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ABSTRACT. The purpose of this work is to study the generalized Navier-Stokes equations with nonlinear
viscosity that, in addition, can be fully anisotropic. Existence of very weak solutions is proved for the
associated initial and boundary-value problem, supplemented with no-slip boundary conditions. We show
that our existence result is optimal in some directions provided there is some compensation in the remaining
directions. A particular simplification of the problem studied here, reduces to the Navier-Stokes equations
with (linear) anisotropic viscosity used to model either the turbulence or the Ekman layer in atmospheric
and oceanic fluid flows.
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1. INTRODUCTION

In the literature of large-scale flows, Navier-Stokes equations with anisotropic viscosity are used to model
oceanographic and atmospheric fluid flows for which the horizontal extents are much larger than the vertical
ones. For instance, a simple model used to describe turbulence in large-scale flows considers the Reynolds-
averaged Navier-Stokes equations,

(1.1) divu =0,
ou ) 1 . .
(1.2) B +diviu®u) =f — —Vp+vdiv(D(u)) + div(R),
P
with the Reynolds stresses R modelled as follows,
Ouy ou Ouy ou Ouy
2A Ba:l A (8wf + BwQ) AH Bw? + AV Oxs
= ou ou ou ou, ou
(1.3) R An (Tac; + Bacf) 2AH aaé An aar: +A Twi
B anle avgmedifn  adugn

It should be noted that all non constant quantltles in the equations (1.1)-(1.3), as the velocity vector field
u = (u1,us,us), the pressure p and the external forces field £ = (f1, fo, f3) are, in fact, averages that
result by the application of the Reynolds average decomposition. For instance, the velocity field, say v, is
decomposed into an average velocity u and a fluctuating velocity u’: v = u+u’, with u := v. The averaged
tensor D(u) is the symmetric part of the averaged gradient Vu, and the positive constant v is the kinematic
viscosity and expresses the ratio of the internal forces in the fluid (dynamic viscosity) to the mass density
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2 H.B. DE OLIVEIRA

p, assumed here to be constant and positive. The extra term in (1.2) results as an output of the Reynolds
average decomposition of the original Navier-Stokes equations and accounts for the average changes in u’
due to the particle transport with the fluid movement: R := —u’ ® u’. The coefficients Ay and Ay given
in (1.3) denote the horizontal and vertical turbulent viscosities, which are supposed to be both nonnegative.
Estimates of the turbulent viscosity in the atmosphere and in the ocean show that the values of Ag and Ay
greatly exceed the kinematics viscosity v. Therefore the viscosity terms can be neglected from (1.2) so that
the mean flow can be fairly described by the following equation,

du

(1.4) -

1
+ div(u® u) =f— ;Vp-l— (AHAHU17AHAHUQ,AVa§uS) R

where Ay = 38—9:% + 88—;3 and 92 := 8672%. Note that if Ay = Ay = A, then the mean flow equation (1.2) is
identical to that of the classical Navier-Stokes equations with an effective viscosity v+ A, or with an effective
viscosity of just A if we neglect the viscosity terms as in (1.4). Similar equations to (1.4) also appear in the
study of the friction region, called the Ekman layer, in geophysical fluid dynamics. Such friction layers, in
conjunction with the constraints of the Taylor-Proudman theorem are shown to exert a profound influence
on the dynamics of the flow far from the regions which are directly affected by viscosity. See, for instance,

[20, Chapter 4] for the application of (1.4) in the governing equations of atmospheric and oceanic flows.

Motivated by these applications, we will consider in this work the following equation that encompasses many
other situations of anisotropic diffusion,

N
0
(1.5) 8—? +divilu®@u) =f—-Vp+ ; v;D; (|Du|%?D;u) .
The directional derivative D;u is defined by D,u = (d;u1,...,0;un), where d;u; = gzz, and N > 2is a

general space dimension that we are now considering. The exponents ¢; and the coefficients v; are assumed
to be constant with possible distinct values and such that 1 < ¢; < co and v; > 0 for all ¢ € {1,...,N}. If
welet N =3,q1 = ¢ =q3 =2, 11 = vo = v3 = v, then we obtain from (1.5) the classical Navier-Stokes
equations for a renormalized pressure P = %. On the other hand, if besides N = 3 and q; = ¢2 = ¢3 = 2,
we consider 11 = v, = Ay and v3 = Ay, and we neglect thg second-order cross derivatives between the
Q%ug _ O%u; __

dx? EEH
(1.5) the momentum equation (1.4), again for a renormalized pressure. In fact, neglecting these second-order
cross derivatives can be justified by a dimensional scale analysis in the governing equations of large-scale
flows (see e.g. [6, Chapter 4]).

horizontal and vertical components, i.e. if we assume 0 for all ¢ € {1, 2}, we can recover from

We consider the system formed by the equations (1.1) and (1.5) in a cylinder Q7 := Q x [0, T, where Q C RN
is a bounded domain with its boundary denoted by 02, and T > 0 is some fixed time. The boundary of Qr
shall be denoted by I'r := 90 x [0,T]. System of equations formed by (1.1) and (1.5) is supplemented by
the following initial and boundary conditions,

(1.6) u=1ug in Q for t=0;
(1.7) u=0 on I'p.

A generic element of  shall be denoted by x = (z1,...,2x), while the elements of Q7 are denoted by (x,t).
The problem we study in this work is the following: given two vector fields f = f(x,¢) and ug = up(x), to
find a vector field u = u(x,t) and a scalar field p = p(x,t) satisfying the system of equations posed by (1.1),
(1.5) and (1.6)-(1.7)

To our best knowledge, the anisotropic problem formed by (1.1), (1.5) and (1.6)-(1.7) have been studied by
the first time by Antontsev and Oliveira [2, 3]. In [2] it was studied the existence of weak and very weak
solutions for the stationary problem, whereas in [3] we have studied the evolutionary problem with respect
to the existence of weak solutions and their asymptotic behavior. The present work is devoted to study
the existence of very weak solutions to the problem posed by the equations (1.1), (1.5) and (1.6)-(1.7). We
distinguish the notion of very weak solutions from the notion of weak solutions in the following sense. In the
definition of weak solutions, solutions and test functions belong to the same function space, whereas, in the
definition of very weak solutions, test functions belong to a much smoother function space then solutions.



GENERALIZED NAVIER-STOKES EQUATIONS WITH NONLINEAR ANISOTROPIC VISCOSITY 3

A distinct type of anisotropic Navier-Stokes equations was studied by Soltanov in [24]. Motivated by a
problem suggested earlier in [15, Problem 2.11.24], the equations considered in [24] have the anisotropic
diffusion term written in the form Zfil D; (|u|q"_2Diu) instead. There are also some other works that
use the functional framework of anisotropic function spaces, but the considered problem is based on the
(isotropic) classical Navier-Stokes equations (see e.g. [11]). However, in three dimensions, the particular case
of considering (1.4) in the governing equations has been studied firstly by Chemin et al. [4] and Iftimie [12],
and then by many other authors (see e.g. [5, 18, 19, 29, 30]).

The isotropic version of the problem formed by (1.1), (1.5) and (1.6)-(1.7), 4.e. the case when in equation
(15) v =vand ¢; = q for all i € {1,..., N}, is being studied in the context of Rheology, at least since the
experimental works by Ostwald [17] and de Waele [27]. In this case, the momentum equation is

0 1
(1.8) a—ltl +(u-Viju="1f— ;Vp + vdiv (|D(u)|? *D(u)),
where, here, ¢ is the power-law index that characterizes the flow. Existence and uniqueness results to the
correspondingly problem for the momentum equation (1.8), were established by many authors, among them
the breakthroughs achieved by Ladyzhenskaya [13, 14], Lions [15], W6lf [28] and Diening et al. [7] (see also
Malek et al. [16] and Zhikov [31]).

Navier-Stokes equations with other anisotropic terms have been studied in the literature. For instance,
Navier-Stokes equations with small initial data in suitable anisotropic function spaces were considered in [11],
and with anisotropic feedback forces fields have been studied in [1]. There are also some works in which some
anisotropic regularity criteria for the Navier-Stokes equations, extending the well-known Serrin condition,
were considered (see e.g. [21]).

The plan of this paper is the followings. Section 2 is dedicated to introduce the main concepts of the
anisotropic function spaces we are going to work with, as well to define the notion of very weak solution to
our problem. In Section 3 is presented the main result of this work in Theorem 3.1, but first we make there
a brief historical review of past results related to our. The rest of the article, i.e. from Section 4 onwards,
is devoted to the proof of Theorem 3.1.

The notation used throughout this article and the main notions of the considered (isotropic) function spaces
are largely standard in the literature of Partial Differential Equations and in Mathematical Fluid Mechanics
as well. We address the reader to the monographs [9, 14, 15, 16] for any question related to that matter.

2. ANISOTROPIC FUNCTION SPACES

Due to the presence of possibly different exponents ¢; for distinct directions, we need to consider the solutions
to the problem formed by (1.1), (1.5) and (1.6)-(1.7) in some anisotropic Sobolev space. We define the vector
q in RY, whose components are the exponents of the anisotropic diffusion term considered in (1.5), by

a:=(q, - ,qv), 1<g@<oo Vie{l,...,N}

and let us set

f:= max ¢ and «:= min g¢;.
i€{1,...,N} i€{1,...,N}

To avoid any confusion that q is in fact multi-component, in the rest of our work we will emphasize this
meaning by writing an arrow over q: 3 For simplicity, we assume throughout the text that the components

of d = (g1,92, - - .,qn) satisfy to
a=q<q@p<---<qgv=p.
Considering the unidirectional Sobolev spaces
W Q)= {ve W'(Q): Dvel%(Q)}, ie{l,....N},

which are Banach spaces for the norm

”V”wi'qi(g) = ”V”Ll(Q) + ”DiV”L‘“(Q) , 1€ {1’ .. '7N}7
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we define the anisotropic Sobolev space Wl’a(ﬂ) as follows,
N
WA ()= (| W) (),
i=1
with the norm defined by

N
IVllwra @) = IVl + D I1Div]e o).
i=1
An important limitation of the anisotropic Sobolev space Wl’a(Q), is that, for bounded domains €2, the
validity of Sobolev imbeddings is restricted to rectangular domains (see e.g. [10]). In fact, for rectangular
domains £, the following imbedding is continuous (cf. [23, Theorem 1])

— % N 1
1<s<gr, SN 1>
(2.1) WhA(Q) — L(Q) for any s : == Zggl 4
1<s< oo, ijlygl,
where ¢* denotes the Sobolev conjugate of g, the harmonic mean of ¢y, ..., qn:
N
. Ng _ N 1 . N
U=y Gty 2l v U
N-q Zj:l a j=1 % Zj:l @ 1
Moreover, the imbedding (2.1) is compact (cf. [23, Theorem 2]), and we denote this fact by writing
(2.2) Wl’a(Q) —— L%(Q) foranys:1<s<g".

In some situations it is possible to remove the restrictions on the shape’s domain and to enlarge the interval
of s for the validity of (2.1) and (2.2). Let us see this fact by defining

W(l)’a(ﬂ) := closure of CJ°(2) in the anisotropic norm of Wl’E(Q) .

N o1
Jj=1 q;

(2.3) Wé’g(Q) — L°(Q) foranys:1<s<gq,,
Wé’a(Q) —— L%(Q) forany s:1<s<gq,

where ¢ is the critical exponent defined by

(2.4) ¢; = max (7", 8} .

Remark 2.1. Note that, for N =2, g* > [ and therefore q; =q*. But, if N > 2, it may well happen that
B >q*. In fact, for N > 2,

In this case, we have (cf. [8, Theorem 1]), in the interesting case of > > 1, that

Moo N-1

> st

j=1, 28 1

This means that, in typical situations when N > 2, ¢ = [ if, at least, one of the components g; of 3 18
too far apart from the others. For instance, when N = 3, = (1—70, ?, ), we have > G* if and only if
B > 40. In this example, the first two components q1 and qo are relatively close to each other, but we may
have all the three components q1, qo and qs sufficiently far apart one from each other, as shows the example
a = (%, %,ﬁ) for which 8 > q* if and only B > 2002.

>q e g< &
B>7q q BTN

As a particular case of (2.3), it can be derived the following result, essentially due to Troisi [26] and extended
in [8, 22).

Lemma 2.1. Let Q C RN be an open bounded domain with a Lipschitz-continuous boundary 0Q. Then for
any u € Wé’a(Q)

[l

N ~
L) <C (H ”Diu”L‘H(Q)>

i=1

forse(l,q)] if Zfil % > 1, or s € [1,00) otherwise, and where C' = C(Q, N, s,q;) is a positive constant.
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Proof. The proof combines Theorem 1.2 of [26], Theorem 3.1 of [22] and Theorem 1 of [8]. |

Let us now recall the classical function spaces of Mathematical Fluid Mechanics,
V:={veCy{):divv =0},
H := closure of V in the norm of L?((2),
V, := closure of V in Wh4(Q).

We define the anisotropic analogue of V as follows,

N
Vg = ﬂ V.,

i=1
where V, :=closure of V in the norm of WZ1 "7 (Q). Now we consider the unidirectional Bochner space,
L%(0,T;Vy,) :=={v:[0,T] = Vy, | veL'(Qr), Dive L% (Qr)Vie{l,...,N}},
which is a Banach space for the norm

IVllzas 0,75v,,) = VIl @) + 1DivlLei (@r) -
Then we define the anisotropic Banach space
N
LE(O7T; Vg) = ﬂ L%(0,T;Vy,),
i=1
whose norm is defined by
N
M2 0rva) = [VlLi@n + 3 1Dl @n
i=1

Note that, for a bounded domain 2 and for a finite T, the following continuous imbeddings hold
LA(0,T; V) = L9 (0,T; Vg) = L*(0,T; V..) .

Therefore, as a closed subspace of L%(0,T;V,), the anisotropic parabolic space LE(O,T; V) is separa-
ble and reflexive. By L% (0,T;Vy,) and LE,(O,T; V/?)’ we denote the dual spaces of L%(0,T;V,,) and
La(O, T;Vg), respectively, and where V; and V/ﬁ stay for the dual spaces of V,, and V4.

3. THE MAIN RESULT

Regarding the issue of existence, which is our main goal in this work, we take some time to make a histor-
ical review of known results for the isotropic problem corresponding to the momentum equation (1.8). In
Ladyzhenskaya [13, Theorem 1.1] was established the existence of weak solutions for ¢ > 1—52, in the case
of N = 3 and under the assumptions that ug € H and f € L?(Qr). Then, Lions [15, Section 2.5] has
improved and extended, to a general dimension N > 2, the existence result of [13]. Under the assump-
tions that up € H and f € L9 (0, T; V,), [15, Théoréme 2.5.1] asserts the existence of weak solutions
u e L90,T;V,) NL>*(0,T; H). Both proofs in [13] and [15] use Galerkin approximations and compactness
arguments together with the theory of monotone operators. The improvement of [15, Théoréme 2.5.1] relies
in the fact that the continuous imbedding

N2

(3.1) L9(0,75V4) NL>(0, T3 H) — LT~ (Qr)
implies the boundedness of u®@u : D(v) in L' (Qr) for all u, v € L4(0,T;V,)NL*>®(0,T;H), provided that
3N + 2
3.2 > .
(3.2) 12 N2

A demand in the search of results of existence for lower values of q was subsequently carried out by several
authors. In particular, Necas and his collaborators developed a systematic program with much more Fluid
Mechanics insights to analyze the shear thinning case, i.e. the case for which 1 < ¢ < 2 (see e.g. [16]).
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However, it was only almost 40 years later, that Wolf [28] has proved the existence of very weak solution,
i.e. solutions satisfying to

—/ u- dxdt+/ (S(D(u)) —u®u) : D(p) dxdt

(3.3) T i

:/ f-c,odxdt—|—/uO'cp(O)dx7
Q

T

but now for all ¢ € C*>*(Qr), with dive = 0 and suppp CC Q2 x [0,T). In (3.3), S is a generic monotonous
tensor function of the symmetric part D(u) of the velocity gradient Vu, satisfying to suitable growth and
coercivity conditions, and of which the (isotropic tensor) |D(u)|?~2D(u), with 1 < ¢ < oo, is a particular
case. The author has used the assumptions that uy € H, f = —divF and F € L7 (Q7) and observed the
imbeddings (3.1) and L4(0,T;V,) N Lo~ (Qr) — L*(Qr) imply that div(u ® u) - ¢ is bounded in L*(Qr)
for all L*°—truncation ¢ of u and for some s > 1, provided that
N+1
N+2
In his proof, the author has used harmonic decomposition of L4-functions to decompose the pressure, into a
measurable function and a singular part, to carry out the passage to the limit in the pressure terms. Finally
in Diening et al. [7], the authors have improved the result [28] for smaller values of g,

2N
N+2
In that work the main tool was a well succeeded application of the Lipschitz—truncation method, but it was
also very important the technique developed by Wolf to decompose the pressure.

q>2

(3.4) q>

Mathematically speaking, anisotropic models are good because allow one to improve known results for
the isotropic models, at least in some directions of diffusion or for particular choices of all the diffu-
sion coefficients. In particular, in [3, Theorem 3.1] we have proved the existence of weak solutions u €
L*>(0,T;H) N Ld (0,75Vg) to the problem formed by (1.1), (1.5) and (1.6)-(1.7), satisfying the following
integral identity in the sense of distributions on (0,7,

4
dt /g

/Qf(t) v dx,

for any v € Vg NLY(Q) and where 6 is such that qi +1 —|—é = 1. The main assumption to prove [3, Theorem

*
a

u(t) - vdx + Z/Q |Diu(t)|“ "> Dyu(t) - Divdx + /Q [(u(t) - V)u(t)] - vdx =

3.1], was a restriction on the lower bound of the critical anisotropic Sobolev exponent ¢,

2a(a — 1
_2ala—1) . 2<a<3,
(3.5) @ > g = (%L (a—2)
, a > 3.
a—1

On the basis of the lower bound given by (3.5), are the anisotropic imbedding Vg < L2 (Q), which follows
from (2.1), and the anisotropic counterpart of (3.1),

(3.6) L0, T;H)NL9(0,T; Vg) = LP(Qr) for p:=2+a— %O‘

which follows from (2.1) and parabolic interpolation. Observe that, by virtue of (3.5), [3, Theorem 3.1]
improves the existence results [13, 15] in some directions of diffusion or for particular choices of all the
diffusion coefficients (see the final part of [3, Section 3.4]). However, as observed in [3, Remark 3.2], if ¢; = ¢
for all i € {1,..., N}, then condition (3.5) reduces to (3.2). On the other hand, the result [3, Theorem 3.1]
cannot be compared with the results of [7, 28], because the notions of weak solutions these papers deal with
are distinct. The goal of this work is to extend [3, Theorem 3.1] for lower bounds of « smaller than those
provided by (3.5), introducing for that purpose the notion of very weak solution to the anisotropic problem
posed by (1.1), (1.5) and (1.6)-(1.7).
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Definition 3.1. Let N > 2 and assume that ug € H and f € L'(Q7). A vector field u is a very weak
solution to the problem {(1.1), (1.5), (1.6)-(1.7)}, if:

(1) w e L=(0,T;H) NLI(0,T; Vg);
(2) u(0) = up;
(8) For every ¢ € C*(Qr), with dive =0 and suppp CC Q x [0,7T),

T

N
—/ u"-Pthdt""Z/ Vi|Diu|qi_2Diu-Digodxdt—/ u®u: Vdxdt
T i=17Qr

:/ f~godxdt—|—/u0~<p(0)dx.
T Q

We shall see in this work that, by considering the notion of very weak solutions stated at Definition 3.1, the
lower bound of ¢! given at (3.5) can be considerably decreased. In fact, as we shall see in the proof of the
our main result written bellow, we will establish the existence of very weak solutions in the case of

(3.7) qQo > B

Observe that, due to (2.4), the validity of (3.7) implies that ¢& = §*. According to Remark 2.1, this case
corresponds to a situation in which at least one of the components of ﬁ is too far apart from the others.

Theorem 3.1. Let Q be a bounded domain in R™, N > 2, and assume that

(3.8) f=—divF, FeL9(Qr),

(3.9) uy € H.
If the critical exponent g} satisfies to
(3.10) ¢; > max{2, 8},

then there exists a very weak solution u € Cy([0,T]; H)ﬁL3 (0,T;Vg) to the problem formed by (1.1), (1.5)
and (1.6)-(1.7) in the sense of Definition 3.1.

Here, by Cy([0,T]; H) we denote the subspace of L>°(0,7;H) consisting of functions which are weakly
continuous from [0, 7] into H.

Remark 3.1. Note that if ¢; = q for alli € {1,...,N}, then, from condition (3.10), we recover the main
restriction (3.4) on the existence of very weak solutions (see [7]) for the isotropic version of the problem
formed by (1.1), (1.5) and (1.6)-(1.7).

In some parts of the proof of Theorem 3.1, we shall make use of the following relation to better identify each
anisotropic diffusion component
(3.11) D; (|D;ju|%"%D;u) = div (|Dyu|%?Dju®e;),

where {ej,...,ey} denotes the canonical basis of RM.

Proof. The proof of Theorem 3.1 will be carried out in the rest of this paper which will be split into several
sections for better understanding. In the proof we use a regularization technique in the spirit of [31], we
adapt the technique of decomposing the pressure developed in [28] and we use the Lipschitz approximation
in the spirit of [7].
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4. EXISTENCE OF APPROXIMATE SOLUTIONS

Without loss of generality, we assume in the rest of this work that
v;=1 forallie{l,...,N}.
For ¢ > 0, we consider the regularized problem

(4.1) divue=0 in Qr,

N
88116 iviue®u,) =f — Vp. + ZDi (|Diu€\qi_2Diu€) + ediv (|Vu6|7_2|Vu6|) in Qr,

i=1
(4.3) u. = ug in Q for t=0,
(44) wuw.=0 on I'p,

(4.2)

where v is an exponent so large that, by one hand the convective term becomes a compact perturbation of
the anisotropic Stokes problem, and on the other

/u®u:Vvde L'(0,7) forueL‘”(O,T;H)OLQ(O,T;VQL veL0,T;V,).
Q

Moreover, v should be chosen in a way such that L7(0,7;V,) — Ld (0,T; V). In consequence of all this,
we consider

2N 2q*
4. 5= & 15 .
(4.5) > max{N+2,ﬂ, (q2—2)+ }

A vector function u. € L*°(0,7; H) NLY(0,T;V,) is a (very) weak solution to the problem (4.1)-(4.4), if

N
- / u. - dxdt + Z/ |Diuc|% 2 D;u, - Dy dxdt + 6/ |Vu.|"2Vu, : Vi dxdt
(4.6) T i=1"%T T

:/ u. ® u. : Vpdxdt + f-cpdxdt+/u0~g0(0)dx
Qr

Qr Q

for all ¢ € C>°(Qr), with dive =0 and supp p CC Q x [0,T).
Proposition 4.1. Let the assumptions of Theorem 3.1 be fulfilled and, in addition, assume that vy obeys to

(4.5). Then, for each € > 0, there exists a very weak solution u. € L>(0,T;H)NL"(0,7;V,) to the problem
(4.1)-(4.4). In addition, every weak solution satisfies the following energy equality:

N
1 1
(4.7) 5Hue(t)||%l+§ /Q |Diu€|q'idxdt+e/Q |Vu6|"’dxdt:§||u0||%{+/ F : Vu, dxdt
i=1 t t

t

for allt € (0,T).

Proof. The choice of v according to (4.5) allows one to use the theory of monotone operators (see e.g. [15,
pp. 209-217]) to prove the existence. The energy relation (4.7) holds true, because, since the solutions and
test functions are in the same function space, it is possible to test (4.2) by a solution u.. O

Let u. € L>(0,7; H) NLY(0,T; V) be a weak solution to the problem (4.1)-(4.4). From (4.7), we obtain,
by using Young’s inequality, that

(4.8) ||u6||L°°(O TH) T Z | D ueHLLu @n T eHVuEHm (Qr) <C,
i=1
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where, by the assumptions (3.8)-(3.9), C is a positive constant and, very important, does not depend on e.
The inequality (4.8) ensures that

(4.9) HDiueHL‘M(QT) <C Vie{l,...,N},

N
(4.10) I A e)

i=1

w142, , i
(4.11) [l|D;ue| DzueHLqi(QT) <C forallie{l,...,N}.
On the other hand, by using (4.10) and the imbedding (3.6), we can prove that
2«

(4.12) lucllLe(@ry <C for p=2+a——.

a

As a consequence of (4.12),

(4.13) lue ® uc|| C.

P <
L2(Qr) —
Note that the constants in (4.9)-(4.13) are distinct and do not depend on e. It should be stressed that
the assumption (3.10) assures that p > 2 and therefore L% (Qr) is a reflexive Banach space. Thus, from
(4.9)-(4.13) and by means of reflexivity, there exists a sequence of positive numbers €, such that €, — 0,
as m — oo, and

(4.14) Diu,, = D,u in L% (Qr), asm — oo, forallie{l,...,N},

(4.15) |D;u,,, |7 2D;u,, —S; in L%(Qr), asm — oo, forallie{l,...,N},
(4.16) u,, —~u nL90,T;Vy), asm — oo,

(4.17) u., —u inL”(Qr), asm — oo,

(4.18) u,, ®u,, ~G in Lg(QT), as m — oo.

Moreover, it can be proved that
(4.19) em|Vue, [772Vu,, — 0 in L7 (Qr), asm — .
Indeed, for ¢ € L7(0,T;V,), we have by the application of Holder’s inequality and (4.8) that

‘ / em|Vue,
T
1
7

5 1
Cen, </ €m|Vu€m|’Y dth) K ||V(P||L'Y(QT) < Cejy — 0, as m — oo.
T

2V, : Vi dxdt‘ <

Then, using the convergence results (4.16)-(4.19), we can pass to the limit €, — 0 in (4.6), with u. replaced
by u,,,, to obtain

N
(4.20) —/ u - dxdt + Z Si - D;pdxdt — / (G+F): Vepdxdt = / ug - ¢(0) dx

i=1 7 QT T Q
for all ¢ € C*(Qr), with div = 0 and supp p CC 2x[0,T). Now, using the identity (4.20) and proceeding
analogously to [28, p. 123], we can prove that
(4.21) u € Cy ([0, T; H).

The main difficulty here is to prove, from (4.20), that, for the distributional time derivative u,

N !/
o N 42
w, € L (0,T;Y'), Y;:quimvmﬂ, K= (N> .

To prove this we first observe that L%(O,T;Y') denotes the dual space of LN*1(0,7;Y). Due to (4.15),
we can prove that D;S; € L%(O,T;th_) and due to the assumption (3.8), we can also prove that F €

N+1

L™~ (0,T;Vy,) for all i € {1,...,N}. That divG € L%(O,T; V1) follows exactly in the same way as it
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was done in [28]. Next, using (4.10) and the definition of the distributive time derivative %, that is also

in L% (0,7;Y’), we can prove analogously to [28] that for every ¢ € [0, T]

u. () —=u(t) inH, asm — oco.
Whence (4.21) holds, in particular u(0) = ug and, owe to this and to (4.3),
(4.22) uc,, (0) = u(0).

5. CONVERGENCE OF THE APPROXIMATED CONVECTIVE TERM

In this section, we shall prove that G = u® u. To do it so, we first consider a fixed but arbitrary domain w
for which we may well assume the existence of another domain w’ such that

wCCw CcCQ: 0w is Lipschitz-continuous and duw’ € C2.

For these domains, we fix the notations wy := w x (0,7T) and w}. := ' x (0,T). We start by observing that
from (4.6) with u. , in the place of u, and using the notations (3.8) and (3.11), we can write

—/ U, - dxdt+

’
T

N
/ E |D;u.,,
wr \i=1

for all p € C§°(wh), with dive = 0. From the assumption (3.8) and the estimates (4.11) and (4.13), we
verify that

(5.1)

"2 Diue, ®e; — U, DU, — F) F Vipdxdt =0

N

(5.2) Z |Diu, |9 2D;u.,, ®e; —u,, ®u.,, —FcL' (W),
i=1

where

(5.3) 1< r < min {g,ﬁ’} . with p given at (3.6).

Observe that by assumption (3.10), p > 2 and consequently min {£,3’} > 1. Using (5.2)-(5.3), we can

obtain, from (5.1), that the weak time derivative
(5.4) u, €L"(0,T; W ().

€

Now, we observe from (2.4) and since, by assumption (3.10), ¢¥ > p, there always exists v > 1 such that the
following Sobolev compact and continuous imbeddings hold

(5:5) Wo (@) oo (W) = W), (7)) <v<d.

Then, using the Aubin-Lions compactness lemma (see [15, p. 58]), we obtain from (4.16) together with (5.4)
and (5.5), and passing to a subsequence, that

(5.6) u, —u in L7(0,T;L" (), as m — occ.

Using parabolic interpolation, we obtain from (4.10) and (5.6) that

(5.7) u, —u in L0, T;L7(w)) Vs:1<s<oo, as m — oo.

Since, from assumptions (3.10), ¢& > p > 2, we can choose v € [p, ¢}) such that, in view of (5.7),
(5.8) u, —u in L°(w},), s=p, as m — oo,

and in consequence

(5.9) u, ®u., —u®u inL%w;), asm — occ.

From (4.18) and (5.9), we conclude that

(5.10) G=u®u
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6. DECOMPOSITION OF THE PRESSURE.

First of all, we observe that by combining (4.20) with (5.1) and using (3.8) together with (4.22) and (5.10),
we get

“?Diu,, — S;) ® €] : Vpdxdt =

N
[ e w i+ Y [ (D,
T i=1 T

/ (u.,, ®u,,, —u®u): Vepdxdt
T

(6.1)

for all ¢ € C>(Qr), with dive = 0 and suppe CC Q x [0,7). Now, the results (4.15), (4.21), (5.9) and
(6.1) allow us to apply directly [28, Theorem 2.6] with the modifications introduced in [7, Theorem 2.2]. By
these results, we can infer the existence of unique functions

(6.2) pr, €LG(wh), .., pN € LI (wp),
p® % (Wh),
Pl € Cy([0,T); WH2(w")),
with
(6.3) Apfm =0 and p?m (0) =0,
and such that
/ (u,, —u) - dxdt + Z/ \D u,, *2Diu6m — Si) ® ei] : Vpdxdt =
(6.4) / (ue,, ®u,,, —u®u): Ve dxdt+
N

/ p6 div ¢ dxdt + / p2 divdxdt + / Vp’;m pr dxdt

T

for all ¢ € C°°(wT) with supp¢ CC w’ x [0,T). In addition, the following estimates also hold

i =2 .
(65) Hpem Lq i (wh) <C; |||D Ue,, i Dugm SlHLq:(w%) Vi€ {17"'7N}7
&
(66) Hpem HLg(w,’T) S C® ||u5m ® ufm u ® ll||L2( / ) ’
(6.7) D2, Ollwreqwry < Cnllue,, (8) —u®)llpay Ve (0,7),
where C4,...,Cy, Cg and C}, are positive constants depending only on N, w’ and on the correspondingly

Lebesgue exponents. Then, using the local regularity theory together with (5.8) and (6.7), it can be proved
(by the same reasoning used in [7, p.29]), that

(6.8) ||p?ﬂl||Ls(0’T;W2,s(w)) —0 Vs:1<s<oo, as m — oo.

We now define

(6.9) ve,, = (u.,, —u+ Vp?m) Xewr s
(6.10) Y. :=(S;—|Diju.,|" *Diu.,)®e; +p. I, ie{l,...,N},
(6.11) Y2 :=u,, ®u, —uu+p?I
N
(6.12) Y., =) T +71%,

where X, denotes the characteristic function of the set wr. Observe that for (6.9), due to (5.8) and (6.8),
we have

(6.13) ve,, — 0 in L?(wr), as m — oo.
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Using (6.9)-(6.12), the integral identity (6.4) can be written in the form

(6.14) f/ Ve,, - pr dxdt = Y., :Vepdxdt
wT wT
for all ¢ € C§(wr). From (6.14) it can be proved that for the distributive time derivative v, , we have
(6.15) vl eL"(0,T; W (w)),
where r satisfies to (5.3). In fact, due to (6.13), (4.15) and (6.5), (5.9) and (6.6), we respectively have
(6.16) ||V5m L (wr) S C,
. i< j ...
(617) I g SO Vi€ LN,
®
(6.18) 2 05, <C.

where C denote distinct positive constants not depending on m. As a consequence of (6.16)-(6.18), we have
(6.19) Y., €L (wr)

and, consequently, divY. € L"(0,7; W17 (w)). Therefore, in view of (6.15) and (6.19), the integral
identity (6.4) can also be written as

T
(6.20) / (Ve %) dt:/ Y., : Vedxdt
0 wT

for all ¢ € L (0, T W(l)’Tl (w)).

7. CONSTRUCTION OF A LIPSCHITZ-CONTINUOUS TRUNCATION

In order to construct the Lipschitz truncation we shall work with in the rest of the proof, we consider the
functions Y and Y defined at (6.10)-(6.12) as being extended to RN+ by zero. First of all, we observe
that in view of (6.13),

(7.1) ve, — 0 in L/(RN*1),  asm — oo,

m

Using (4.16), (6.7) and (6.9) on one hand, and using (6.17) on the other, we have for every i € {1,..., N}
(72) HDiV€m||qu(RN+1) S C,

(73) H‘rem”Lq;(RN-H) é C’

for distinct positive constants C not depending on m. Moreover, (5.9) together with (6.6), justify that

Y® —0 inLZ(RNTY), asm — oco.

€m

Let us now set

few =M (v, 1),
gl = M*(|Dyve, |) + (M(XL )= T, ie{l,...,N},

1

RL = (M*(XE ) E T, ie{l,...,N},

€m €m

where M* := M; o Myx. Here M; and My denote the Hardy-Littlewood maximal operators, which are
defined, for some function f € L?(RN*!) with 1 < p < oo, respectively by

1 t+r
Mi(f)(x,t) == sup = (%, )| ds,

0<r<oo 2T t—r

1
M0 s s /B Iy
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where Bg(x) denotes the ball of RY centered at x with radius R > 0, and £ stands for the N-dimensional
Lebesgue measure. Then due to the boundedness of the operator M* from LP(RN*+1!) into LP(RN+1!) for
any p > 1 (see e.g. Stein [25, Theorem 1.1.1]), it can be proved that

(7.4) | fer llLo(rv+1y — 0, as m — oo,
(7.5) ||gzm||Lqi(]RN+1) <C Vied{l,...,N},
(7.6) I em||L%(]RN+1)—>O Vie{l,...,N}, asm — oo,

for some positive constant C not depending on m. To prove (7.4) we have used (5.8) and (6.8), to prove
(7.5) we used (4.16), (6.7) and (6.17), whereas to prove (7.6) we used (5.9). Next, by the reasoning of [7,
p. 31] (see also [2, Lemma 5.2]), we can infer, for every ¢ € {1,..., N} and for every j, m € IN, the existence

of A j € [22j+1,22j+1] such that
(7.7) Ly (Gh, ;) <C279A % |\g6m|\qu(RN+1), Gt :—{(x,t) ERN gl | > Aj} s
(7.8) Ly (Hi ) <C2 u“ W% | pi — {(x,8) RN |hi | > Ay}

€m €m

L2 (RN+1) ?

On the other hand, for every j, m € IN, we also have, by virtue of (7 1) and (7.4),

(7.9) LNt (Fonj) S Cllfenlluomnsry,  Fyj={(x,t) e RNT 1 |f | > 1},
Gathering (7.5) and (7.7), we have
(7.10) Lyy1 (G, ;) <C27700%  Vie{l,...,N}.

Moreover, we also have

Gy 2 M (IDive,,

) > A b U{MA(IXE |) > A;{gjjl} Vie{l,...,N}.

Now, since Ap, j € [22j+1, 22”1}, we observe that (7.4) and (7.9) on the one hand and (7.6) and (7.8) on the
other, imply, respectively, that

(7.11) limsup £N+]_(Fm)j) = 0,
m—o0

(7.12) limsup Ly41(H,, ;) =0 Vie{l,...,N}.
m—o0

On the other hand, since M* is subadditive (see e.g. Stein [25]), we get from the definitions of G, ; and
H}, ; (see (7.7)-(7.8)) that, for each i € {1,..., N},

(7.13) G, ;UH, >0,
where
O i {(x,8) € B M (Dove ) + gl (M (1T, )+ M (X2, ])) > 300}
Orng = Ay
For each i € {1,..., N}, we set
(7.14) E}, ;= (Fn; UG, ;UH} ) Nwr,
Then, we can readily see that due to (7.10) and (7.11)-(7.12), we have
(7.15) limsup Ly41(E,, ;) < C277 hmsup)\m] , 1€{l,...,N}.
m—r o0
Moreover, due to (7.13), we have, for each ¢ € {1,..., N},
(7.16) (O'uU) Nwr C E, ; Cwr,
where here U is the set F,, ; defined in (7.9).
We are now in conditions to define the truncation we shall consider here. For each i € {1,...,N}, we

consider the following Whitney covering of E}n ; formed by the cubes

(7.17) Emi = Q%M (x, ) = [3,5) € RV gy (), (v:8) < 7}

m,j
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where r, >0, n € N and d,; is the metric defined by
m,J

1
(7.18) dé’im ((xn,tn), (¥,8)) := max {|y — Xnl, 7 |s — tn} )
: y

and {1¢ : n € IN} is the associated partition of unity (see e.g. Stein [25]). Following [7, Section 3], we define,
for each i € {1,..., N}, the Lipschitz truncation of v, subordinated to the Whitney covering (7.17)-(7.18)
by

Ve, in wr\E! J
; o)
AV = ; .
Tlm,] ( fm) Z ’(/};LVEm X g:‘n,j in El K
n=1

where x ,i denotes the characteristic function of the set QT"”
m,j

irregularity sets E}nj and Efﬁl are not necessarily the same. Therefore, we may have ’7'Z (Vem) =V, in

m

all Efn,j or just in part of it, if Ef,w N Effw = or E}n,j N Efjw # (0, respectively. Taking thlS into account
and defining

Here, we observe that for ¢ # k the

N
(7.19) Epj=)Em,
i=1

with the help of all ’sz ; we can build the following Lipschitz truncation of v,

Ve, in wr\ Em;
; : k k i ek i
(7.20) T i(ve,) = Tz j("em) in By \(Eny N Eny), HEL;NE,;#0
Z Z v, VeuX oty, B
i=1n=1 o l

Note that if EF, ;N E;, ; # 0, than 7'zmj(v€m) = v, in B\ (EE NE] ;). Now, let £ € CF(wr) be a

m,j
fixed cut-off functlon such that 0 < ¢ <1 in wp and let us consider the following admissible test function

(7.21) Gmj = ETmi(Ve,)-
In order to establish the main properties of the Lipschitz truncation (7.20) we are interested in, let us set
(7.22) w% :=suppé, £ is the cut-off function of (7.21).

Note that w% is strictly contained in wp, because 0 < ¢ < 1 in wyp. Let also C o1 (wT) be the space of

Lipschitz-continuous functions with respect to the metric (7.18). From the deﬁnltlon o ve,, (see (6.9)), using
(4.16) together with (6.6), we can prove that

Ve, € L(0,T;L2(w)) NLI(0,T; V).
Then, owing to (7.11)-(7.16), we can apply directly [7, Theorem 3.9, (i)-(iii)] to obtain:

(7.23) Tons(ve,) € OO (),

with the norm depending on N, wT, Ve, ILt (B ) Ve ||Ll Gry where w% CC wr CC wr;
(7:24) 19T Ve e gy < € (s + 28,7 e b )
(7.25) ITmstelmy < € (14 8,7 2 Ivenluaen ) -

where the constants denoted by C' depend only on N, and
(7.26) s, ¢ i=d,, (Wi wr) >0 dueto (7.22);

Om,j 7(")T
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HT;n,j (Vém) : (Tm,j (Vém) - VET"')HLl(wéﬁEm,j) <
(7.27) 1 1 s—N-3 ’
CQ;17jEN+1(EnL,j) <>\mg + Q;J5; s 5 HVE-m ||L1(Em J)) s

where the constant C' depends only on N. In addition,
(7.28) 1T 5 Ve oy < ClVen
where C' depends only on N (see [7, Lemma 3.5] and [25, Section VI1.3]).

Li(wr) VsS:1<s<oo,

8. CONVERGENCE OF THE ANISOTROPIC DIFFUSION TERM

Observing that, by virtue of (7.23)-(7.25) and of the definition of £, our admissible test function ¢,, ; €
L™ (0,T; W™ (w)), then, from (6.15) and (6.20), we infer that

T
/ (Vi (t), dm (1)) dt = Y., : Vo, ,dxdt.
0

wT

On the other hand, owing to (7.11)-(7.16) and, in addition, to (6.19), we can apply [7, Theorem 3.9, (iv)] to
prove that for every £ € CF (wr)

[t msoa=) [ (s Ve = 2V T ve,) ) €

(8.1)
+ / T:mj (Ve,,) - (Tmi(Ve,) — Ve, ) € dxdt.

Now, gathering (6.20) and (8.1), and expanding the notations (6.10)-(6.11), we obtain

Z |Diuem

i=1"YwT

Z/w (SZ — |Diu6m

—|—/ (Ue,, ®u,, —u®u): V(T ;(ve,) &) dxdt

%D, —Si) ®e; : VT j(ve,,) Edxdt =

"D, ) @€t Tonj(ve,,) ® VEdxdt

+ Z/ Pt Tmj(ve,) - VEdxdt

/ P div(T oy (ve,) € dxdt

—I—/ T, i Ven) (Ve = T j(ve,,)) Edxdt
E

N N

N
::ZJ{+J2+ZJ§+ZJ1+J5+J6+J7.
i=1 i=1 i=1
We claim that, for a fixed
/ (|Diuem
wrp

To prove this, we will carry out the passage to the limit m — oo in all absolute values |J;|, I =1,...,7.

N -
(62 limsup ) "D, —81) @ e s VT (ve,,) Cdxdi| < C27F

m—oo %
i=1
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e limsup,, .. SN (|J{] + |Ji]) = 0. Due to (4.15) and (6.2), (Si — |Dsue,,|%2D;u,,,) ® e; and p. are
uniformly bounded in L% (wr) for all i € {1,..., N}. Then, using Holder’s inequality and (7.28), led us to

[T+ 1731 < Col T ms (Veu) i op) < C2 Ve o wr) < O3 Ve, Lo )

wT) —_—

for alli € {1,..., N}. The assertion follows by the application of (5.7) with s =y = § and (6.8) with s = 3,
and observing that, from assumption (3.7), 8 < ¢.

e limsup,, . (|J2] + |J5|) = 0. In fact,
| Jo] 4+ [J5] S lu®@u—ue, @ue, [|L1 (@) |V (Tm,; (Ve )E) ||Loc(w§)+
1PE, et or) AV (T, (Ve )€) e -
Then, due to (5.9) and (6.6), limsup,,_,.(|J2| + |J5]) = 0 if, for a fixed j € N, both second multiplying

terms on the right-hand side of the above inequality are uniformly bounded with respect to m. This is true,
because, according to (7.24) and (7.25), we get

HV (Tm’j (Vf'rn)§> HLoo (ws.) <
IV T i (Ve oo gy + CllTm i (Ve g oty <
1 Vew L, )

m,J 5N+2
d

1 Vel @,
Cl )\m,] + g’m}j ;-11[4_3 ( 7”»3)

d

+C |1+

3 €
om,j YT om,j YT

Now, observe that from (6.16), v.,, is uniformly bounded in L'(E,, ;). Moreover, (7.18) and (7.26) implies
that
inf ¢ > 0.

d,w?

On the other hand, for a fixed j € IN, the sequence \,, ; lies in the interval [22j+1, 22j+1] and therefore Q;lb

is also uniformly bounded (from above) with respect to m.

e limsup,, . Zivzl |Ji| < c2 5. By the definition of the Lipschitz truncation (see (7.20)) together with
the fact that divv.,_ =0 (see (6.9) and (6.3)), we can write for each i € {1,...,N}

Ji :/ pi divT o, (ve,)dxdt Vie{l,...,N}.
w;ﬁE.m,j

Using Holder’s inequality, (6.5), (4.15) and (7.22) together with the same reasoning of the previous bullet,
we have

lim sup |.Ji| < C lim sup IVT .5 (Ve )l i (WSNE

m—r00 m—r 00 m’j)

1 1 e_N—
< Climsup [ENH(Em,j)‘“ (Am,j + Qm}j‘sdQN ’ € ||V€7n||L1(E7n,j)>:|

m—00 m,i YT
1

< Climsup (Lx41(Eng) ¥ A ) < Climsup (Lav41(Eh ;)7 Ams)

m—r oo m—r o0

Then, by the definition of E,, ; (see (7.19) and (7.14)) and (7.15) together with (7.2) and (7.3), we get the
desired result.

e limsup,, .. |Js| = 0. By Cauchy-Schwarz’s inequality and (7.28),

[Js| < Cllve,

2 2
L2(wr) < Clven L2 (wr)-

Here the assertion follows by the application of (5.7) with s = v = 2 and (6.8) with s = 2, and observing
that 2 < ¢* by the assumption (3.10).
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e limsup,, ,. |J7] < C277. Using (7.27), arguing as we did for |J;| and using the definition of E,, ; (see
(7.19)), we can prove that

lim sup |J7| < C'lim sup
—» 00

m— oo m

2
o (Bng) (A + 00, e s, ) ]

< C'limsup [Q;%jEN_H(Em,j))\fn,j] < C'limsup [Q;}jEN_H(Efn,j))\fn,j] .

m—r o0 m— o0

Then, by the definition of g, ; and (7.15) together with (7.2) and (7.3), we get limsup,,_, |J7| < C277.
As a consequence, claim (8.2) follows.

On the other hand, arguing as we did for |J;|, we can prove also that, for a fixed 7,

/ (‘Diuem
Emm.j

In consequence, from the definition of T, ; (see (7.20)), (8.2) and (8.3), we prove that

N
(8.4) lim sup

m—r o0

<02 %,

N
(8.3) lim supz 42D, — S;) ® e V(T (v, )€ dxdt
=1

<02k,

/ (|Diuem|qi_2Diuem - Sz) Ke;: V(Tm,j(vem))§ dxdt
WT\Ern,j

i=1

Using the definition of v.,, (see (6.9)) and the strong convergence property of p! (see (6.8)), it can be
derived from (8.4) that

N

Di €m
S, (o

=1

(8.5) lim sup <02 5.

m—r o0

%“2D;u,, — Si) ®e;: V(ue, —u)édxdt

In the final part of the proof, we consider an arbitrary i € {1,..., N}. Due to (8.5) and (7.11), and since

En; C Ejn,j’ for each j € IN we can find a number m; € IN such that

(8.6) / (IDsu,, |%“?Dsu,,, — S;) ®e; : V(u, —u)édxdt| < 02’%,
WT\E:nj‘j !

(8.7) Lyi1(Fy ) <C277 and  Lyia(H;,, ;) <C277.

%

Setting g;'. = EXwr\ Bl o where x,,,\ B, denotes the characteristic function of the set wr \ Ey, . ;, it can

be proved (see [7, pp. 36-37]), using (7.7), (8.7) and the fact that A, ; > 1, that

(8.8) §;- — ¢ ae. in wr asj— oco.

From (8.8), (4.14) and (4.15), we have, by appealing to Lebesgue’s theorem of dominated convergence, that
(8.9) Diu¢, — D;u¢ in L%(wr), asj— oo,

(8.10) Si€ —S;¢ in Lf%(wr), asj—co.

Then, from (8.6)-(8.7) and (8.9)-(8.10), and appealing once more to (4.14), (4.15) and Lebesgue’s theorem
of dominated convergence, we obtain

Jj—o0

(8.11) lim |Dsu., |%"2D;u,,, ®e; : Vusmj f; dxdt = / S; ®e; : Vué dxdt

wT T

forall ¢ € {1,..., N}. Finally, taking into account (4.14), (4.15), (8.8) and (8.11), we can use the Minty trick
in the spirit of [28, Lemma A.2] to establish that S; ¢ = |D;u|%~2D;u¢ a.e. in wy. Due to the arbitrariness
of ¢, S; = |D;u|%~2D;u a.e. in wy, which concludes the proof of Theorem 3.1. m]

Remark 8.1. It is possible to consider unbounded domains Q. In this case, proceeding as in Wolf [28,
Section 3], we can prove that the regularized problem (4.1)-(4.4) has a unique weak solution for such . As
a consequence the original problem has a solution for these domains as well.
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9. ANALYSIS OF THE EXISTENCE RESULT

We recall that the main restrictions on the lower bounds of the anisotropic exponents ¢; to prove Theorem 3.1
are stated at (3.7) and (3.10),

(9.1) q, > B and ¢, > 2.
As mentioned in Section 3, due to (2.4) and to Remark 2.1, we have
N
Ng 1 N
9.2 G>0=q">pfeq>——< — <14+ .
6:2) N+B =y B
In this case, the second relation of (9.1) reads as
Y N
. >267">247 — <14+ —.
(9.3) @G >257" > ®Q>N+2@]§qj< + 5
Combining (9.2) with (9.3), lead us to
N o
N 14—, if pg>2
1 , N B
Z — <min< 1+ —,1+ =
=1 B 2 N
L+ 5. if p<2

Let us consider the case of § < 2 which corresponds to the most difficult situation to analyze. Note that
in the isotropic problem, i.e. when ¢; = ¢ for all i € {1,..., N}, the range 1 < ¢ < 2 corresponds to the
shear-thinning case for which the result of [7] has still left a gap, in the case of 1 < ¢ < % and N > 3.
The following example is very clear about the scope of the outcome established in Theorem 3.1.

Example 9.1. Let us consider 8 < 2 and ¢y = ¢o = -+ = qn_1 = « but distinct of qnv = . In this case,
(3.7) and (3.10) are satisfied if
2N —2
N when [ — 27,
_ -1 N+1
N-1 1 N N 1
—t S <l+=-sa> |1+ - (N-1)
@ B8 2 2 B 2N T
2t 5 2t
Ny N2 when 5 — N2
Observe that when 8 — %Jr, we end up with o > 1\2,—12 which in a certain sense corresponds to assume
2N

that g; = q for alli € {1,...,N} and to the recovery of the lower bound q > N3 for the isotropic problem
analyzed in [7]. But, when 3 — 27 in the particular case of N = 3, we achieve the optimal condition o > 1,
which means that if for one component, say qs, we have q3 = 2, then the other two components satisfy the
optimal condition q; > 1, fori =1, 2, and as long as g2 = q.

The example above shows that Theorem 3.1 improves the result of [7] in order to be optimal in some
directions of anisotropy, provided that in other directions there is a compensation. Theorem 3.1 improves
also the result [3, Theorem 3.1] for the same anisotropic problem.
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