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Abstract

In this paper, we analyze the problem of finding the minimum dimen-
sion n such that an analytic map/ordinary differential equation over R™
can simulate a Turing machine in a way that is robust to perturbations.
We show that one-dimensional analytic maps are sufficient to robustly
simulate Turing machines; but the minimum dimension for the analytic
ordinary differential equations to robustly simulate Turing machines is
two, under some reasonable assumptions. We also show that any Turing
machine can be simulated by a two-dimensional C*° ordinary differential
equation on the compact sphere SZ.

1 Introduction

As it is well known (see e.g. [Sip12]), a Turing machine is a mathematical model
of computation that formalizes the notion of algorithm/computation over dis-
crete structures such as the set of positive integers N or integers Z. In practice,
Turing machines are computationally equivalent to a standard digital computer.
Furthermore, following the work of Turing and others it is also known that some
problems such as the Halting Problem or Hilbert’s 10th problem are noncom-
putable, i.e. there is no Turing machine (i.e. no algorithm) that solves those
problems [Tur37], [Mat93]. These remarkable results show that some problems
are algorithmically unsolvable. Examples of other nontrivial behavior regarding
Turing machines include, for instance, the existence of universal Turing ma-
chines, which can simulate the computation of any other Turing machine (see
[Tur37] or e.g. [Sipl2]), or the existence of self-reproducing Turing machines
which output their own description [Mos10].

Although the results above are considered classically over discrete structures
(e.g. N), often they can be studied over continuous spaces such as R™. The idea
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is to simulate the computation of a Turing machine with a continuous map/flow.
If a continuous system is able to simulate any Turing machine (or, equivalently,
a universal Turing machine), then this system is usually referred to as Turing
universal. A consequence of the noncomputability of the Halting Problem is
that the long term behavior of Turing universal systems is highly complex (in a
manner distinct from behaviors considered e.g. in chaos theory) and has some
characteristics which are not computable (see e.g. [Moo91]). However, in appli-
cations, it is often desirable that Turing universal systems are relatively simple
and mathematically well-behaved so that they can be used in meaningful sit-
uations. For this reason, one might be interested in having properties such as
low-dimensionality, reasonable smoothness, or robustness to perturbations for
Turing universal systems.

In this paper, we investigate the problem of determining the lowest dimension
n such that the analytic maps or analytic ODEs defined on R™ can robustly
simulate Turing machines.

It is well-known that piecewise affine and other types of maps and ODEs can
simulate Turing machines on R”, see e.g. [Moo091], [KCG94], [Bra95], [Koi96],
[Bou99], [KP05], [BC08], [BP21], [Kaw10], [KORZ14]). However, some authors
have claimed (see e.g. [MO98], [KM99], [ABO01], [KM99], [BGH13]) that, when
focusing on more physically realistic systems simulating Turing machines, one
might desire other additional attributes such as robustness to noise (it is known
that the addition of noise to some classes of systems reduces their computational
power, see e.g. [MO98], [ABO01]) or smoothness of the dynamics since most clas-
sical physical systems are expressed with smooth (actually analytic) functions.
In [KM99] the authors have shown that closed-form analytic maps are capable
of simulating Turing machines with exponential slowdown in dimension one or
in real time in dimension > 2. In [GCBO08] it was shown that, under a certain
notion of robustness (see Theorems 1 and 3 below), the class of closed-form ana-
lytic maps on R? as well as the class of ODEs defined with analytic closed-form
functions in RS can robustly simulate Turing machines. We recall that closed-
form analytic maps are analytic functions which can be expressed in terms of
elementary functions such as polynomials, trigonometric functions, exponential
and logarithmic functions, their compositions, etc.

In the present paper, we show that (a) one-dimensional analytic maps can
robustly simulate Turing machine on R (Theorem 9) in real time (i.e. without
the exponential slowdown of [KM99]; the simulation in [KM99] is not robust to
perturbations either); (b) two-dimensional analytic ODEs can robustly simu-
late Turing machines (Theorem 11), which reduces the dimension of the ODEs
from 6 as in [GCBO8] to 2; (c) none of one-dimensional autonomous analytic
ODEs can simulate (robustly or not) a universal Turing machine under certain
reasonable assumptions; and (d) Turing machines can be simulated on the two-
dimensional unit ball - a compact subset of R? - albeit only with C'> functions.
As mentioned before, results (a) and (b) improve the results obtained in [KM99]
and [GCBO08], respectively. Result (a) is proved by simulating Turing machines
directly using the technique introduced in [GCBO8] rather than simulating three-
counter Minsky machines (which are Turing universal) with Collatz functions



and then embedding Collatz functions in closed-form functions as shown in
[KM99]. The direct simulation removes the exponential slowdown and ensures
the robustness to perturbations. To prove result (b), we developed a dimension-
reduction scheme that preserves robustness with respect to perturbations. The
dimension-reduction is not a trivial matter due to the fact that R¥ and R" are
not homeomorphic if £ # n and, subsequently, there is no continuous bijection
between the two spaces. Result (d) further extends the results in [GCBO8] -
valid only on unbounded spaces - by showing that Turing machines can be sim-
ulated on the two-dimensional unit ball. The proof of result (d) makes use of
the ideas from [CMPS21]. Similar to what is done in [CMPS21], we show that
there is a C'"°° ODE which can simulate Turing machines over the compact set
S* = {z € R** ! : ||z|| = 1} for n > 2. In [CMPS21], a polynomial flow (defined
with a polynomial ODE) having Turing universality on S™ for n > 17 is first
constructed and then this polynomial flow is used to construct a (Euler) partial
differential equation which is Turing universal. And it is shown in [CMPSP21]
that there are Turing complete (stationary Euler) fluid-flows on a Riemannian
3-dimensional sphere. The difference between our result (d) and the results of
[CMPS21], [CMPSP21] is that we use ODEs instead of partial differential equa-
tions (for the case of [CMPSP21]), and result (d) is for S? instead of S* or S17
as in [CMPS21], [CMPSP21], respectively.

The outline of the paper is as follows. In Section 2 we review the construction
presented in [GCBOS] to create analytic maps on R? which can robustly simulate
Turing machines. In Section 3 we present some auxiliary functions. Building
on these results, we show in Section 4 that one-dimensional analytic maps can
robustly simulate Turing machines. By iterating these maps with ODEs, we
are able to show in Section 5 that two-dimensional ODEs can robustly simulate
Turing machines. In Section 6, we construct a C°° ODE that can simulate
Turing machines over the compact set S?. Finally, in Section 7 we show that
under reasonable hypothesis, no one-dimensional analytic ODE can simulate a
universal Turing machine.

2 Simulating Turing machines in dimension three

In this section, we review several results from [GCBO08] which are useful for
proving our main results.

We first recall some basic results from computability theory (see e.g. [Sip12]).
Given a finite set X (the alphabet), a word over ¥ is a finite sequence w =
(w1, ...,wy) € XF for some k € Ny (k is the length of the word), where Ny
is the set of all non-negative integers. Note that there is a special sequence,
represented by e, which denotes the word of length 0. As usual, for notational
simplicity, we will denote the word w = (w, ..., wg) simply as w = wy...wg. The
set of all words over X is denoted by ¥*. We also recall that a Turing machine
is a discrete dynamical system defined by the iteration of a map, although it
is usually viewed as a finite-state machine since this approach is often more
convenient. More specifically, let > be an alphabet, and take some symbol



B ¢ 3, which is usually known as the blank symbol, and let @) be a finite set
known as the set of states with some special elements qg,q;, € @, called the
initial state and the final state, respectively. Then a Turing machine M is a
map Fjy : ¥F x ¥* x Q — ¥* x ¥* x  that works as follows when viewed
as a machine. It has a bi-infinite tape, divided into cells, and a head which
is associated to some state of Q). Given some (u,v,q) € ¥* x £* x @) (the
configuration of the Turing machine), where u = uqusz ... u, and v = vV1v3 ... Uy,
then the tape contents of the Turing machine at this configuration is

..BBBuy...vav1 w1y ... up BB B..., (1)

while its associated state is ¢. In this case the Turing machine is also said to be
reading symbol vy. Then, depending only on the value of the current state and
of the symbol being read by the head, the machine simultaneously (i) updates
its state, (ii) updates the symbol being read by the head and (iii) either moves
the head one cell to the right, one cell to the left, or maintains the head on the
same position.

A Turing machine M computes a function f : 3* — X* as follows. Given
a word w it starts its computation on the initial configuration (w, e, qq), i.e.
in the initial configuration the state is the initial state and the tape contains
the input w only. Then M proceeds with the computation until it reaches the
halting state gp. In this case we say that the Turing machine has halted with
configuration (up,vp,qn) € L* X £* x Q. In this case its output will be uy, i.e.
up = f(w). If M does not halt with input w, then f(w) is undefined.

Given some Turing machine M as described above, let £ = 1 + #X and
take an injective map v : ¥ — {0,1,2,...,k — 1} with v(B) = 0. Let (u,v,q)
be the current configuration of M and let us further assume that M has m
states, represented by the numbers 1,...,m, and that if M reaches an halting
configuration, then it moves to the same configuration (i.e. Fus(up,vn,qn) =
(uh, Uh, qh)). Take

y1 = v(u1) + y(u2)k + ... + y(up )k N
Y2 = V(Ul) + ’Y(’Ug)k + ...+ ’Y(Up)k‘p_l

and suppose that ¢ is the state associated to the current configuration. Then
(y1,v2,q) € N3 encodes unambiguously the current configuration of M. Under
these assumptions, the transition function of M can be encoded as a function
far : N3 — N3, In [GCBOS] it was shown that fy; can be extended to a function
far : R® — R3, which has the following properties: (i) it is capable of simulating
M in the presence of perturbations; (i) the function f is analytic, and each
of its components can be expressed using only the following terms: variables,
polynomial-time computable constants (see Remark 2 for a definition), +, —,
X, sin, cos, arctan. The precise statement of this result is given below, where
| £l = supgea | f(z)| for a function f: A CR! — RI, ||ly|| = maxi<;<; |y;| for
y=(y1,-..,y;) € RY, and fI¥! denotes the kth iterate of the function f : A — A,
which is defined as follows: fl%(z) =z, f*F+l(z) = fIFI(f(2)).



Theorem 1 ([GCBO08, p. 333]) Let ¢ : N> — N? be the transition function
of a Turing machine M under the encoding described above, and let 0 < § < € <
1/2. Then v admits a globally analytic closed-form extension fir : R3 — R3
such that the expression of each component of far can be written using only
the following terms: wariables, polynomial-time computable constants, +, —,
X, sin, cos, arctan. Moreover, fu; is robust to perturbations in the following
sense: for all f such that ||f — far| < 8, for all j € N, and for all Ty € R?
satisfying ||Zo — xol|| < &, where zg € N represents a configuration according to
the encoding described above,

| (@0) = vV (ao) | < =

We note that the proof of this theorem is constructive and that fy; can be
obtained explicitly. A continuous-time version of Theorem 1 was also proved in

[GCBOS].

Remark 2 We note that we can define computable real constants and com-
putable real functions using the approach of computable analysis. Hence the
functions fa; given by Theorem 1 are computable in the computable analysis
sense. Computation in the setting of computable analysis is performed by com-
puting with a discrete model over a (infinite) representation of a real number,
a real function, etc., while computation as described in Theorem 1 uses an an-
alytic function defined over a real space without making use of any discrete
model. However, it can be shown that the apparent different approaches are in
fact computationally equivalent [GCB08], [BCGHO7], [BGP17]. We also recall
that the notion of a computable real number or of a computable real function
in the setting of computable analysis can be presented in several equivalent but
different ways. For example, according to the approach presented in [Ko91] (see
also [BHWO0S8]), a number ¢ € R is computable if there is a Turing machine M
that, on input n € N, outputs (in finite time) a rational g, with the property that
|gn — ¢| < 27™. If the Turing machine M runs in polynomial time (in n), then
we say that ¢ is computable in polynomial time. Similarly, a function f: R — R
is computable if there is an oracle Turing machine M that computes f(x) in the
sense that, given as input n € N and any oracle ¢ : N — Q recording x € R
(i.e. with the property that |z — @(n)| < 27"), M outputs a rational number gy,
such that |g, —c| < 27™. A C! real function f : R — R is Ct-computable if f
and its derivative are both computable. These notions can be generalized to R™
n a straightforward manner.

Theorem 3 ([GCBO8, p. 333]) Let ¢ : N> — N? be the transition function
of a Turing machine M under the encoding described above; let 0 < & < 1/4;
and let 0 < § < 2e < 1/2. Then there exist

e 1 > 0 satisfying n < 1/2, which can be computed from ,e,0, and

o an analytic closed-form function gar : R” — RS which can be written using
only the following terms: variables, polynomial-time computable constants,
+, —, X, sin, cos, arctan



such that the ODE z' = gp(t, 2) robustly simulates M in the following sense:
for all g satisfying ||g — g || < 8 < 1/2 and for every o € N3 that encodes a
configuration according to the encoding described above, if To,%o € R? satisfy
the conditions ||To — xo|| < € and ||go — zol| < &, then the solution z(t) of

Z=g(t,2),  2(0)=(Zo,70)

satisfies, for all j € N and for allt € [, + 1/2],
|20 = vV ao) | < m, (3)

where z = (21, z2), with z; € R® and 2o € R3,

3 Some useful auxiliary functions

In this section, we present several functions and results which are needed in
subsequent sections. In a first reading, the reader can skim through the results
without going into the proofs.

The function Y presented in the next lemma can be seen as a generalization
of the error-correcting function Iy from [GCBO08, Lemma 9]. More specifically,
the function ¥ can be viewed as a function that improves the accuracy of ap-
proximations within distance < 1/5 of an integer (the function Iy of [GCBOS,
Lemma 9] has a similar property, but only works for the integers 0 and 1), where
the correction factor is bounded by e™¥, and y > 0 is the second argument of
v,

Lemma 4 Let ¥ : R? — R be given by ¥(z,y) = x — 5= arcsin(sin(2mz)(1 —
e Y72)). Then |¥(z,y) — k| < e ¥|x — k| whenever |z —k| < 1/5 for some
keZ andy > 0.

Proof. Let ¥ : R — R be defined by ¥(z) = x — 5= arcsin(sin(27z)). We
note that, since sin(27x) has period 1, ¥(z) = k if x € [k — 1/4,k + 1/4] for
some k € Z. However, although it is continuous, the function ¥ is not analytic,
since it is well-known that if an analytic function is constant in a non-empty
interval, e.g. [3/4,5/4], then it should be constant everywhere on the real line R,
which is not the case for U. The problem is that, although the composition of
analytic functions yields again an analytic function, the derivative of arcsiny is
not defined when y = —1 or y = 1 and thus ¥ is not analytic when x = k —1/4
or x = k + 1/4 for some k € Z. Note, however, that arcsin is analytic in
(—1,1). Hence, we can multiply sin(27z) by a value 1 —e™¥ (or 1 — e Y~2
which will be more convenient later on), which is slightly less than 1, to ensure
that the resulting function ¥ is analytic, since in this way we guarantee that
—1 < sin(2rx)(1 —e™¥) < 1 for any « € R and y > 0. Next we notice that, by



the mean value theorem

larcsina — arcsinb| < |a — b] max ——
z€la,b] /1 — x2

1 1
= |a — b| max , .
| | (\/1—(12 \/1—b2>
Let us now take g(x) = 7z — sin(27rx). We note that g(0) = 0 and that ¢'(z) =
7 — 2mwcos(2mx) > 0. Hence we conclude that g strictly increases in [0,1/5],
which implies 7 |z| > |sin(27z)| when x € [-1/5,1/5]. This implies that for
x €[k —1/5,k+ 1/5], where k € Z is arbitrary, we have

L 1
— R =T = o= in(si _eY2Y)) _ _ o
[¥(.y) —kl =z 27 arcsin(sin(2mz)(1 — e ) (37 o arcsm(sm(%rx))) ’

1

=5 ’arcsin(sin(me)) — arcsin(sin(27z)(1 — e ¥ 7?))|
™
1 1

< o |Sin (2rz) (1 —(1— 6*y72))|
T 1= sin2(27r/5)
1 1

Py — |sin (27 (z — k))| e Y2
/1 —sin®(27/5)

< |sin (27 (z — k))| e Ve 2

<Tle—kle Ve ?

<l|lx—kle V.

]

We now present another error-correcting function o : R — R which was first
presented in [GCBO08, Proposition 5]. This function is a uniform contraction
around integers. Unlike ¥, one cannot prescribe the amount of error reduction
around each integer with a single application of the map o. On the other hand
its use is not restricted to a 1/5-neighborhood of integers and can be used on
larger neighborhoods. This last property will be handy later on.

Lemma 5 ([GCBO08]) Let o : R — R be the function defined by o(x) = x —
0.2sin(27wz). Let € € [0,1/2). Then there is some contracting factor A € (0,1)
such that, Y6 € [—e,¢], ¥n € Z, |o(n+ §) —n| < A0.

The constants A. can usually be explicitly obtained. For example, as shown
in [GCBOS], we can take A; /4 = 0.47 — 1 ~ 0.2566371.

It is well known that there are bijective functions from N2 to N. An example
(see e.g. [0di89, pp. 26-27]) is the dovetailing pairing map I : N2>— N defined
by the formula

(z+y)?+3z+y

1 = . 4
(2.9) . ()
Using this map we can obtain a bijective map I, : N¥ — N, for k > 2,
by defining I recursively: Is(x1,22) = I(z1,22); Ip+1(z1,..., Tk, Tpr1) =



Iy(Ix(z1,...,2%),Zx+1). We now show that the maps I can be extended to
R* robustly around the integers. Since each I, is a (multivariate) polynomial,
to achieve this objective we have to analyze how the error is propagated via the
application of a polynomial map. The following lemma is from [BGP12], and
can be viewed as an extension of a similar result proved in [GCB08, Lemma 11]
for the case of monomials. For multivariate polynomials, the multi-index nota-
tion is used for compactness as follows: a monomial 7" ... x}" is represented
by %, where © = (z1,...,2), @ = (a1,...,q), |a| = a1 + ... + o is the
degree of the monomial, and the degree of a (multivariate) polynomial is the
maximum degree of all the monomials which appear in its expression.

Lemma 6 ([BGP12, Lemma 4]) Let P : R¥ — R be a multivariate polyno-
mial of degree k and let x,y € R¥ be such that ||z||,||y|| < M for some M > 0.
Then

|P(x) = P(y)| < kM* 'SP ||z —y|

where X P denotes the sum of the absolute values of the coefficients of P.

Now we are ready to state the result that shows the existence of robust
analytic extensions of I for each k.

Proposition 7 For each k € N, k > 2, there exists an analytic function Yy :
RF — R with the following properties:

1. If z € N* then Yi(x) = Ii();

2. For any x € R¥, if there is some y € N¥ such that ||z —y| < 1/5, then
Th(z) — Ie()| < [lo —yl < 1/5.

Proof. We start with the case k = 2. Since

(r1+22)% + 321 + 32 22 + 21129 + 23 + 371 + 22
Iy(zy,22) = 5 = 5 ;

it is clear that the function I is well-defined for all z1, 22 € R. In the remaining
of this proof, we assume that I is defined over R?. Since I is a polynomial of
degree 2, by Lemma 6 we conclude that

[Io(x) = Ix(y)| < 8max([|z|, [ly[]) = -yl -
Since ||z|| < 1+ ||z||* for all z € R2, it follows that
|Ia(2) = L2(y)| < 82+ llz]” + [lyl*) I = wll- ()

Set
Yo(w1,22) = L(¥(x1,32(1 + ||z]3)), U@, 32(1 + [z]3))),

where Hx||§ = 2?2 + x3. As a composition of analytic functions, Ty : R? — R is
clearly analytic. If 1,25 € N, it is trivial to verify that To(z1,22) = Ia(x1, z2),
which implies property 1. For property 2, let us assume that ||z —y|| <e < 1/5



for some y € N*. Using Lemma 4 and the inequality e~ < (1/1) for all [ > 1,
we obtain the following estimate, where ¢ = ||z — y|| < 1/5:

(w1, 3200+ 213)), W (22, 320+ 213)) = (1.2

< ce—B20+]2]3)

€

<
32(1 + [l]2)

(6)

Recall that, on R2, || - || denotes the Euclidean norm while || - || denotes

the maximum norm. Since ||z —y|| < 1 and |yll, < V2|yl|, it follows that

|z —ylly < V2|lz — y|| < 1/2, which further implies that

2 2
||yH2 =lly—x+ $||2
2
< (llz = ylly + [lzll5)

1 2
< 5 + [z,

2
= 7+ lzlly + [l

N R N

2 2 2
< g A1l + llzlly <24 2]

Then it follows from this inequality, (5), and (6) that

|Ta(z) — I2(y)]
= [T2(2) — T2(y)|
< smax(le], yl) [ (21, 3201 + 2]2)), W2, 3200 + [2]2)) ~ (1,00
< 8(2 + [zl + ||y||2>m
g
2+2]zlls + 2+ 2]|z]3))
13

2 2
2 2

2 2
< 2+ =]z + llyli2)

U< 11112

which proves property 2 for k = 2.
For the case where k& > 2, the result is obtained inductively by setting

Tk+1(x1, e ,zk,ka) = TQ(Tk(xl, e ,xk),xk+1).



Property 1 is immediate; property 2 follows from the estimate below:

[Tetr(zrse ooy oy @) — Do (Y1, - Y Uit |

= [|Trpr (@1, @h, T1) — L1 (s - -5 Yoo Y1) ||

= [|To(Tr(z1,. .oy 2r)s wes1) — Lo Trlyr, - Uk), Yrr1) |l
< (Cr(zr, oy wn), @pgr) — (Tr(yi, -5 Yk)s Yk ||

< max (| V21, - 2) = Telye, -yl lzer — yrgal)
< max ([ — wll, [le2 — g2l loesr — yega )
<l =yl

]

As shown above, I, : N¥ — N provides a bijection between N* and N that can
be robustly extended to an analytic function Y}, : R¥ — R. We now show that
the inverse function of I can also be robustly extended to an analytic function
from R to R¥. We write I,;l(z) = (Je1(2),..., Jek(2)), where Jy1,..., Jkk
N — N. The following result shows that I, 1. N — N¥ can be robustly extended
to an analytic function from R to R¥.

Proposition 8 For each k € N, k > 2, and for each 1 <1 < k, there exists an
analytic function Q,; : R — R with the following property: for any x € R, if
there is some n € N such that |z —n| < 1/5, then |Qi(x) — Jii(n)| < 1/5.

Proof. First we prove the result when k£ = 2. Let us assume that i = 1
(the case where ¢ = 2 is similar). Then, by definition, Ja1(l2(21,22)) = 1.
Since I(x1,2z2) > x; for ¢ = 1,2 or, more generally, Iy(z1,...,zr) > x; for all
i=1,...,k (see e.g. [0di89, p. 27]), we have the following algorithm to compute
Jo.1, given some input x € N:

1. Foralli=1,...,x

2. Forallj=1,... )z

3. If I1(i,j) = «, then output i
4. Next j

5. Next ¢

This algorithm always stops with the correct result. Hence Js; can be
computed by a one tape Turing machine M. Furthermore, using well-known
techniques, we can assume that M has the following properties: (i) the tape
alphabet of the Turing machine is {B, 1} where B denotes the blank symbol;
(ii) the input alphabet is {1}; (iii) each input z € N and the respective output
of the computation is represented in unary, i.e. by a sequence of z 1’s; and (iv)
Ja1 is computed by M in time P(n) = P(z), where P is a polynomial which
can be explicitly obtained and which is assumed to be an increasing function.
Regarding condition (i), we notice that there are universal Turing machines
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which only use the alphabet {B,1} and hence we do not lose computational
computational power with respect to Turing machines using more symbols. For
example, if we have a Turing machine M; which tape alphabet has & > 3
symbols (including the blank symbol B), then we can create a Turing machine
M, with tape alphabet {B, 0,1} which simulates M; by taking some fixed [ € N
satisfying [ > log,(k) such that each symbol of M; is represented by distinct
strings (blocks) of {0,1}* of length I, with the exception of the blank symbol
of M; which is represented by a block of [ blank symbols in Ms. By its turn,
My can be simulated by a Turing machine M5 with tape alphabet {B,1} by
coding each symbol of M; as a string of length 2 in M3, e.g. by coding 0,1,
and B as 1B, 11, and BB, respectively. We note that regarding condition (iv),
the expression of P depends on the exact implementation details of M, but
we prefer to omit the exact description of M and of P for brevity (these can
be obtained as usual, although the procedure is a bit tedious and hence not of
much interest for this proof).

Let gar : R” — RS be the function given by Theorem 3 such that y' = gas(y)
simulates M (taking ¢ = 1/5 in that theorem), and let n < 1/2 be the associated
constant such that (3) holds. (The value of § in Theorem 3 is not really relevant;
one may simply take § = 1/5).) Let I € N be chosen such that o¥(5) < 1/5 (see
Lemma 5). Given an input « € N for the Turing machine M, let us assume that
this input is encoded in unary (i.e. x is represented by a sequence of = 1’s) when
processed by M. We can then transform this unary coding of x into another
integer value ¢1(z) via the coding (2), where v(B) = 0 and (1) = 1, which
can then be used to create an initial condition for ¥’ = gps(y) such that this
IVP simulates M with input z. Note that although z € N and ¢1(x) € N, we
do not necessarily have = ¢1(z). Since initially the tape will be empty, with
the exception of the input, and M will be on its initial state, which we assume
to be the state 1 (we can assume, without loss of generality, that the states of
M correspond to the elements of {1,2,...,m}), then the initial configuration
of M will be coded as (p1(x),0,1). Let ®(¢, p1(x)) denote the solution of y’ =
gnm (y) with initial condition associated to the configuration (¢1(z),0,1) and let
7F . R¥ — R be the projection 7¥(x1,...,2;) = 2; for 1 < i < k. Note that
® is analytic and that M computes J ;. We will use these facts to create the
function Q1 to be defined as Qa1 (x) = 3 07§ 0 ol 0 ®(P(x + 1), ¢1(x)) for
some analytic functions 1, 2 yet to be defined, which essentially translate the
value of z € N into the coding (2) of its unary representation (case of ¢1) and,
reciprocally, converts the coding of the unary representation back to the number
encoded by this representation (note again that € N may not be equal to the
number ¥ € N encoding the symbolic representation — unary, binary, etc. —
of x given by (2)). Since |z —n| < 1/5 and P is assumed to be increasing, it
follows that z +1 > n > 0 and P(x + 1) > P(n). Hence, if |x —n| < 1/5
implies that |¢1(z) — p1(n)] < 1/5, we get that ®(P(x + 1), ¢1(z)) will return
the coding of the output of M with the input encoding the number z € N
(note that although the relation (3) is in general valid only in intervals of the
format [, + 1/2] with j € N, but since we have assumed that the image of
an halting configuration is itself, it follows from the results of [GCBO08] that (3)
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is valid for all times [j 4+ 1/2,j + 1] after the Turing machine has halted. See
also Remark 15). We now only have to define the functions ¢ and ¢s. Let us
now first turn our attention to ;. Note that given some n € N, the number
2™ — 1 will represent n in unary when using the coding (2) (taking k = 2, since
v(B) = 0 by definition, and by taking (1) = 1). Hence it makes sense to
take ¢1(n) = 2™ — 1. However, we cannot take ¢ (z) to be 2¥ — 1, because in
that case we cannot ensure that |x —n| < 1/5 implies |p1(z) — p1(n)| < 1/5.
To avoid this problem, we improve the accuracy of x using the function ¥ from
Lemma 4, obtaining an improved estimate Z satisfying |27 — 2™| < 1/5. We now
determine the accuracy improvement needed to achieve this objective. Note that
the exponential function 2% is strictly increasing and thus, by the mean value
theorem, we have

|27 — 2| < 2max(@EM 2|z — | < 2°F! [z — n.

Hence, if we have |z —n| < 274 we get |27 — 27| < 1/5. This is achieved if
Z = VU(z,z +2), due to Lemma 4 and from the property that |[x —n| < 1/5 <
272, Hence we can take ¢ (z) = 2¥(®2+2) _ 1,

We now proceed with a similar reasoning for ¢o. We first note that if n € N
codes the exact output of M according to (2), and thus represents in unary some
number ¢ € N, we will have n = 2¢ — 1 as we have already seen. This implies
that ¢ = log,(n + 1). Now we have to analyze again the effect of replacing n
by some real value x satisfying |z — n| < 1/5. By the mean value theorem, we
have (note also that n > 0 since n € N)

1
= In 2(min(z,n) + 1)
<t
~ In2(n+4/5)
< 2
~ 4In2
< 2|z —n|.

[logy (z 4 1) — logy(n + 1) [(z+1) = (n+1)]

|z —n|

|z —mn]

Therefore, to ensure that |z — n| < 1/5 implies that [log,(z + 1) — logy(n + 1)] <
1/5, it is enough to take p2(z) = logy(¥(x,2) + 1) (using Lemma 4) or pa(x) =
logy(o(x) + 1) (using Lemma 5 and noting, as mentioned in [GCBO08, Remark
6], that we can take \y/4 = 0.4m — 1 ~ 0.2566371).

Proceeding similarly for the case of Jo 9, we conclude that Qs 2(z) = pgon§o
oo ®pp (Pyp(z+1),¢1(x)), where M’ is a TM machine computing .J5 5 which
is similar to M, with the difference that in Step 3 of the pseudo-algorithm above
we take “If I3 (4, j) = x, then output j”. The results for & > 2 follow inductively.
L]
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4 Analytic one-dimensional maps robustly sim-
ulate Turing machines

We now present one of the main results of this paper. Let M be a one-tape
Turing machine and let (y1,%2,q) € N3 be the encoding of a configuration as
given in Section 2 and (2). In what follows each configuration (y1,ys2,q) is
encoded in the single value

c= O(y17y27Q) = 13(y17y27Q) eN.

Thus we can consider that, under this new encoding, the transition function of
a Turing machine is a map ¢ : N — N.

Theorem 9 Let v : N — N be the transition function of a Turing machine
M, under the encoding described above, and let 0 < § < 1/5. Then there is an
analytic function gy : R — R that robustly simulates M in the following sense:
for all g such that ||g — gall < 9, and for all Ty € R satisfying |To — xo| < 1/5,
where xoy € N represents some configuration, one has for all j € N

9" (zo) — ¥Ul(z0)| < 1/5. (7)

Proof. Most of the work to prove this theorem was already done in Section 3.
The idea is to compose the robust simulation of Turing machines of Theorem
1 from R3 to R3 with the map Y3 (which allows to go from dimension 3 to
1) and its inverse (which allows to go back from dimension 1 to 3). Since all
involved functions are robust to perturbations, the same can be said to their
composition. Hence, the composition will provide a robust simulation of Turing
machines from R to R.

We now present the details. Let us first define a function gps : R — R that
robustly simulates M in a weaker sense that just the input can be perturbed
and not gps itself. More specifically, let us define a function g : R — R with
the following property: for all Ty € R satisfying |Zg — 2| < 1/5, where 2o € N
represents some configuration, one has for all j € N

351 (z0) — ¥V (x0)| < 1/5. 8)

To achieve this purpose, let fi; be the corresponding 3-dimensional map simu-
lating M obtained via Theorem 1 with e = 1/5. Then we take

gm () = T30 faur(231(x), 32(2), 3,3(2)).

It then follows from Theorem 1, Proposition 7, and Proposition 8 that property
(8) is satisfied. We now only have to take care of the perturbations to gas. Let
o be the function defined in Lemma 5. Let j € N be some integer such that
0< /\jl/4/5 < 1/5—§ and take

gu (@) = oW o gas ().
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Then, by property (8) and Lemma 5, if Ty € R satisfies |Zg — xo| < 1/5, where
zo € N represents some configuration, one has

lgne (Zo) — ¥(xo)| < 1/5 — 0.

If ||lg — gam|| <6, then we conclude that

l9(To) — ¥ (x0)| < [9(Zo) — gnr(To)| + |gar(To) — P (z0)|
<5+ (1/5— )
<1/5.

By using this last inequality and by iterating g and v, we conclude that the
property (7) holds. m

Remark 10 In the statement of Theorem 9, we could have picked some fixed
e > 0 satisfying 0 < e < 1/5 and, instead of assuming that |To — xo| < 1/5, we
could have assumed that |Tg — xo| < € and required that |g[j] (Zo) — U] (zo)| < e
for condition (7). To see this it would be enough to compose gpr with ol
where o is given by Lemma 5 and | € N is such that All/4/4 < e — 4, with
A1/g = 0471 — 1 = 0.2566371.

5 Analytic two-dimensional ODEs can robustly
simulate Turing machines

In this section we construct an analytic two-dimensional ODE that robustly
simulates Turing machines in the sense of Theorem 3. To prove this result,
we simulate the iteration of the one-dimensional analytic function provided by
Theorem 9 using a two-dimensional analytic ODE. Then it follows from Theorem
9 that this ODE will simulate a TM. The approach is similar to that used in
[GCBO08]. More precisely, the following theorem is proved in this section.

Theorem 11 Let ¢ : N — N be the transition function of a Turing machine
M, under the encoding described in Section 4, and let 0 < § < 2/5. Then there
exist:

e 7 > 0 satisfying n < 2/5 < 1/2, which can be computed from &; and
o an analytic function gy : R? — R?

such that the ODE 2z’ = gp(t, z) robustly simulates M in the following sense:
for all g satisfying ||lg — gm|| < 6 < 2/5 and for all zy € N which encodes a
configuration according to the encoding described above, if To, 7o € R satisfy the
conditions ||To — xo|| < 1/5 and ||Jo — xo|| < 1/5, then the solution z(t) of

2 = g9(t,2), 2(0) = (Zo, Yo)
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satisfies, for all j € Ny and for allt € [j,5 +1/2],
26 = w8 zo) | < m,
where z(t) = (21(t), 22(t)) € R2.

The remaining of this section is devoted to the proof of Theorem 11. We
first present the main ideas in [GCBO08] for simulating the iteration of a map
defined over the integers, which admits a robust analytic real extension, using an
analytic ODE. The basic idea is to simulate the iteration of a map f (in our case
the transition function gps of a Turing machine M given by Theorem 9) using a
two dimensional ODE with solution z1, 2. In each time interval [k, k+1], k € N,
one of the components will be fixed on the first half unit interval [k, k + 1/2] -
serving as a “memory” of the result f*/(z4) obtained most recently - to allow
the other component to be updated from f*l(z) to its correct value fIF1 ().
In the second half unit interval [k + 1/2,k + 1] the roles of the components
are reversed. Hence, at time t = k£ + 1 both components will have the value
f*+1 (o) (see Fig. 1). Since this procedure repeats itself for subsequent time
intervals, one will be able to simulate a Turing machine with an ODE. The
fact that we will be using analytic functions poses additional challenges. The
challenges are to be overcome by using the robustness to perturbation of the
function gp; from Theorem 9.

We begin with a construction that uses an analytic ODE to approximate a
value b € R in a finite (given) amount of time with some (given) accuracy. This
construction will be needed to derive the ODE simulating the iteration of the
map. Consider the following basic ODE

y = c(b—y)’o(t), (9)

which was already studied in [Bra05], [CMCO00], [GCBO08, Section 7]. The ODE
can be easily solved by separating variables, which gives rise to the following
result.

Lemma 12 ([GCBO08]) Consider a point b € R (the target), some v > 0 (the
targeting error), time instants to (departure time) and t; (arrival time), with
t1 > to, and a function ¢ : R — R with the property that ¢(t) > 0 for all t >ty
and fttol ¢(t)dt > 0. Then the IVP defined by (9) (the targeting equation) with
the initial condition y(ty) = yo and

1

= 0 T ot (0

has the property that |y(t) —b| < ~ for t > t1, independently of the initial
condition yo € R.

However, since we wish the ODE simulating Turing machines to be robust
to perturbations, we have to analyze a perturbed version of (9).
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Lemma 13 ([GCBO08]) Consider a point b € R (the target), some v > 0 (the
targeting error), time instants to (departure time) and t; (arrival time), with
t1 > to, and a function ¢ : R — R with the property that ¢(t) > 0 for all t >ty
and fttol é(t)dt > 0. Let p,6 > 0 and let b, E : R — R be functions with the
property that |[b(t) — b| < p and |E(t)] < & for allt > to. Then the IVP defined
by

7 = c(b(t) - 2)°6(t) + E(1), (11)
with the initial condition z(tyg) = Zo, where ¢ satisfies (10), has the property that
|2(t1) — b < p+ v+ (t1 — to), independently of the initial condition Zy € R.

Proceeding along the lines of the argument presented in [GCBO08], we now
show how the map given by Theorem 9 can be iterated by a 2-dimensional ODE.
Although our objective is to obtain an analytic function gp; defining an ODE
2" = gum(t,z) which simulates a given Turing machine M, in a first step we
iterate the map given by Theorem 9 by using a non-analytic ODE.

Following the approach provided in [Cam02, p. 37], let § : R — R be the
C* function defined by

0(z) =0ifx <0, O(z)=e * ifz>0. (12)

Next we define the C'*° function v : R — R given by

<
—~
(=}
~
Il
=
@\
—
5
~
|

¢0(—sin 27zx), (13)

1 -1 1 ) -
¢= (/ 9(—sin2mc)da:) = (/ esinmda:)
0 1/2

The function v has the property that v(x) = n, whenever = € [0,n + 1/2]. We
now get the following lemma.

where

Lemma 14 The C* function r : R — R defined by r(z) = v(x 4+ 1/4) has the
property that r(x) = n, whenever x € [n — 1/4,n + 1/4], for all integers n.

Note that the function r can be seen as a function that returns the integer
part of a real number around a 1/4-vicinity of an integer.
We now consider the ODE

{z{ =c
P
b =¢

where f : R — R is an extension of the function f : N — N, z;(0) = 2(0) =
zo € N and ¢ is a constant yet to be defined. We will next show that (14) iterates
the map f near integers. Its behavior is depicted in Fig. 1 when iterating the
exponential function 2*. Suppose that ¢ € [0,1/2]. Then 24(t) = 0 and thus
23(t) = xo and 7(22) = 0. In this manner, the first equation of (14) behaves
like the targeting equation (9), where b = f(r(22)) = f(xo), to =0, t; = 1/2,

t

(r(z2)) — 21)30(sin 27t),

(21) — 22)30(— sin 27t), (14)

—
=<

16



Figure 1: Iterating the exponential function 2% with an ODE.

and ¢(t) = 0,(sin27t) and ¢ has to satisfy the condition (10) for ¢. Now note
that sin2mt > 1/4/2 and thus —1/sin(27t) > —v/2 when t € [1/8,3/8], which

implies that
1/2 . 2/8 )
/ e*mdtZ/ o~ e dt
0 1/4

> ie‘ﬂ.
This implies that
1 _ 1
292 [V 0(sin2mt)dt 242 [} e e dt
2¢V?
< roat

Therefore, due to Lemma 12 and (10), if we take & > 2¢V2/~2 the first equation
of (14) becomes a targetting equation on the time interval [0, 1/2] associated to
a targetting error . In particular, if we pick v = 1/5, then we can pick ¢ = 206
such that (10) holds and thus

b —21(1/2)] = [f(20) — 21(1/2)] < 1/5.

On the time interval [1/2,1], the roles of z; and z5 are switched: we will have
z1(t) = 0 which implies that z; () = 21(1/2) for all ¢t € [1/2,1]. We thus conclude
that r(z1(t)) = f(xo) for t € [1/2,1] and therefore the second equation of (14)
behaves like the targeting equation (9) with b = r(z1(t)) = f(z0), to = 1/2,
t1 = 1, and ¢(t) = 6;(—sin2nt) and ¢ = 206. Again, using Lemma 12 and
similar arguments as in the previous case, we conclude that

b — z2(1)] = [f(x0) — 22(1)| < 1/5.
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In the following time interval [1, 3/2], the cycle repeats itself and we have 25 (t) =
0 and thus f(r(z)) = f(f(z0)) = f® (o). Using a similar reasoning, we
conclude that for all k& € Ny we have zo(t) = fFl(x) for all t € [k, k + 1/2],
(assuming £ (z) = z) and 2, () = fF+t () for all t € [k +1/2,k + 1].

We thus have shown how to iterate (the extension of) a discrete function
f N — N with an ODE. Nonetheless, the ODE is still not analytic as required.
Remark that if the ODE is analytic, then 2] and 2z} cannot be 0 in half-unit
intervals, since it is well-known that if an analytic function (2] and 2z, in our
case) takes the value zero in a non-empty interval, then this function has to be
identically equal to 0 on all its domain. Therefore, instead of requiring that
21 and 24 take the value 0 in alternating half-unit intervals, we require that
these functions take values wvery close to zero. Since the map g given by
Theorem 9 is robust to perturbations on its input, this will ensure that the
whole simulation of gp; with a two-dimensional ODE can still be performed,
even if z; and 29 are not strictly constant in the half-intervals [k 4+ 1/2,k + 1]
and [k, k + 1/2], respectively. However, we still have to ensure that |z (¢)| and
|25(t)| are sufficiently small in the half-unit intervals of interests to guarantee
that the iteration can be carried faithfully. To better understand how this can
be achieved, we have to analyze the effects of introducing perturbations in (14),
with the help of Lemma 13 since now the “targets” will be slightly perturbed.

Proceeding as in [GCBO8], the non-analytic function 6;(sin 27t) in the first
equation of (14) is replaced by an analytic periodic function with period 1 which
is close to zero when t € [1/2,1]. As shown in [GCBO08], this can be done by
considering the function s defined by

s(t) = % (sin®(2t) + sin(27t)) . (15)

which ranges between 0 and 1 in [0,1/2] (and, in particular, between 4/5 and
1 when z € [0.17,0.33]), and between —% and 0 on the time interval [1/2,1].
Then we take the analytic function ¢ : R? — [0, 1] defined by

¢(t,y) = W(s(t),y),

we conclude that fol/z o(t,y)dt > 4/5 x (0.33 — 0.17) = 0.128 > 0 (assuming
that y > 5) and |¢(t,y)| < e”¥/8 for all ¢t € [1/2,1] (i.e. y allows us to provide
an error bound for z{(¢) in the time interval [1/2,1]). Since ¢ has period 1 on

t, we conclude that f:H/Q o(t,y)dt > 0.128 > 0 and |¢(¢,y)| < e"¥/8 for all
t € [k+1/2,k+ 1], where k € N is arbitrary and y > 5. Therefore ¢ satisfies
the assumptions of the function ¢ in Lemma 13 on the time interval [0,1/2].
We can now proceed with the main construction that simulates the iteration
of the map given by Theorem 9 with an analytic ODE. Take v > 0 to be a value
such that 2y + 6/2 < 1/5, and let gps be the map given by Theorem 9 (use
as value for § in the statement of the Theorem 9 the value /2 < 1/5, where

n=(y+9)/2+1/5<2/5). Consider the ODE 2z’ = hj(t, z) given by
# = c1(z1 — oMo gay 0 0l(22))? $1(t, 21, 22), (16)

2 = ca(z2 — ol (21))® @al(t, 21, 20),
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where 2(t) = (21(t), 22(t)) € R?, with initial conditions 21(0) = Zg, 22(0) = %o,
where T, 7o € R are approximations of some initial configuration z satisfying
|Zo — 20| < 1/5 and |gio — x0| < 1/5, 1 € N is such that ol!(n) < v < 1/5 (see
Lemma 5), and

O1(t,21,22) = 6 (1,2 (21 — ol 0 gag 0 01 (22)) + 2 4 10)

do(t, 21, 22) = & (—t, % (2 — oM(21))* + 2 + 10) , (17)
and ¢1, co are constants associated to a targeting error of value v (i.e. they are
chosen such as the constant ¢ in (10) and by noting that fol/Q o(t,y) > 0.128, we
can take ¢y, co = 4y~2). Note that, since ¢ satisfies the assumptions of function
¢ in Lemma 13, the same will happen to ¢; and ¢2. The ODE (16) simulates
the Turing machine M similarly to the ODE (14), by iterating gp;. However
(17) has a more complicated expression, since it has to deal with the fact that
z1(t) and z5(t) are not exactly zero in half-unit intervals.

Since we want that the ODE 2’ = hy;(¢, 2) to robustly simulate M, let us
assume that the right hand-side of the equations in (16) can be subject to an
error of absolute value not exceeding 6. To start the analysis of the behavior
of (16), let us first consider the time interval [0,1/2]. Since |x|3 < z* +1 for
all z € R, we conclude that ¢; is less than min(y(cz |22 — ol (,21)|3)_17 1/10).
This implies, together with the assumption that z} in (17) is perturbed by an
amount not exceeding d, that |z5(¢)] < v+ 6 for all ¢ € [0,1/2] which implies
that |z2(t) — 22(0)] < (y+9)/2 for all ¢ € [0,1/2]. Since the initial condition Z
satisfies |Zg — o] < 1/5 where zg € N, we conclude that

|22(t) — o] < VTM +1/5=n< % for all ¢ € [0,1/2]
which implies that
‘U[l](ZQ(t)) - xo‘ <7< % for all t € [0,1/2].
Due to Theorem 9, we conclude that
‘gM o ol(zy(t)) — w(xo)\ < é for all € [0,1/2].

Since oll(n) < v and 1 > 1/5, we get that |am o g o all(zy(t)) — g (zo)| <~
for all ¢ € [0,1/2]. Then the behavior of z; is given by Lemma 13 and

21 (;) — 1(20)

In the next half-unit interval [1/2;1] the roles of z; and zo are switched
as before and one concludes, using similar arguments to those used in the time

<3 (18)

<2y+446/2<
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interval [0,1/2] that |2} (¢)| < ~y+0 for ¢ € [1/2,1]. Therefore |z1(t) — z1(1/2)] <
(v+9)/2 for all ¢t € [1/2,1]. This inequality together with (18) yields that

|z1(t) — YP(x0)| < 1/5+ (y+6)/2=n forallte[l/2,1].

Since oll(n) < v, we conclude that |o!)(z1(t)) — ¢(z0)| < v and Lemma 13
gives us

22 (1)~ Yloo)| < 27 +6/2 < 5. (19)

On the time interval [1,3/2], the roles of z; and z; are again switched. There we
will have |25(t)] <+ § for all ¢ € [1,3/2] which implies that |z2(t) — 22(1)] <
(y+46)/2 for all t € [1/2,1]. This inequality together with (19) gives us

|z2(t) —(z0)| < 1/5+ (v+06)/2=n forallte][l,3/2]

We thus conclude that this analysis can be repeated in subsequent time intervals
and thus that for all j € N, if ¢ € [j,j + 3] then |22(t) — U (z0)| < 1/5. This
concludes the proof.

Remark 15 From the proof of Theorem 11, we conclude that if the Turing
machine halts after ng steps with configuration cp, and if we assume that (cp) =
ch, then for any n € N satisfying n > ng + 1, we have

1
|22 (n) —cp| < 3

Furthermore, on the half-unit time interval [n,n + 1/2], we will get that
oz () —en| <y < 1/5

fort € [n,n+ 1/2]. Assuming that 6 = 0 in Theorem 11, we then conclude
from (16) that z3(t) starts its trajectory from a value 1/5-near to cp and will
monotically converge to a value ol(z(t)) which, although may change with
time, will never leave an 1/5-vicinity of ¢, for t € [n,n 4+ 1/2]. This implies
that 1

2 ) —nl < 3 (20)
for allt € [n,n+ 1/2]. Since (20) holds on [n,n + 1/2] as we have seen from
the proof of Theorem 11, we conclude that (20) holds for t > ng + 1/2.

6 Simulating Turing machines over compact sets

So far all our simulations of Turing machines are carried out over the non-
compact set R™. In this section we show that it is possible to simulate Turing
machines with ODEs on the 2-dimensional compact sphere S? = {z € R3 : ||z|| =
1}. The technique used in the construction is based on a similar result proved
in [CMPS21]. It is shown in [CMPS21] that there is a computable polynomial
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vector field on the sphere S* = {z € R*""! : ||z|| = 1} simulating a universal
Turing machine; in other words, the polynomial vector field is Turing complete,
where n > 17 is arbitrary. The underlying idea of the construction presented in
[CMPS21] is to map a vector field defined in R™ to S™ using the stereographic
projection, and to remove the singularity at the north pole by using a suitable
reparametrization on the polynomial vector fields. We show in this section that
the dimension can be lowered from n > 17 to n = 2 at the cost of using a non-
polynomial C'* vector field. This is done by using the stereographic projection
map applied to the function gp; of Theorem 11. However, since g is not
polynomial, a different technique from that of [CMPS21] will have to be used
to remove the singularity at the north pole, and that technique only works for
C vector fields. It would be interesting to know if the simulation of a Turing
machine on S? can be achieved with an analytic vector field.

The notion introduced in the following definition will be used throughout
this section.

Definition 16 Let f : R"™* — R, where n,k,j € Ng, with j > 1. Given an

expression f(x1,...,Tn,Y1,---,Yk), we say that [ is bounded by a constant on
the variables x1,...,x, and bounded by a polynomial on the variables y1, ..., Yx
if

Hf(x1>"‘7xn7y1>“‘7yk)|| Sp(yla"'7yk)
for all (x1,...,%n,y1,--.,yx) € R"* in the domain of f.

For example g(t,z) = xsin(27t) is bounded by a constant on ¢ and poly-
nomially bounded on x and h(t) = sin(27t) is bounded by a constant on ¢ (to
simplify notation, in this latter case where h is not polynomially bounded on
any other variables, we will just say that h is bounded by a constant). Some
functions which are bounded by a constant include sin, cos, arctan.

The next result shows when a Turing universal vector field can be defined
on S™.

Theorem 17 Let
Y = f(t,y) (21)

be a C'-computable ODE simulating a Turing machine M, where f : R*T1 —
R™ is a C* function with the property that both f and all its partial derivatives

|| .
% are bounded by a constant on t and are polynomially bounded on
otko ayll “'ay"n
the variables 1, ..., x,, assuming that the argument of f is (t,r) € R"*! where

koyk1,...,kn € No, k = (ko, k1,...,kn), and |k| = ko+ki1+...+ k. Then from
f one can compute a C*° vector field F defined on S™ that also simulates M .

Proof. We recall that the (inverse) stereographic projection ¢ : R™ — S"™ C
R?*! is given by

r2—1 2z 2o 2x,
()0("171,«12, s 71:77,) =

1472147214727 71412
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where 72 = 22 + 23 + ... + 22. Suppose that f(t,x) = (fi(t,x),..., fu(t,1)).
Then we can write the vector field defined by f on R™ as

" 0

We recall that if g : M — N is a C'! map between two manifolds M = R" and
N = R, then for each p € M the map ¢ induces a linear map g, : T,M —
TypyN from the tangent space T, M of M at p to the tangent space of N at g(p).
We also recall that (0/0z1],,, ..., 0/0z,|,) forms a basis for TpM and, similarly,

if (Z1,...,7%) are coordinates for N = R, then (0/021] 4, ; 0/0Zky ()
forms a basis for T,y IN. Moreover, the matrix that (locally) deﬁnes the l1near
map g, relative to the bases (0/0z1|, , ..., 9/0xy|,) and (0/021| ¢y s - - 0/0%k| ;)

is the Jacobian of g. In the case of the map ¢, and if we take (yo, yl, .. ,yn)
coordinates for R"*1, we obtain the following (note that the variable ¢ in the
expression of f can be seen as a fixed parameter):

. 0
—zf 23%
! Oz; 0y;

0
- Zfz 1 yO Yig— 82,/0 + (1 — Yo — Z YiYjo— 8 ) (22)

J¢{0 i}
where f; is evaluated at (t,0 1 (yo,y1,---,¥n)) = (t, 12}0 ey 13’;}(}). This
implies that ¢, (f) is a vector field of class C°°, except at the north pole yyp =
(1,0,...,0) of S™ where it is not defined. Let us now consider the following
ODE
= K(7) (23)

¥ = f(r,7)K(7)

where K : R™ — R is such that K(xz) > 0 for any 2 € R™ and 7(0) = 0,
Z(0) = xg. Since 7/(t) > 0, 7 is strictly increasing and thus 7 admits an inverse
771, Next we note that if # = 2 o 7, where x is a solution of (21) and 7(0) = 0,
we have that

((r(1))'

fr (), z(r (1) (t)

F(r(), 2(8) K (z(t)). (24)
It is not difficult to see that if (7,Z) is a solution for (23), then Z is also a

solution to (24). Since the solution of the ODE (23) is unique, by the Picard-
Lindelof theorem, we conclude that Z(t) = Z(t) = z(7(¢)). Furthermore, since
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7/(t) > 0 for any t € R, we conclude that any solution curve of (21) with initial
condition y(0) = x¢ also provides a solution curve for the last n components of
the solution of (23) with initial condition 7(0) = 0, Z(0) = o, up to some time
reparametrization, and vice versa. ,

Thus, by taking K(z) = e TIT — ¢ Trelr T , we conclude that the solu-
tion curves of

2
= 17

o' = e T2 f(r,x) = h(t, x) (25)

and of (21) are the same, up to a time reparametrization 7 given by the

ODE 7/ = ¢ 1+ > 0. Note that the right-hand side of (25) is formed by
C'-computable functions, which means that the solution (7,z) to (25) is also
computable, since the solution to a C'-computable system is also computable
[GZB09], [CGO8]. Hence, when simulating Turing machines, if the result of the
nth step of the computation of the Turing machine being simulated by (21) can
be read in the time interval [a,, b,], then the result of the nth step when the sim-
ulation is performed by (25) can be read on the time interval [r~1(a,), 7~ (b))
Note that 7! can be computed from 7 and hence from f. Indeed, we know
that the derivative of 77! is given by

(Tﬁl(a))/ _ 1

Hence 77! can be obtained as the solution of the initial-value problem (IVP)

defined by (T’l(t))/ =1/K(z(t)), 71(0) = 0. Since the right-hand side of the
ODE defining this IVP is computable from x and hence from f, we conclude that
71 is computable from f [GZB09], [CG08]. In particular, if f is computable,
then so is 771.

We now have (we can again assume that ¢ is a fixed parameter for h, where
h is given by (25))

i (h) = e 70, (f).
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From (22) we conclude that (note that |y;| < 1)

le- ) @)1 = || (£) ()

= =1 (1) @l
_ |l —(1-y0) - Nl Yn )
‘ ;fl(71—yo’m’1—yo)

0 0 - 0
L=yo)yin—+ (=g —¥D)5—— D it —
(1 —wo)y i (1—yo—y;) o 2 Yilj y;

i¢{0,}
< ¢~ (1=v0) ~6n-p< £l e Yn )
- I—yo LI —wo
This latter result implies that
Jim o (h) (y) =0, (26)
yes"—{y~npr}

Similarly, if we assume that
—(1-vo) - 9
o« (h) (y) =e > Si(tvy)aiy_
i=0 ¢

where s; are functions, from (22) and from the assumption that all the par-
alk\f

dtko ohl . . xkn

Z1,...,Ty, we can conclude that each partial derivative of s; is polynomially

tial derivatives of f of the form are polynomially bounded on

bounded by some polynomial p (131110 e 13’;0 ), which implies that

Ikl (h
y—lgrzlrp 8tkoa<p;1( );y)kn =0
yes"—{ynr} Y- Oln

Therefore we can extend ¢, (h) (y) to a C* vector field § defined on the entire

sphere S™ if we assume that the value of g and of its partial derivatives is 0 at

the north pole yyp = (1,0,...,0) of S*. We thus have defined a C* vector field
g on the entire sphere S”, and ¢ is Turing universal. m

With the help of the above theorem, we may hope we could just make use of

the vector field gp; of Theorem 11 as the vector field f in Theorem 17 to prove

that there is a Turing universal vector field in S?. However, there are several

problems with this approach as listed below: (1) the approach requires that

gm(t,z1,22) and all of its partial derivatives are bounded by a constant on ¢

and are polynomially bounded on z; and x2. A major problem in this respect is

that gps uses in its expression the function ¥ defined in Lemma 4 that does not

necessarily have polynomially bounded derivatives because the function arcsin
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is used in the definition of ¥ and the derivative of arcsin is not polynomially
bounded as its argument approaches —1 or 1. (2) The expression of gs relies
on the expression of the function gp; given by Theorem 3. Thus one must show
that gas (¢, z1, 22, T3, Y1, Y2, y3) is bounded polynomially on x1, xa, z3, y1, Y2, Y3
(3) The argument of the functions Q; : R — R from Proposition 8 is provided
as the initial condition of an ODE. It is not straightforward to analyze the
dependence of €, ; and of its derivatives on its argument.

In the following we present the solutions to the listed problems. First we note
that in Theorem 17 the vector field is no longer required to be analytic (it only
has to be C*°). Therefore we can substitute the function ¥ defined in Lemma 4
by the function r : R — R defined in Lemma 14. We recall that the function r
has the property that 7(z) = n, whenever z € [n—1/4,n+1/4], for all integers n.
Thus if we take ¥(z,y) = r(x), the properties stated for ¥ in Lemma 4 remain
true. Therefore, we can replace ¥ with r when defining the vector field gps of
Theorem 11. In this case, the properties stated in Theorem 11 remain true with
g being a C'*° function rather than an analytic function. However, we gain the
advantage that r and its derivatives are polynomially bounded as we shall show
now. Indeed, it follows from its definition that |r(z)| < |z| +1 < 2% + 2 (recall
that |z| < 22+1). For the derivatives of 8, we note that if a(z) = e~ /%, then it is
readily seen by induction that for each n € Ny there is a polynomial P, such that
a™(z) = P,(1/z)e” "%, with a(®)(z) = a(z) (and thus Py = 1). This implies
that lim,_, o+ a(™ () =0 and lim,—, 1 o a(™ (z) = K,,, where K, is the constant
term of P,,. Therefore, by definition of the limit, there exists b,,&, > 0 such
that ’a(") (z)| < 1 whenever z € (0,¢,] and ’a(") (z)| < K, +1 whenever z > b,,.
Now set M, = max ¢, nm] ‘a(") (z)| € R. Then |a(”)(:c)| < max(1, K,, + 1, M,)
for all € (0,400), which implies that 6 in (12) as well as its derivatives are
polynomially bounded on [0, +00). Consequently, the function v from (13) as
well as the derivatives of v are polynomially bounded following Lemmas 18 and
19 to be presented in a moment. Lemma 14 together with Lemmas 18 and 19
then imply that r as well as its derivatives are polynomially bounded.

Some notations are in order for the statements of the next two lemmas.
Given multi-indexes o = (ay,...,a,), 8= (P1,...,0n) € Nyand x = (x1,...,2,) €
R™, let

ol = a1+ ...+ ay
a+pB=(a1+pB1,...,an0+ Bn)

al = (a1!) - (agl) - ...+ (an))

B<aiff i <ary...,fBn <ap

a\ (o an\ al .
(5)=(0) (5) = s fr oo

Hled
Dl = ——
©o 0zt .. Oxpn

=z ...z

(DY is the identity operator)

X

Qn,
n
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Lemma 18 Suppose that f,g : R® — R are C* functions which are bounded
by a constant on the variables x1,...,x; and are bounded by a polynomial on
the variables xiy1,...,%n, as well as all their partial derivatives. Then:

1. The C™ function f £ g : R™ — R defined by (f + g)(z) = f(z) + g(z) is
bounded by a constant on the variables x1,...,x; and bounded by a poly-
nomial on the variables Tiy1,...,Ty, as well as all its partial derivatives.

2. The C* function f x g : R™ — R defined by (f x g)(z) = f(z) - g(x) is
bounded by a constant on the variables x1,...,x; and bounded by a poly-
nomial on the variables x;41,..., %y, as well as all its partial derivatives.

Proof. Let o = (a1, ..., ;) be a multi-index. For point 1, we note that

o ol f(@) | Olg()

Hpa f T 9)@) = —55 Bge

and thus the result follows immediately from the assumption.
For the product f x g, the claim follows directly from the general Leibniz
rule for multivariate functions (see e.g. [CS96, Proof of Lemma 2.6]):

a 5\6\]0(@ a\a—ﬂlg(x)
(,6) OzP dre—F

||
X =Y

0<B<a

Lemma 19 Suppose that f : RI — R™ and g : R¥ — R are C*> functions with
the following properties:

1. f and its partial derivatives are polynomially bounded on its arguments
21y %55

2. g and its partial derivatives are bounded by a constant on the variables
Z1,...,x; and bounded by a polynomial on the variables x;y1,...,xk.

Then fog is a C* function with the property that f o g as well as all its
partial derivatives are bounded by a constant on the variables x1,...,x; and by
a polynomial on the variables x;41,...,Tk.

Proof. To prove this theorem, we will use a multivariate version of the Faa di
Bruno formula which allows us to compute the higher order partial derivatives
of the composition of multivariate functions f and g. Some notational matter
is in order first. Let o« = (av1,...,®,) € N§ be a multi-index. Then following
the approach of [Ma09], let us assume that x° = 1 regardless of whether
is a number or a differential operator. We say that a multi-index a can be
decomposed into s parts pi,...,ps € NI with multiplicities my, ..., m, € N¢ if
the decomposition o« = |mq|p1 + ...+ |ms| ps holds and all parts are different.
In this case the total multiplicity is defined as m = mq + ...+ ms. The list
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(s,p,m) is called a d-decomposition, or simply just a decomposition, of a. Then,
assuming that z = f o g(z) and y = g(x), we have

|ex] |m| [Pk
Gatos@=al X Slran I] o (S Geto) Foate)

(s,p,m)eD aym k=1 ! ﬁ Oz

where D is the set of all decompositions of a. From this later formula and
the the hypothesis on f, g we conclude that f o g is a C° function with the
property that fog as well as all its partial derivatives are bounded by a constant
on the variables x1,...,x; and are bounded by a polynomial on the variables
Tit1y--.,Tk. N

Since the function fp; of Theorem 1 can be written using only the following
terms: variables, polynomial-time computable constants, +, —, X, sin, cos,
arctan, we conclude from Lemmas 18 and 19 that fy; as well as all its partial
derivatives are bounded by a polynomial. Furthermore, as the function gps
from Theorem 9 is obtained using the functions Y3, far, Q31,3 2, Q3 3,0, again
by Lemmas 18 and 19 it suffices to show that T3, {3 1,3 2,3 3,0 as well as
their partial derivatives are (or can be made) bounded by a polynomial. The
case of the function ¢ in Lemma 5 is immediate from Lemmas 18 and 19. The
case of T3 can be treated by replacing ¥(z,y) in the expression of T3 given
in the proof of Proposition 7 by the C°° function r, as explained above. Then
it follows immediately that T3 maintains its properties given by Proposition 7,
except analiticity (Y3 will only be C*°) and, meanwhile, Lemmas 18 and 19
imply that Y3 and its partial derivatives are polynomially bounded.

The situation for €23 1,3 2,3 3 is more subtle, as the arguments to these
functions are passed as initial conditions of an ODE. What we are going to
do is to create new C'°° functions 5371753,2,5373 such that these new functions
maintain the useful properties of €23 1,232,233 on the one hand and, on the
other hand, the new functions together with their partial derivatives are poly-
nomially bounded. Once this is done, the old functions €23 1,23 2,23 3 can then
be replaced by the new functions 5371,53,2,5373 in the expression of gp; in the
proof of Theorem 9. The function gp; as well as its partial derivatives are now
polynomially bounded on all variables except the time ¢t. But since the time
variable only appears inside the functions ¢, and ¢o defined by (17) in the for-
mat of sin(27t) as defined in (15), and sin(27¢) and its derivatives are obviously
bounded by a constant, it follows that the theorem below holds true.

Theorem 20 Letvy : N — N be the transition function of a Turing machine M,
under the encoding described in Section 4. Then there exist 0 < n < 2/5 and a
C function gy : R — R? such that the ODE 2’ = gy (t, z) simulates M in the
following sense: for all o € N which encodes a configuration according to the
encoding described above, if To,Go € R satisfy the conditions ||Zo — xo| < 1/5
and ||Jo — xo|| < 1/5, then the solution z(t) of

/

2 =gum(t, 2), 2(0) = (Zo, Yo)
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satisfies, for all j € Ny and for allt € [j,5 +1/2],
|220) = w5 (o)|| <,

where z(t) = (21(t),22(t)) € R2.  Furthermore g (t,z1,22) and its partial
derivatives are polynomially bounded on z1 and zo and bounded by a constant
on t.

Theorem 21 Let M be a Turing machine. Then one can compute from f a
C> vector field F defined on S? which also simulates M.

Proof. Immediate from Theorems 17 and 20. m

It remains to show that the new C°° functions 53,1,5372,53,3 can be con-
structed such that they retain the useful properties of {23 1,13 2, {3 3, but these
new functions and their partial derivatives are polynomially bounded. We begin
with a preliminary lemma.

Lemma 22 Let f : R"*!1 — R™ be a C*® function such that f and its partial
derivatives are polynomially bounded. Suppose that xy : R — R is the first
coordinate of a solution x of the IVP

' = f(t,x).

If x is polynomially bounded, then all the derivatives of xy are polynomially
bounded.

Proof. We show the result by induction on the order of the derivative by
showing that z(®) = f*(t, 2(t)), where f* is a C°° function which is polynomially
bounded, as well as all its partial derivatives. Then we will conclude that z(*)
is polynomially bounded as well as all its partial derivatives by Lemma 19. The
base case

a'(t) = f(t,z(t))
is trivial. Let us now assume that z(®) = f¥(¢,2(t)), where f* is polynomially
bounded as well as all its partial derivatives. Then

(@) = (FE (@ 2(t)))
k n k T
= U+ 3 Y ey 1)

off "L ofk
= g;z (t,z(t)) + Z afz (t7$(t))f;~€(t,.')3(t))
j=1 "%

= [T (¢, 2 (D).

By taking f*+! = (fF1, ... fF+1), we conclude that z(*+D = fF+1(t (1))
and by Lemmas 18 and 19 we conclude that f**1 is polynomially bounded as
well as all its partial derivatives, thus showing the result. m
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To define new C*° functions 53’1753,2,53’3 as in Proposition 8, we recall
that the key point of the proof of Proposition 8 was to consider the bijection
I : N? — N given by (4) and to obtain real extensions of the components J> ; and
J2,o which form the inverse function of I, i.e. I7(2) = (J2,1(2), Ja,2(2)). Then
the result would follow inductively when obtaining extensions €2y ; from Jj, ; for
k > 2. Subsequently, the only required modification is to obtain suitable real
extensions Qs 1, Q22 of Ja 1, Ja 2, respectively. We shall demand that if n € Ny,
then |ﬁgz(2) — J27i(n)’ < 1/5 whenever |z —n| < 1/4 for i = 1,2, so that Qo
has the same properties as of (2 ; regarding Proposition 8, except that Qs ;
is C*° instead of analytic. We also require that ﬁg’i and its derivatives are
polynomially bounded. To obtain ﬁg’i, we first construct a C'°° function Qz’i

with the property that ‘le(z) — JQJ(TL)‘ < 1/4 whenever z € [n,n + 1/2] for

1=1,2, and Qg’i as well as its partial derivatives are polynomially bounded. By
setting Qg ;(2) = 0 0 Qg 4(2 + 1/4), where o is given by Lemma 5, we conclude
from the above and from Lemmas 18 and 19 that Q5 ; has the desired properties.
Before defining 02,1 and 52272, we note that I is obtained by dovetailing by
enumerating the pairs in the diagonals below from the (one element) diagonal
starting on (0,0) and then moving to the next diagonal

(0,0) (0,1) (0,2) (0,3)
(1,0) (1,1) (1,2)

/ /
(2,0) (2,1) o

/

(3,0)

In other words, we have I(0,0) = 0, I(0,1) = 1, I(1,0) = 2, I(0,2) = 3, and
so on. We note that the sum of the coordinates in each diagonal is constant.
From here we see that the graphs for J ; and Js 2, provided in Figures 2 and 3,
respectively, have certain regularities which will be explored to obtain 9271 and
9272.

Let us start with the case of Qz’l. We first analyze the behavior of Jy ;. Let
us suppose that the argument z of Js 1(z) codes a pair (0,n) at the start of the
diagonal with sum n. Then J31(2) =0, J21(2+1) =1, ..., Jo1(2 +n) = n,
Ja1(z4+n+1)=0, Jo1(2+n+2) =1, ... Thus to simulate Jo; we need to
track the sum s of the diagonal, and increase it by one when J3 ;1 (2) reaches the
value of s. On the next value z + 1, we will have that Jy 1(z + 1) will take the
value 0, and each time its argument z increases by one, J3 1(2) also increases by
one, until it reaches the (new) value of the sum of the diagonal and the cycle
repeats itself. We will simulate this behavior with ODEs. Before showing how
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Figure 2: Graph of the function .J; ;. Since the function is discrete, the image
are only the blue points (the red line is given as a visualization helper).

\ \ \ \ \
0O 2 4 6 8 10 12 14 16 18 20 22 24
z

Figure 3: Graph of the function J» . Since the function is discrete, the image
are only the blue points (the red line is given as a visualization helper).
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this can be done, consider the auxiliary function £ : R — R defined as

0 it o< 1/4
E(x)=1 cb(—(xz—1/4)(x—3/4)) ifl/d<az<3/4
0 if 2 > 3/4

—1
where £(z) =0 and ¢ = (f13//44 O(—(x —1/4)(x — 3/4))dx> . It is not difficult
to see that 6(—(x — 1/4)(x — 3/4)) > 0 when 1/4 < z < 3/4. Hence we have
that &(z) = 0 whenever x < 1/4, 0 < £(z) < 1 when 1/4 < = < 3/4 and
&(xz) =1 when x > 3/4. Furthermore & is C* and ¢ and all its derivatives are
polynomially bounded due to Lemmas 18 and 19.

Let us now present the ODE which will define Qg)l

xh = &(&(r(s2) — r(z2))(1 + r(x2)) — z1)30(sin 2t)

xh = &(r(xy) — 21)30(— sin 27t) (27)
sh = é(r(s2) +&(r(wa) + 1 —7(s2)) — s1)%0(sin 27t)

sh = &(r(s1) — s1)30(—sin 27t)

with 21(0) = 22(0) = s1(0) = $2(0) and ¢ = 206. The behavior of the ODE
(27) is similar to the one of (14). The variable updates are done on alternating
time intervals. The variable xs stores the value of the function J; on time
intervals with the format [k, k + 1/2], i.e. we will have |z2(t) — Jo1| < 1/4
whenever ¢ € [k, k + 1/2], with k& € Ny. The variable sy will give the current
sum of the diagonal on time intervals with the format [k,k + 1/2]. We first
update the variables x; and s; on time intervals [k, k + 1/2] to be able to use
the “memorized” values of x5 and sy when updating z; and s;. We note that
x1 must be increased by one unit from its previous value (stored on xs) until
it reaches the value of the sum of the diagonal, which is stored in s;. On
that moment we will have £(r(s2) — 7(z2)) = 0 on the equation for z} (if the
value of x5 is less than the value of the sum of the diagonal stored in sg, then
&(r(s2) —r(z2)) = 1 and z is incremented by one) and z; will be reset to the
value 0 starting the cycle again. The analysis for s; is similar: its value will be
essentially constant as long as &(r(z2) + 1 — 7(s2)) = 0, which happens when
r(s2) — 1 > r(x2). When r(z2) = r(sz2), we will have &(r(z2) + 1 —7r(s2)) =1
and s; will be incremented by one from its previous value. We can see that the
ODE (27) behaves as desired and that we can take Qg 1(t) = 22(t). Since the
right-hand sides of (27) are polynomially bounded as well as their derivatives
and (z1,x2, $1,52) is also polynomially bounded, implying by Lemma 22 that
Qg’l and all its derivatives are polynomially bounded.

The case for Jy o is similar. Let us suppose that the argument z of J3 2(2)
codes a pair (0,n) at the start of the diagonal with sum n. Then J;2(2) = n,
Jao(z+1) =n—1,..., Ja2(2+n) =0, Joo(z+n+1) = n+1, Joo(z+n+2) = n,
... Thus to simulate .J; » we need again to track the sum s of the diagonal, but
now we need to increase it by one when Js 1 (z) reaches the value 0. On the next
value z + 1, we will have that J1(z + 1) will take the value s + 1, and each
time its argument z increases by one, Ja1(z) decreases by one, until it reaches
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0 and the cycle repeats itself. This behavior can be simulated in a similar way
to (27) by the following ODE

2 = (E(xa)(r(wg) — 1) + £(1 — 22) (1 + 1(s2)) — 21)30(sin 27t)

xh = &(r(zy) — x1)30(— sin 27t) (28)
) = (€)1 (52) + E(1 — 22)(r(s2) + 1) — 1)°0(sin 2nt)

sh = &(r(s1) — 81)30(— sin 27t)

We can do an analysis to (28) similar to the one of (27) to conclude that we
can take Qg () = x2(t) on (28). This concludes the proof of Theorem 20.

7 Can one-dimensional ODEs simulate Turing
machines?

As we have seen in the previous section, analytic two-dimensional ODEs can
robustly simulate Turing machines. But what about one-dimensional ODEs?
In this section we show that no one-dimensional autonomous ODE can simulate
a universal Turing machine under some reasonable conditions.

First let us give a more precise meaning to the notion of an ODE simulating
a Turing machine. Let M be a Turing machine. Since ODEs are defined on
R*, to simulate the Turing machine M with an ODE we first need to encode
a configuration of M as a point of R*. However, since the coding of a config-
uration might not be unique, as it happens in the previous sections, we map
each configuration to a set of possible encodings of that configuration. Hence
we have to consider a map x which maps configurations of M into non-empty
subsets of R¥. Then given a configuration ¢y, any point of x(cys) is assumed to
represent the configuration cjs. In this manner we can consider the case when
cyr is represented by a single point in R¥ (when x(cyr) is a singleton) or when
cur is represented by several points of R¥. For example, in Theorem 9 we have
assumed that any point in a 1/5-vicinity of I5(y1,y2,q), where y; and ys are
given by (2) represents the configuration ¢y which is encoded by Is(y1,y2,q),
ie.

x(em) ={z € R: [z — I3(y1, 42, 9)| < 1/5}.

Note that it makes sense to assume that if ¢js and ¢}, are distinct configurations,
then x(ear) N x(ch;) = @. However, this assumption may be too weak, since
even if x(car) N x(ch;) = @ nothing prevents e.g. that x(cas) and x(c},) are
fractal (e.g. Cantor-like) sets which are intermingled and thus very hard to
separate in practice. To avoid such undesirable instances we impose a natural
separation-condition on x so that x(car) and x(c),) are separated by disjoint
open subsets of R¥. More precisely, let {¢i}ien denote all configurations of a
given Turing machine M (recall that a Turing machine has at most countably
many configurations). Then we assume that there are two computable maps
a:N = Q" r:N— Q such that for all i € N, x(¢;) € B(a(i),r(i)) = {x € RF :
|z — a(i)|| < r(i)} and, moreover, if i # j then B(a(i),r(i))NB(a(j),r(j)) = 2.
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Now we say that the ODE
v =f), (29)

where f : R¥ — RF simulates a Turing machine with the coding Y if given an
arbitrary configuration ¢y of M and some point yy € x(¢p) one has that the
solution y to (29) with initial condition y(0) = yo satisfies y(n) € x ([ (cy)) for
all n € N, where ¢ is the transition function of M. In the following, we show
that no one-dimensional ODE can simulate a universal Turing machine under
the separation-condition.

Theorem 23 Let M be a universal Turing machine. Then no ODE y' = f(y)
can simulate M in the sense explained above, where f : R — R is a computable
function with only isolated zeros.

Proof. Let M be a universal Turing machine. We may assume that it has only
one halting state and it cleans its tape immediately before it halts. This implies
that M has only one halting configuration ¢, k € N; moreover, the problem of
deciding whether M halts on input w, w € ¥* = {0, 1}*, is undecidable.

Let us assume, by contradiction, that there is an ODE (29) which simulates
M, where f : R — R is a computable function. Then f must admit a zero
in By = Bla(k),r(k)) = [ar — rr,ar + 7] where ar = a(k) and r, = r(k).
Assume otherwise that this is not the case. Then since computable functions are
continuous, it must be either f(x) < 0 for all x € By, or f(z) > 0 for all z € By.
Moreover, since By, is compact, it follows that mingep, |f(z)] = > 0. As a
result, any solution starting on By must leave it in time < 2rj /0 and never return
to By afterwards (note that a solution of (29) is a continuous function which
must move continuously along the real line). But this is impossible because
Y (cy) = ¢, for all n € N and (29) simulates M. Hence B, must contain at
least one zero xj, which is computable because f is computable and the zeros
of f are isolated (it is well-known that isolated zeros of computable functions
are computable. See e.g. [BHWO08, Theorem 7.8]).

Let w be some input with the property that M halts on w, and suppose
that the initial configuration associated to w is ¢;,,. Then ¢;, # ci (note that
in an universal Turing machine the initial state cannot be an halting state).
Hence, if yo € x(ci, ), then yo ¢ Bj. Let us assume without loss of generality
that yo < ap — rx. We note that the solution of the IVP (29) with y(0) = yq
must reach By because M halts on input w. This implies that f(z) > 0 for all
x € [yo,ar — 7). There are two cases to to be considered:

1. f(x) > 0 for all € (—o0,ar — rg). In this case, let T = (—oo, ag + 7]

2. f(z) =0 for some T € (—o0, ar — 11). In this case, we must have T < yo,
which implies that d = min{|z —yo| : € [Z,y0] and f(z) = 0} > 0.
By continuity of f there is some & € [Z,yo] such that f(Z) = 0 and
|Z — yo| = d. In this case, let I = (Z, ax + 11 (note that Z is computable
because it is an isolated zero of a computable function).
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If there is a word w such that M halts on input w with the property that
there is some z € x(c;,,) satisfying ar < z, we repeat the above procedure on
the half line [ay, +00) obtaining I := I U [ay, + 7k, +00) provided that f(z) < 0
for all x € (ay + 7k, +00) or I := I U [ay + 7k, T) provided that f(z) = 0 for
some z € (ag + rg, +00), where Z is obtained similarly as in the previous case.

From the arguments above, we conclude that M halts on word w iff x(c¢;, ) C
I. We will use this fact to show that the halting problem is decidable, a contra-
diction. Let us assume, without loss of generality that I = (Z1,Z2) (the cases
where one or more extremities of I are unbounded is dealt with similarly). Sup-
pose first that for all ¢ € N, {Z1, %2} N B; = @. Then to decide whether M halts
on input w proceed as follows. Given the initial configuration ¢;, associated to
input w, test whether a;,, € I by testing whether z; < a;,, < Z2. Notice that,
since {Z1,Z2}NB;, = &, this test can be done in finite time. If the test suceeds,
then accept w otherwise reject it.

Let us now suppose that 1 € B;, and &5 € Bj, (the cases where (i) 1 € Bj,
and for all ¢ € N, 25 ¢ B; or (ii) 2 € By, and for all ¢ € N, &1 ¢ B; can be
treated similarly). Then we can take j; and jo and their respective output
for the halting problem as constants used by the algorithm and, if 7,, = j; or
1w = J2, we can output the correct result for these cases. More specifically, given
an input w, compute the initial configuration ¢;, associated to this input and
compute its index i,,. Then test if i, = j;. If the test i,, = j; succeeds, then
accept (reject) if M halts (does not halt, respectively) starting on configuration
¢j,. Otherwise, test if i, = jo. If the test i,, = jo succeeds, then accept (reject)
if M halts (does not halt, respectively) starting on configuration c;,. If both
tests fail, test whether a;, € I by testing whether Z; < a;,, < Z2. We note that
in this case it must be {Z1,%2} N B;, = &, and thus this test can be done in
finite time by checking if a;, < a;, < aj,. If the test succeeds, then accept w;
otherwise reject it.

In other words, if the ODE (29) simulates M, then we can decide the halting
problem, a contradiction. m
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