated to a linear flow there, and
therefore periodic orbits can only exist on the doughnut-like sets computed in
previous sections.

These doughnut-like sets thus include all the periodic orbits with arbitrarily
high accuracy. We have also shown that on each of these doughnut-like sets we
can define a cross-section and compute a Poincaré map, P , there. Moreover,
using the technique of Section 6 we can compute the number of zeros of P (x)−x,
i.e. the number of fixed points of P . But the number of fixed points is equal to
the number of periodic orbits. Hence Theorem B is proved.

11 Connections with Hilbert’s 16th problem

The algorithm constructed in Theorem B computes the positions and the ex-
act number of the periodic orbits for every vector field in SS2. Let us call
the algorithm Algo. As a by-product, Algo produces a computable function
φ : SS2 → N, where φ(f) = the number of the periodic orbit(s) of f on D. The
pre-images of φ decompose SS2 into mutually disjoint open connected compo-
nents Cj , j ∈ N. Let P (respectively, PQ) denote the set of all polynomials
(respectively, all polynomials with rational coefficients) defined on D. Then PQ
is dense in C1(D). Since SS2 is an open subset of C1(D), it follows that every
Cj contains (infinitely many) polynomials from PQ. Hence, if there is an algo-
rithm, say A-for-H (an algorithm for Hilbert’s 16th problem), that computes
an upper bound u(n) for the numbers of periodic orbits of polynomials of degree
n in SS2

⋂
PQ, then u(n) is also an upper bound for the numbers of periodic

orbits of all polynomials of degree n in SS2. This result would provide an affir-
mative answer to Hilbert’s 16th problem restricted to polynomials in SS2, that
is, the structurally stable polynomials on D. Since SS2 is an open dense subset
in C1(D), a property true on SS2 is typical and generic.

Whether an A-for-H algorithm exists is an open problem. Theorem C in-
dicates that one may not be able to construct algorithms of an A-for-H nature
but for computing sharp upper bounds over certain classes of polynomial sys-
tems. On the other hand, we construct in the following an A-for-H algorithm
over SS2

⋂
P that works relative to the Halting problem. In other words, it is

possible to devise a Turing machine (an algorithm) that solves Hilbert’s 16th
problem over SS2

⋂
P, provided that the Halting problem

HALT = {(M, i) : the Turing machine M halts with input i}

is given as an oracle. As usual, we use the notation C ≤ HALT to denote that
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the problem C is solvable by an algorithm that works relative to the halting
problem (or, more generally, relative to another problem).

We begin by effectively listing the polynomial systems in PSS2
= SS2

⋂
PQ.

First we note that PQ can be enumerated as PQ = {Pj}∞j=1. Let M be a Turing
machine that on input k computes the first k steps of Algo(P1), Algo(P2), . . .,
Algo(Pk). M(k) outputs Pj if 1 ≤ j ≤ k, Algo(Pj) halts in ≤ k steps, and
Pj is not the output of M(l) for l < k; otherwise, M(k) outputs the empty
set. It is clear that M lists recursively all polynomial systems in SS2

⋂
PQ. For

simplicity, we use {Pj} to denote this computable sequence. Then {Pj} is a
subset of P

⋂
SS2.

Let A ⊆ P and let Hilbert16(A) be the problem of solving the Hilbert’s 16th
problem over the set A, i.e. computing an upper bound for the numbers of
periodic orbits of all elements of A of degree n, where n is given as an input.

Theorem 23 Hilbert16(P ∩ SS2) ≤ HALT .

Proof. Consider the Turing machines Nn, n ∈ N\{0}, defined as follows, where
k ∈ N is the input of Nn:

1. Let i = 1.

2. Consider the polynomial vector fields with rational coefficients P1, P2, . . . , Pi
(in PSS2

) and retain only those which have degree n. For each of the re-
tained polynomial vector fields, use it as an input to the algorithm Algo,
but simulate only i steps of the algorithm. If in any of these computations
the algorithm Algo stops and returns a number greater than or equal to
k, then Nn stops its computation. Otherwise, i is incremented and Step
2 is repeated.

It is clear that Nn halts on input k only if there is a vector field in {Pj} with
k or more periodic orbits. Otherwise Nn will not halt with input k.

Now consider the Turing machine that has oracle access to HALT defined
as follows: on input n (the degree of the polynomials),

1. Set k = 1.

2. Using the oracle to decide whether (Nn, k) ∈ HALT . If the answer is
positive, then increment k and repeat this step. Otherwise return k.

It is readily seen that the output of this Turing machine on input n would
provide a (sharp) upper bound for the numbers of periodic orbits of polynomials
of degree n in {Pj}, provided that such a bound exists. In the case that the
upper bound doesn’t exist, the Turing machine won’t halt.

As we mentioned at the beginning of this section, an upper bound for the
numbers of periodic orbits of polynomials of degree n in {Pj} is also an upper
bound of the same nature of polynomials of degree n in P

⋂
SS2.

The result above can be generalized from the compact domain D to R2. Now
let P denote the set of polynomial vector fields defined over the whole plane R2,
and let Pm denote the set of polynomial vector fields of degree m. Then we
have:
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Theorem 24 There are dense subsets A,B of P, where B is also open, such
that B ⊆ A ⊆ P and Hilbert16(A) ≤ HALT .

Proof. The proof of this result is similar to the previous theorem, but some
adaptations are needed. In [32, Theorem 4, p. 327] it is mentioned that the set
Bm of polynomial vector fields of degree m which are structurally stable on R2

under C1-perturbations is open and dense in Pm. Furthermore, every system in
Bm only has hyperbolic equilibrium points/periodic orbits without any saddle
connections even if it has saddles at infinity. Let Am be the systems in Pm
which (i) only have hyperbolic equilibrium points and periodic orbits, and (ii)
have no “finite” saddle connections but may have saddle connections involving
saddles at infinity. It is clear that Bm ⊆ Am ⊆ Pm; thus Am is also dense in
Pm. Let A = ∪m∈NAm and B = ∪m∈NBm. Then B is open, A is dense in P,
and B ⊆ A ⊆ P.

We now show that Hilbert16(A) ≤ HALT . We note that the algorithm
Algo can be applied to the systems defined on Dn = {x ∈ R2 : ‖x‖ ≤ n},
n ∈ Ñ = N \ {0}, by rescaling the systems to D. More precisely, let AlgoGen be
the algorithm that, on input (n, f), rescales the vector field f defined on Dn to
D1 = D and then applies algorithm Algo to the rescaled system, where n ∈ Ñ
and f ∈ C1(Dn).

Note, however, that we have assumed that the flow defined by (2) points
inwards across the boundary of D when using the algorithm Algo and thus a
similar requirement seems to be in order for AlgoGen. However, that require-
ment is only needed because of the possibility that there might be trajectories
(which e.g. might be part of a periodic orbit) tangent to the boundary of D and
it is computationally impossible to detect that (using the slope of the flow, this
is in essence equivalent to determining if two real numbers are equal). How-
ever, for our case of AlgoGen applied to Dn, we could instead apply it to Dn+1

with the following adaptation: if a trajectory starting in Dn enters the region
Dn+1 \ Dn, then we remove that trajectory (concluding that the flow will leave
Dn and accordingly it will be dealt with later in a larger region Dl for some
l > n) and restart the computation starting at another “pixel” of Dn. After-
wards we count the number of periodic orbits of (2) which are clearly inside
Dn (if they intersect the boundary of Dn, they are not counted). Note that if
(2) is defined on the plane and has only a finite number of hyperbolic equilibria
and periodic orbits with no saddle connections, then AlgoGen will always halt.
Moreover, if all periodic orbits of (2) are inside Dn, then AlgoGen(l, f) will re-
turn either the number α of periodic orbits of (2) when l ≥ n+ 1 or a number
≤ α when l ≤ n.

Let a(j,m), j,m ∈ Ñ, be a computable sequence listing all rational polyno-
mials on R2 of degree m, and let Nm be the Turing machine defined as follows:
on input k, l ∈ N,

1. set i = 1;

2. simulate i steps of the algorithm AlgoGen(l, ·) on each of a(1,m), . . . , a(i,m).
If in any of these computations, the algorithm AlgoGen stops and returns
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a number greater than or equal to k, then Nm stops the computation.
Otherwise i is incremented and Step 2 is repeated.

From the design it is clear that Nm halts with input k, l iff there is a polyno-
mial vector field in Pm ∩ SS2(Dl) that has k or more periodic orbits. This fact
follows from Peixoto’s theorem applied to Dl because Peixoto’s theorem implies
that SS2(Dl) is the union of mutually disjoint open connected components, and
all vector fields in the same component have the same number of periodic orbits.
Thus, if there is a polynomial vector field p ∈ Pm ∩ SS2(Dl) with k periodic
orbits, then the open component in which p lies must contain a polynomial vec-
tor field q of degree m with rational coefficients, for the set of all polynomial
vector fields with rational coefficients is dense in C1(Dl). Since q is in the same
component as of p, it follows that q also has k periodic orbits. Hence, Nm will
halt with input k, l when it lists q and is allowed for a sufficiently many steps
of AlgoGen(l, ·) with input q. On the other hand, if there is no vector field in
P ∩ SS2(Dl) with k or more periodic orbits, then Nm will not halt with input
k, l. We also note that if a rational polynomial a(i,m) has k (hyperbolic) peri-
odic orbits, then there is some l ∈ N such that all periodic orbits of a(i,m) is
contained in Dl; hence Nm would halt with input k, l + 1.

Now consider the Turing machine with oracle access to HALT , which op-
erates on input m as follows, where 〈·, ·〉 : N2 → N is a computable bijection,
e.g. like the one defined in [29, p. 27]:

1. Let i = 〈k, l〉 = 1.

2. Using the oracle, decide whether (Nm, (k, l)) ∈ HALT (note that k and l
can be computed from i). If the answer is positive increment k and repeat
this step. Otherwise return k.

In is readily seen that the output of this Turing machine on input m returns
a (sharp) upper bound (if it exists) on the number of periodic orbits for elements
of Am.

12 Conclusion

In this paper, we have shown that, in general, one cannot compute the number
of periodic orbits that a polynomial ODE (1) can have. Even sharp upper
bounds on the number of periodic orbits cannot, in general, be computed for
subfamilies of polynomial systems.

On the other hand, we have shown that the exact number of periodic orbits
can be computed uniformly for all structurally stable planar dynamical systems
(2) defined on the unit ball, as well as the limit set NW (f). The algorithm
computing the exact number of periodic orbits also portrays them with any
precision one wishes to have.

We conclude the paper with a question: What is the computational com-
plexity of computing the number of periodic orbits (or the limit set NW (f))
when (2) is structurally stable? In other words, what computational resources
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(e.g. in terms of time or space/memory) are required to compute the number of
periodic orbits? It is known that when solving an ODE (2) with a polynomial-
time computable vector field f , the complexity of computing the solution at
t = 1 can be arbitrarily high if f does not satisfy a Lipschitz condition [25,
p. 469], and PSPACE-complete when f satisfies a Lipschitz condition or is of
class Ck [20], [21]. So we might expect that the complexity of computing the
number of period orbits of a general ODE is at least as high as those bounds.
On the other hand, hyperbolicity often provides some degree of regularity which
can be exploited to lower the complexity upper bounds, such as in e.g. [6], [35].
Therefore, it could also be the case that the hyperbolicity of the periodic orbits
might be exploited to obtain smaller complexity upper bounds. That would be
an interesting question for further work.
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A Proofs of results about dynamical systems

Proof of Lemma 12. Notice that the dynamics inside the region D delimitated
by γ never leave this region for all t ∈ R. Therefore, if γ is repelling, the
trajectories move away from γ towards an attractor ς1 as t → +∞. If γ is
attracting, the trajectories move away from γ towards a repeller ς1 as t→ −∞.
By Theorem 5, ς1 can only be an equilibrium point or a periodic orbit. If ς1 is
an equilibrium point, we are done. If ς1 is a periodic orbit, we can repeat the
procedure to obtain a new limit object ς2. Since there is only a finite number
of periodic orbits, repeating this procedure will eventually yield an equilibrium
point ςm inside D, thus showing the result.

Theorem 25 Let (2) be defined on a compact set K ⊆ Rn. Then for every ε >
0 there exist some δ > 0 and T > 0 such that for any x ∈ K, if d(x,NW (f)) ≥ ε,
then φt(B(x, δ)) ∩ B(x, δ) = ∅ for every t ≥ T , where B(x, δ) = {y ∈ K :
‖x− y‖ < δ}.

Proof. By definition, if x /∈ NW (f), this means that there is some neighboor-
hood Ux and some Tx such that φt(Ux) ∩ Ux = ∅ for every t ≥ Tx.

Since NW (f) is closed, the set Aε = {y : d(y,NW (f)) < ε} is open. This is
because NW (f) is compact and therefore there exists a dense sequence of points
{xj}j∈N in NW (f), which implies that Aε = ∪j∈NB̊(xj , ε), where B̊(xj , ε) =
{y ∈ Rn : ‖y − xj‖ < ε} is the interior of B(xj , ε). Since every open ball

B̊(xj , ε) is an open set and a countable union of open sets is also an open set,
then Aε must be open.

We then conclude that {Ux}x∈K−NW (f) ∪Aε defines an open covering of K.
Since K is compact, this implies that there are x1, . . . , xk such that {Uxl}1≤l≤k∪
Aε is a cover of K. Moreover, by the Lebesgue number Lemma (see e.g. [28,
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Lemma 27.5 on p. 175]), there exists some δ > 0 such that for every x ∈
K, B(x, δ) is contained in some element of the covering {Uxl}1≤l≤k, Aε. In
particular, if d(x,NW (f)) ≥ ε, B(x, δ) cannot be contained in Aε. Instead it
must be B(x, δ) ⊆ Uxl for some l. Take T = max1≤l≤k Txl . Since φt(Uxl)∩Uxl =
∅ for all t ≥ T ≥ Txl , it must be φt(B(x, δ)) ∩ B(x, δ) = ∅ for all t ≥ T . This
proves the lemma.

In the remaining of this paper, if x ∈ Rn and A ⊆ Rn, we take

d(x,A) = inf
y∈A
‖x− y‖ .

The following lemma is a consequence of Propositions 6 and 7.

Lemma 26 Let (2) be a structurally stable system defined on a compact set
K ⊆ R2. Then there is some ε > 0 such that for any attracting periodic orbit
γ or equilibrium point x0, there exists a neighborhood UA (the basin of attrac-
tion) such that dH(UA, A) ≥ ε, where A = γ or A = {x0} depending on the
case, where any trajectory starting from a point of UA will converge towards A.
Moreover, given δ > 0 with δ < ε, there exists some Tδ, independent of the
attractor A, such that if x(t) is a solution of (2) such that x(t1) ∈ UA, then
d(x(t1 + Tδ), A) < δ.

Proof. The existence of the neighborhood UA comes from Propositions 6 and
7. Moreover, A is always a closed set, which implies that dH(UA, A) > 0 (UA
denotes the closure of UA). Indeed, since A ⊂ UA, it follows that A

⋂
(K−UA) =

∅, and thus there exists some η > 0 such that dH(A,K−UA) ≥ η. We claim that
dH(A,UA) ≥ η. For any x ∈ UA, if x 6∈ UA, then d(x,A) ≥ dH(K−UA, A) ≥ η;
if x ∈ UA − UA, then there exists a sequence pi of points in K − UA such that
pi → x; thus d(x,A) = limi→∞ d(pi, A) ≥ η. From Propositions 6 and 7, we
know that there is some εA > 0 such that on

AεA = {x ∈ K : d(x,A) < εA}

the convergence to A is exponentially fast, i.e. there are constants M,α > 0
such that

d(x,A) < εA implies d(φt(x), A) < Me−αt

LetA be the set consisting of all attractors of (2). By taking ε = minA∈A{dH(UA, A), εA},
we then immediately conclude the lemma (note that the number of attractors
is finite).

Using the above Lemma, we can adapt Theorem 25 to prove Theorem 8.
Proof of Theorem 8. We note that any trajectory that starts on a

point not in NW (f) will have to converge to an attracting equilibrium point
or to an attracting periodic orbit. Let us call such an attracting equilibrium
point or attracting periodic orbit an attractor. Due to Lemma 26, we know
that the attractor is hyperbolic and has a neighborhood with the property that
each point of this neighborhood converges exponentially fast to the attractor.
Then given an attractor A, there is some ε̄ > 0 such that if x0 ∈ D is such that
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d(x0, A) ≤ ε̄, then the trajectory starting at x0 will converge, when t → +∞
(or when t → −∞, in the case of repellers), exponentially fast to A. Then we
can consider the set

Aε̄ = Nε̄(A) =
⋃
x∈A

B̊(x, ε̄) =
⋃
x∈A
{y ∈ D : ‖x− y‖ < ε̄} (27)

which works like an hyperbolic basin of attraction to A. Since NW (f) only
has a finite number of connected components (see Theorem 5), we can take ε̄
to be the minimum of all the ε̄’s for each particular A. Moreover, let us apply
Theorem 25 with ε = min(ε̄, ε)/2, obtaining some values T ∗ and δ such that the
conditions of this theorem hold. Let us also assume, without loss of generality,
that δ ≤ ε/2. Let us also take T = 16T ∗/δ2. Let Attε be formed by the (finite)
union of all Aε, where A is an attractor. Notice that if a trajectory enters a
connected component of Att2ε, then it will stay there. Therefore, to prove the
theorem it is enough to prove that any trajectory starting on D−Aε will reach
Aε in time ≤ T = 16T ∗/δ2.

First let us find a finite number of rationals p1, . . . , pl ∈ D (l ≤ (4/δ)2 =
16/δ2) such that

D = B(0, 1) ⊆
l⋃
i=1

B(pi, δ).

Let x ∈ D. If d(x,A) ≤ 2ε, then the result is obviously true. Let us hence
suppose that d(x,A) > 2ε. Therefore x will belong to some ball B(pi1 , δ) which
does not intersect Aε. Hence we can apply Theorem 25 to conclude that φt(x) /∈
D−B(pi1 , δ) for all t ≥ T ∗. If φT∗(x) ∈ A2ε, then the result is true. Otherwise,
assuming that φT∗(x) ∈ D − B(pi1 , δ), we conclude that φT∗(x) ∈ B(pi2 , δ).
Hence, in a similar manner, we conclude that φt(x) /∈ D− (B(pi1 , δ)∪B(pi2 , δ))
for all t ≥ 2T ∗. We can continue this procedure, “exhausting” one ball B(pi, δ)
at a time. Since there are only l ≤ 16/δ2 such balls, in time 16T ∗/δ2 = T we
are sure to have exhausted all of them. Hence, for t ≥ T , φt(x) ∈ A2ε for all
t ≥ T ∗. This proves the result.

Proof of Lemma 10. Since x0 is an hyperbolic saddle point, Ux0
is a

1-dimensional manifold in D, i.e. it is a curve which contains the point x0.
Furthermore, by the stable manifold theorem (see e.g. [32, pp. 107–108]), we
also know that φ−t(Ux0) ⊆ Ux0 for all t ≥ 0. Since Ux0 is a curve which
contains x0, that means that x0 divides Ux0 into two 1-dimensional manifolds
Γ1 and Γ2 not containing x0. Let us take y1 ∈ Γ1. It is well known that
Γ1 ⊆ {φt(y1) : t ∈ R}. We thus conclude that that if φt(y1) converges to an
attractor Ω1(x0) as time increases, the same will happen for any point in Γ1.
We notice that φt(y1) cannot converge to a saddle point (i.e. Γ1 cannot be part
of the stable manifold of a saddle point) because otherwise we would have a
saddle connection, and this cannot happen on structurally stable systems due
to Peixoto’s theorem. A similar reasoning shows that any trajectory starting
on a point of Γ2 will converge to an attractor Ω2(x0) (note that it might be
Ω1(x0) = Ω2(x0)). This proves the result.
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Figure 5: A funnel for the ODE x′ = h(t, x). The red arrows indicate the vector
field defined by h and the gray area defines a funnel. Any solution which starts
inside the funnel will stay there until t = b.

To prove Theorem 11, we need the following definition (see e.g. [18, pp.
511-514] for more details) which will be useful to show the preliminary Lemma
29.

Definition 27 Consider the one-dimensional ODE x′ = h(t, y), where h is C1.
Then:

1. A C1 function α : I ⊆ R→ R, where I is some interval, with the property
that α′(t) ≤ h(t, α(t)) for all t ∈ I, is called a lower fence;

2. A C1 function β : I ⊆ R→ R, where I is some interval, with the property
that β′(t) ≥ h(t, β(t)) for all t ∈ I, is called an upper fence;

3. Consider a pair of functions α, β, such that α is a lower fence and β is
an upper fence on a common interval I ⊆ R, such that α(t) ≤ β(t) for
all t ∈ I. In these conditions a funnel is the set {(t, x) ∈ R2 : t ∈ I and
α(t) ≤ x ≤ β(t)}.

The following result can be found in [18, p. 514] and can be depicted graph-
ically as in Fig. 5.

Proposition 28 Let α, β : I = [a, b) ⊆ R → R, where b might be infinite,
be a lower and upper fence, respectively, which define a funnel for the ODE
x′ = h(t, y), where h is C1. Assume also that h satisfies a Lipschitz condition
on the funnel. Then any solution which starts in the funnel at t = a remains in
the funnel for all t ∈ [a, b).

Lemma 29 Let (2) define a structurally stable system over the compact set
D ⊆ R2. Then there exists ε > 0 with the following properties. Let x0 be
an hyperbolic saddle point and let Ω1(x0),Ω2(x0) be defined as in Lemma 10.
Let also Ux0

be a local unstable manifold of x0. Then B(x0, ε) ⊆ D and any
trajectory starting in B(x0, ε) will either: (i) converge to x0 or (ii) converge to
one of the attractors Ω1(x0),Ω2(x0).
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x0

Figure 6: Flow near a saddle point, converging to two attractors Ω1 and Ω2.

Proof. Let x0 be some saddle point of (2). First let us pick some ε∗ > 0 small
enough so that B(x0, ε

∗) ⊆ D. This is always possible since x0 cannot be at the
boundary of D or otherwise the system defined by (2) would not be structurally
stable. Moreover, by Peixoto’s theorem, the number of saddle points is finite
and thus we can take ε∗ > 0 to be the minimum of all ε∗ for each saddle points.
Since d(x0, ∂D) > 0 it suffices to pick some ε∗ > 0 satisfying ε∗ < d(x0, ∂D) for
all saddle points x0. We also know that, by the Hartman-Grobman theorem,
there is a homeomorphism H from an open U ⊆ D containing x0 to an open
subset V ⊆ R2 containing the origin such that it maps trajectories of (2) in U
to trajectories of the following linearized ODE

x′ = A0x (28)

where A0 = Df(x0) and H(x0) = 0. Let us also suppose without loss of
generality that ε∗ is small enough so that B(x0, ε

∗) ⊆ U.
Let Γ1,Γ2 be defined as in the proof of Lemma 10 (i.e. they form, together

with the point x0, a local unstable manifold of x0). Let y1 ∈ Γ1 ∩ B(x0, ε
∗).

Then the trajectory φt(y1) will converge to some attractor Ω1(x0). This means
that the trajectory starting on y1 will eventually reach a basin of attraction
BΩ1(x0) of the atractor Ω1(x0) as defined in Lemma 26 in some time T1 and
then stay there, i.e. φt(y1) ∈ BΩ1(x0) for all t ≥ T1. Since BΩ1(x0) is open, and
due to Lemma 10, there is some δ1 > 0 such that B(φt(y1), δ1) ⊆ BΩ1(x0) for
all t ≥ T1. Because the operator φT1 is continuous (Corollary 15) and because
B(φt(y1), δ1) is an open set, this implies that

φ−1
T1

(B(φT1
(y1), δ1)) = φ−T1

(B(φT1
(y1), δ1))

is an open neighborhood of y1 with the property that any trajectory starting in
this neighborhood will have reached the basin of attraction BΩ1(x0) in time T1.
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By the Hartman-Grobman theorem, H◦φ−T1(B(φT1(y1), δ1)) will be a neigh-
borhood of H(y1) for δ1 small enough. Moreover, H(y1) will also belong to the
unstable manifold of the origin in the linearized system (28). Similarly, we can
pick a point y2 ∈ Γ2 ∩ B(x0, ε

∗) and δ2, T2 > 0 such that φ−T2
(B(φT2

(y2), δ2))
is an open neighborhood of y2 with the property that any trajectory starting in
this neighborhood will have reached the basin of attraction BΩ2(x0) in time T2.
Furthermore, H ◦ φ−T2(B(φT2(y2), δ2)) will be a neighborhood of H(y2), and
H(y2) will also belong to the unstable manifold of the origin in the linearized
system (28).

The classical theory of ODE gives us a way of finding the solutions of (28)
explictly. Namely, since x0 is an hyperbolic saddle point, Df(x0) will have two
eigenvalues λ1 < 0 and λ2 > 0. By picking appropriate coordinates (namely
by picking as a basis for the coordinate system non-zero eigenvectors v1, v2

associated to the eigenvalues λ1, λ2, respectively. Without loss of generality this
change of coordinates can be assumed to be comprised in the homeomorphism
H), we see that this system is given by[

x′1
x′2

]
=

[
λ1 0
0 λ2

] [
x1

x2

]
=

[
λ1x1

λ2x2

]
(29)

which has as solution curves (assuming that they start at (x1(0), x2(0))){
x1 = x1(0)eλ1t

x2 = x2(0)eλ2t (30)

Graphically the flow is as depicted in Fig. 6. Without loss of generality, we
assume that the homeomorphism H maps the trajectories of (2) around x0 to
trajectories of (29) around the origin. Let δ > 0 be such that B(H(yi), δ) ⊆
H ◦ φ−Ti(B(φTi(yi), δi)) for i = 1, 2. From the expression of the solution (30)
for the ODE (29), we conclude that any trajectory of (30) starting on a point
z = (z1, z2) ∈ B(0, δ) will either: (i) converge to the origin (when z2 = 0, i.e.
when z lies on the stable manifold) or (ii) enter the ball B(H(y1), δ) (when
z2 > 0) or (iii) enter the ball B(H(y2), δ) (when z2 < 0). This implies that
any trajectory starting on H−1(B(0, δ)) will either converge to x0 or enter
the open set ∪i=1,2φ−Ti(B(φTi(yi), δi)). But since once a trajectory enters
φ−Ti(B(φTi(yi), δi)) it will reach the basin of attraction BΩi(x0), we conclude
the desired result for this case.

Proof of Theorem 11. By Lemma 29, and the arguments used in its
proof, we know that there is some λ > 0 (independent of i) such that any
trajectory starting in B(xi, λ) will either converge to xi (if the trajectory starts
on the stable manifold of xi) without leaving B(xi, λ) or it will converge to some
attractor Ωi.

Since there are no saddle connections on structurally stable systems Wu(xi)
cannot intersect W s(xj). Let

δ = min
i,j∈{1,...,n}

i 6=j

d(Wu(xi), xj) > 0.
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Note also that the time it takes to go from a point yi ∈ Wu(xi) ∩ ∂B(xi, λ) =
{yi, zi} to BΩi is finite. Moreover, because BΩ is open, we conclude that there
is some ε > 0 such that B(φt(yi), ε) ⊆ BΩi . Hence, by Lemma 14, Corollary
15, and using techniques similar to those used in the proof of Lemma 29, we
conclude that there is some δ∗ > 0 and some T ∗ ≥ 0, independent of i and of
{yi, zi}, where yi and zi belong to “different sides” of Wu(xi)∩ ∂B(xi, λ), such
that any point in B(w, δ∗), w ∈ {yi, zi}, will be on BΩ for some attractor Ω at
time T ∗ and, moreover, d(φt(B(w, δ∗)), φt(w)) < δ/2 for any 0 ≤ t ≤ T ∗. Since
d(φt(w), xj) ≥ δ for all 0 ≤ t ≤ T ∗, this implies that d(φt(B(w, δ∗)), xj) > δ/2.
Therefore, it suffices to take ε = min(δ∗, δ/2) to conclude that no trajectory
leaving from B(xi, ε) will enter B(xj , ε) for i 6= j.

B Error bounds on the plane for Euler’s method

In this appendix we derive the error bound (6) for the Euler method used in
Section 7.

We recall that in Euler’s method we start from a point x0 and then ob-
tain several iterates x1, . . . , xN which approach the solution of the initial-value
problem z′ = f(z), x(0) = x0 at times 0, h, . . . , Nh ⊆ [0, b], where b > 0,
h > 0 is the time step, and xi approximates z(ih) for i = 1, . . . , N . Here we
follow the arguments used in [1, pp. 346–350] for obtaining error bounds for the
one-dimensional case to get error bounds for the two-dimensional case.

If f = (f1, f2) and z = (z1, z2) ∈ R2, Taylor’s formula gives us

z1(t0 + h) = z1(t0) + hz′1(t0) +
h2

2
z′′1 (ξ)

for some t0 < ξ < t. Note that z′1(ξ) = f1(z(ξ)) = f(z1(ξ), z2(ξ)). Hence

z′′1 (ξ) =
∂f1

∂z1
(z(ξ))z′1(ξ) +

∂f1

∂z2
(z(ξ))z′2(ξ)

=
∂f1

∂z1
(z(ξ))f1(z(ξ)) +

∂f1

∂z2
(z(ξ))f2(z(ξ)).

If we take M = maxx∈D(‖f(x)‖ , ‖Df(x)‖), then we get

‖z′′1 (ξ)‖ ≤ 2M2.

A similar bound holds for ‖z′′2 (ξ)‖. Let us now assume that the rounding error
is bounded by ρ > 0 when using Euler’s method (4) and take Xi = z(hi) for
i = 0, 1, . . . , N . Then

Xi+1 = Xi + hf(Xi) +
h2

2
(z′′1 (ξi,1), z′′1 (ξi,2))

xi+1 = xi + hf(xi) + ρi
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where ρi is the rounding error on each step, with |ρi| ≤ ρ and i = 1, . . . , N .
Subtracting both equations, we get

ei+1 = ei + h (f(Xi)− f(xi)) +
h2

2
(z′′1 (ξi,1), z′′1 (ξi,2))− ρi

where ei = Xi − xi. Let τi = h
2 (z′′1 (ξi,1), z′′1 (ξi,2))− ρi

h . Then the above identity
yields (note that since M ≥ ‖Df(x)‖ on D, it works as a Lipschitz constant
there, but let us just consider a Lipschitz constant L > 0 there)

‖ei+1‖ ≤ ‖ei‖+ h (L ‖ei‖) + h ‖τi‖
≤ (1 + hL) ‖ei‖+ h ‖τi‖

Applying this last formula recursively, we get

‖ei‖ ≤ (1 + hL)i ‖e0‖+
(
1 + (1 + hL) + . . .+ (1 + hL)i−1

)
h ‖τi‖

≤ (1 + hL)i ‖e0‖+
(
1 + (1 + hL) + . . .+ (1 + hL)i−1

)
hτ

where τ = hM2 +ρ/h. Using the formula for the sum of a finite geometric series
(r 6= 1)

1 + r + r2 + . . .+ rn−1 =
rn − 1

r − 1

we get

‖ei‖ ≤ (1 + hL)i ‖e0‖+

(
(1 + hL)i − 1

L

)
τ.

Since
(1 + hL)i ≤ eihL ≤ ebL

The last inequality then yields

‖ei‖ ≤ ebL ‖e0‖+

(
ebL − 1

L

)(
hM2 +

ρ

h

)
which is essentially (6).
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