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We study the Riemann boundary value problem ®*(¢) = G(t)®~(t) + g(¢), for analytic
functions in the class of analytic functions represented by the Cauchy-type integrals with
density in the spaces L?")(T') with variable exponent. We consider both the case when
the coefficient G is piecewise continuous and the case when it may be of a more general
nature, admitting its oscillation. The explicit formulas for solutions in the variable ex-
ponent setting are given. The related singular integral equations in the same setting are
also investigated. As an application there is derived some extension of the Szegd-Helson
theorem to the case of variable exponents.

1. Introduction

Let T be an oriented rectifiable closed simple curve in the complex plane C. We denote by
D* and D~ the bounded and unbounded component of C \ T, respectively.

The main goal of the paper is to investigate the Riemann problem: find an analytic
function @ on the complex plane cut along I' whose boundary values satisfy the conjugacy
condition

OF(t) = G(HO (1) +g(t), teT, (1.1)

where G and g are the given functions on I', and ®*, and @~ are boundary values of ®
on I' from inside and outside I, respectively. This problem is also known as the problem
of linear conjugation.

We seek the solution of (1.1) in the class of analytic functions represented by the
Cauchy-type integral with density in the spaces L") (T') with variable exponent assuming
that g belongs to the same class. We consider the cases when the coefficient G is contin-
uous or piecewise continuous as well as the case of oscillating coefficient. The solvability
conditions are derived and in all the cases of solvability the explicit formulas are given.
The related boundary singular integral equations in LP(")(T) are treated. The solution
of the boundary value problem (BVP) (1.1) allows us to obtain the weight results for
Cauchy singular integral operator in LP(")(T')-spaces, among them some extension of the
well-known Helson-Szeg6 theorem.
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The problem (1.1) is first encountered in Riemann [36]. Important results on which
the posterior solution of problem (1.1) was based, were obtained by Yu. Sokhotski, D.
Hilbert, I. Plemely, and T. Carleman. The complete solution of the Riemann problem was
first given in the works of Gakhov [7, 8] and Muskhelishvili [27, 28]; we refer also to the
works [14, 15, 16, 17] on investigation of the last decades of the Riemann problem in
L,-spaces (with constant p).

The generalized Lebesgue spaces, that is, Lebesgue spaces with variable exponent, have
been intensively studied since 1970s. One may see an evident rise of interest in these
spaces during the last decade, especially in the last years. The interest was aroused, apart
from mathematical curiosity, by possible applications to models with the so-called non-
standard growth in fluid mechanics, elasticity theory, in differential equations (see, e.g.,
[5, 37] and the references therein).

The development of the operator theory in the spaces L?*) encountered essential dif-
ficulties from the very beginning. For example, the translation operator and the con-
volution operators are not in general bounded in these spaces. The boundedness of the
maximal operator was recently proved by Diening [4]. See further results in [2, 30]. There
is also an evident progress in this direction for singular operators [5, 20].

As is known, for applications to singular integral equations and BVPs the weighted
boundedness of singular operators is required. The weighted estimates in L?(*)-spaces
with power weight were proved for the maximal operator on bounded domains in [21]
and for singular operators in [20]. It is worthwhile mentioning that the Fredholmness
criteria for singular integral equations with Cauchy kernel were proved in [19] for the
spaces LP*) and in [12] for such spaces with power weight.

2. Preliminaries

Throughout the paper in all statements we suppose that I' = {t € C:t =t(s), 0 <s < ¢},
with an arc-length s, is a simple closed rectifiable curve. Let a measurable p : T — [1,00).
The L) -space on I may be introduced via the modular

14
L(f) = L £ [P dt] = JO | FlE(s)] 1P ds, 2.1)

By L) = LPC)(T) we denote the set of all measurable complex-valued functions f on T
such that I,(Af) < co for some A = A(f) >0.
This set becomes a Banach space with respect to the norm

TP =inf{)t>0:1p<§> < 1}. (2.2)

Sometimes norm (2.2) is called Luxemburg norm because of a similar norm for Orlicz
spaces [24]. However, just in the form (2.2), this norm for the spaces L") was introduced
before Luxemburg by Nakano [29]. The spaces L”") ([0, 1]) probably first appeared in [29]
as an example illustrating the theory of modular spaces developed by Nakano.

The spaces LP(") were studied by Orlicz [31] for the first time in 1931. They are the
special cases of the Musielak-Orlicz spaces generated by Young functions with parameter,
see [25, 26, 33, 34].
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However, it was namely the specifics of the spaces LP{") which attracted an interest of
many researchers and allowed to develop a rather rich basic theory of these spaces, this
interest being also roused by applications in various areas.

Meanwhile, the norm of the type (2.2), as well as a similar norm for the Orlicz spaces is
nothing else but the realization of a general norm for “normalizable” topological spaces
provided by the famous Kolmogorov theorem. This theorem runs as follows, see [11,
Chapter 4] and [22].

TaeoreM 2.1 (Kolmogorov theorem). A Hausdorff linear topological space X admits a
norm if and only if it has a convex bounded neighbourhood of the null-element and in this
case Minkowsky functional of this neighbourhood is a norm.

We remind that the Minkowsky functional of a set U C X is the functional My(x),
x € X, defined as

My(x) =inf [1:1>0, 1xe U], xex, (23)
so that the infinum of I,,(f/A) is nothing else but the Minkowsky functional of f € X =
LPO) related to the set U = {f:I,(f) <1},

Therefore, there are many more reasons to call the norm (2.2) the Kolmogorov-

Minkowsky norm.
If

l<p= essinf p(t), P =esssup p(t) < oo, (2.4)

then the space L*(") is reflexive. Its associate space coincides, up to equivalence, with the
space L1), where 1/q(t) +1/p(t) = 1.

In the sequel, by (), or simply by %, we denote the class of functions p measurable
with respect to the arc measure and satisfying condition (2.4). Under this condition the
space L") coincides with the space

{ro: ' | f(t)g(t)dt' <o vgem| (2.5)
r
up to equivalence of the norms
oy~ sup | | g, (2.6)
HgHLq(')(r)Sl r
see [23]. There holds the following generalization of the Holder inequality:
|| £wgode] <l £l gl 27)

where ¢o = 1+ 1/p+1/p. We refer also to [6, 23] for other properties of the spaces LrO),
Note that

min (£V2,0V7) < 111,y < max (£V2,07). (2.8)
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If p(t) < pi(¢), then

1f 1oy = A+ fllpic)- (2.9)
In the sequel we need the following condition on p(t):

A 1
|P(t1) —P(t2)| = m, |t1 —tz| < 2 t,h €T, (2.10)

where A >0 does not depend on #; and £, or on the function py(s) = p[#(s)], where

A
<
11‘11/|51 —52|

|p0(51)—p0(52)| |51—52| S%,S],Sze [0,€] (2.11)
Since [t(s1) — t(s2)] < |s1 — 52|, condition (2.10) always implies (2.11). Inversely, (2.11)
implies (2.10) if, for instance, there exists a y > 0 such that |s; — s,| < C|t; — ;|7 with
some C > 0. Therefore, conditions (2.10) and (2.11) are equivalent, for example, on curves
with the so-called chord condition.

Let p be a measurable, almost everywhere positive function on I'. By L} ) (T') we denote
the Banach space of functions f for which

I flpcrp = llpfllpc) < 00, (2.12)
One of the main tools of our investigation is the Cauchy singular integral
d
(Srf)(r) = i M, tel, feLl(D). (2.13)
ni)Jr T—t

In the case where the operator Sy : f — Srf is bounded from the space LPCX(T) into
the space LP1()(T') we denote its norm as [|Sr|l p(.)— p,(-) and as [|S|| p(.) when p(t) = pi(t).
Let

2 (T) = {CD(z) L D(2) = (Krg) (2) = 2%” L 9"T(T_)ZT, z& T with g Lﬁ")(r)}, (2.14)

and let

GO (T) = [D(2) : D(2) = Dy(z) + const, By € HE(D)}. (2.15)

We write HP(T') = 3{5(1“) and TYN{,I;(F) = f]N{P(F) in the case p(t) = 1.
For a simply connected domain D, bounded by a rectifiable curve T, by E®(D), § >0,
we denote the Smirnov class of functions ®(z) analytic in D for which

supj |D(2) |°Idz] < oo, (2.16)
r T,
where I, is the image of y, = {z: |z| = r} under conformal mapping of U = {z: |z| < 1}

onto D. (When D is an infinite domain, then the conformal mapping means the one
which transforms 0 into infinity.)
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A function ® € E%(D) possesses almost everywhere angular boundary values on T and
the boundary function belongs to L(T') (see [35, page 205]).

It is known that E'(D) coincides with the class of analytic functions represented by
Cauchy integrals. Therefore for the function ®(z), which is analytic on the plane cutting
along closed curve T and belongs to E!'(D*),

D(z) = Kp (O — ) (2.17)

(see, e.g., [16, page 98]).
We make use of the following notations:

apr) — {T': St is bounded in LP(')(F)},

1. . (2.18)
WwriI(T) = {p :pSr/—) is bounded in LP(')(F)}.

As shown in [20] the following statement is true.

ProposiTioN 2.2. Let I' be a Lyapunov curve or a curve of bounded turning (Radon curve)
without cusps. Assume that p € P and condition (2.10) is satisfied. Then the weight

w(t)=[]1t-t|™, (2.19)
k=1

where ty are distinct points of T, belongs to WPC)(T) if and only if

1 1
_71)(1']() <o < m (220)

3. Some properties of the Cauchy-type integrals with densities in L?(")(T)

In this section, we present some auxiliary results which provide an extension of known
properties of the Cauchy singular integrals in the Lebesgue spaces with constant p to the
case of variable p(-).

ProrosritioN 3.1. Let p € P and let T be a closed Jordan curve. Then the set of rational
functions with a unique pole inside of T is dense in LP)(T).

The validity of this statement follows from the denseness in L?")(T) of the set of con-
tinuous functions and the fact that any continuous function may be approximated in
C(T') by rational functions, whatsoever Jordan curve I' we have according to the Walsh
theorem (see, for instance, [40, Chapter II, Theorem 7]).

ProposiTiON 3.2. Let T be a rectifiable Jordan curve, let p(t) € P. If 1/p € L1C)(T), then
the operator Sy is continuous in measure, that is, for any sequence f, converging in Lg(') (T)
to function f, the sequence Sy f, converges in measure to St fy.

The validity of this statement may be obtained by word-for-word repetition from [14,
proof of Theorem 2.1, page 21], since L} “)(I) € L1(T') according to our assumption.
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TueoreM 3.3. Let T be a simple closed rectifiable curve bounding the domains D* and D~.
The following statements are valid.

(i) Let p and p belong to % and let Sy map Lg(')(l") to Lﬁ(')(l") for some weight functions
p and w. Then 1/p € L1°)(T) and Sy is bounded from Lf;(')(l“) into L’Z,(')(l“).

(ii) Let Sr be bounded from L;f(')(l“) to L%(T), a > 0. Then for arbitrary ¢ € L{,’(')(r) the
Cauchy-type integral (Kr¢)(z) belongs to E*(D*).

(iii) Let p € P and let St be bounded in LP")(T). Then for arbitrary ¢ € LPC)(T),

(Krg)(z) € EL. (3.1)

(iv) For p € WPU(T) and ¢ € LPC)(T) the function Kr(¢/p) belongs to E'(D*).

Proof. (i) Since Sr is defined for any function in Lﬁ(') (T), we have the embedding
Lﬁ(')(l") C L'(T). Then for any ¢ € LP()(T) the function ¢/p is integrable on I. There-
fore, 1/p € L1C)(T). According to the Proposition 3.2 we conclude that for the sequence
of functions ¢, converging to ¢ in LP")(T) the sequence Sr¢, converges to Sr¢ in mea-
sure. Thus, if Sr maps L;l)7 (')(1") into Lﬁ(')(l"), then Sr is a closed operator and by the closed
graph theorem we conclude that it is bounded.

(i) Let St be bounded from Lﬁ(')(l") into LYT), a > 0. Let ¢ € Lg(')(F) and let ¢, be a
sequence of rational functions (with a unique pole in D*) such that ¢, converges to ¢ in
Lﬁ(')(l") (see Proposition 3.1). Then for the functions ®,(z) = (Kr¢,)(z) we have ®,(z) €
L¥(D*) and || @y |la < M|l@xllp(.),, and by Proposition 3.2 @, converges in measure to the
function =(1/2)¢ + (1/2)Sr¢. Applying Tumarkin’s Theorem [35, page 269], we conclude
that O(z) = lim,,—.. ®,(z) belongs to E*(D*). In our case O(z) = (Kr¢p)(z).

(iii) From the embedding L*)(T') < L(T) and the boundedness of Sp in LP)(T) it
follows that Sy maps LP()(T) into L(T). Then by (i) St is bounded from LP*)(T) into
L2(T). In view of (ii), then Krg € EE(D*) for arbitrary ¢ € LP)(T).

(iv) Since p € WP()(T), we have 1/p € L1)(T) and then Sr(¢/p) € L(T) for any ¢ €
LPU)(T). The last follows from the equality Sr(¢/p) = (1/p)(pSr(¢/p)). Therefore, the op-
erator Sp(1/p) is defined on LP()(T') and acts into L!(T). Then it is continuous in measure
and consequently is a closed operator and therefore, it is bounded from LP()(T) to L'(T).
Applying (ii) when L% (T') ¢ L'(T') we conclude that Kr(¢/p)(z) € E'(D*). O

CoROLLARY 3.4. IfT € RPY) and p € P(T), then T is a Smirnov curve.

Indeed, since T' € RP() and LP(T) ¢ LPC)(T) C L2(T), it follows that Sy maps LP(T)
into L2(T). Then T is a Smirnov curve (see [10] and [14, page 22]).

COROLLARY 3.5. Let T € RP") and p € P(T). Then for arbitrary bounded function ¢, it
holds that (Kr¢)(z) € ﬂﬁ>1Eﬁ(Di).

Proof. Since ¢ € (41 L% according to the statement (iii) from Theorem 3.3 we obtain
that (Krg)(z) € Nas1 E*2(D*). Therefore (Kr¢)(z) € ﬂﬁ>PEﬁ(Di), that is, (Krg)(z) €
Ngs1 EF(D*). U
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THEOREM 3.6. Let p € P and let Sy be bounded in the space LPCX(T). Then Sy is also
bounded in the space L**")(T') for any & > 1 and the inequality

b1
||Sr||¢xp(-) SCthHSFHP(.) (3.2)

holds.

Proof. We follow Cotlar’s idea [1] and [18]. We make use of the well-known relation

(Srg)” = —¢* + 280 (¢Srg), (3.3)

see, for instance, [14, page 33], which follows also as a particular case from the Poincaré-
Bertrand formula (see, e.g., [8, Section 7.2] or [16, page 96])

ij dr ij a(T’Tl)d‘rlza(t,t)Jri_ dTli,J 7a(T’T1) dr (3.4)
milrr—tmilr i1 milr milr(r—1t)(1 — 1)

under the choice a(t,7) = ¢(t)p(7); we take ¢ a rational function.
We observe that

and obtain from (3.3)

2
||SF90||zp(-) = ”(PH%P(') + 2||Sr||p(.)||‘PSr(P||p(.)- (3.6)

By the usual Holder inequality we have [|¢Sroll 5y < ll9ll2p() - ISr@ll2p() and then from
(3.6),

||Sr¢||§p(-) - 2||SFHp(.)||SF(P||2p(.)||§9||2p(-) - ||(P||%p() <0 (3.7)

whence the estimate

HSF¢||2P(-) = <||SF||p(.) + ||Sr||§,(.) + 1) llollzpc) (3.8)

follows for any rational function ¢. By denseness of rational functions in L??(), this esti-
mate is extended to the whole space L2P("),
Further by induction we prove that

U1
ISt 515y = ctgﬁHSer(_), keN. (3.9)

Indeed, from (3.8) we obtain that

T T
15elatpcy < 15el Lot 57 +4/1+ <18 57 )

s 1
< ||SF||p(.)<Cth+W (310)

m
= ||SF||p(.)Cth-
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Now we apply the Riesz-type interpolation theorem known for the spaces L") (see
[25, Theorem 14.16]) in the following form: if a linear operator A is bounded in the spaces
L2PC)(T) and L**'PC)(T), then it is also bounded in the space LP)(T) with a € [2F,2k+1),
Va=02"%+(1-0)2"%"1, and

lAllap-) ||A||2kp( ||A||2k+1p (3.11)

Then from (3.9) and (3.10) we get

0 1-6
T TT
Itllepr = sell e (5 )} {8 (50) |- (.12)
6 1-6
s /A s m 1
{Ctg(zkﬂ)} {Ctg<2k+2>} SCtg<2k+2) :Ctg<Z'2_k>' (3.13)

But « > 2*. Therefore,

fea(GE ) fea(E)E <oul(f0) -en(i) o

Consequently,

Obviously,

T
1Sl lep.y = ctg 5 1Sl .- (3.15)

4. On belongingness of exp(Kr¢) to the Smirnov classes when I € R?(")

TuEOREM 4.1. Let a closed curve T € R and p € P(T). Let ¢ be a bounded measurable
function on I'. Assume that zo € D*. Then

(i) there exists an integer k = O such that

X(z) -

exp{(Kr¢)(2)} =: X(2) € E*(D*), - €E°(D), (4.1)
(z—2z0)
where
0<o P M =sup () 42
=os 2(1+&)eM||Sr|| )" _Srlellp p0l; *+2)
(ii) in case ¢ € C(T')
e (E°(DY), X(z)-1€(E* (D). (4.3)
5>1 6>1

Proof. We use an idea developed in [18]. Let T, be the image of y, = {z: |z| =7}, r < 1,
under the conformal mapping of U = {z: |z| < 1} onto D*. We have

1 o(r)dt

. 4.4
27 r 7T—2 (4.4)

L| z)| ldz| < JZ |8D(2)|"|dz], where ®(z) =

’n 0
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According to Corollary 3.5 we have ®(z) € E"(D*) for any n > 1. Then by the known
property of the class E (see [35, Chapter III]), we have

[ 0@ del < [ 100" 1ar, (4.5)
T, T

and then from (4.4) we obtain

Ly|X(z)|6|dz|sni)L|8®+( "|dt] < z L[ 1% 4 2 (sigte) [ ae

o (4.6)
1 n "
Snz(ﬁjr'aq’(t)' |dt|+nzﬁjr|a(sr<p(t))| dt.
Hence
nop—1 o0 1 .
Lr |X(2)|°dz]| < e + (% +n-zno)ﬁjr |8(Sre(t)) |"Idtl, (4.7)

where we take any n > p. It remains to show that the series >’
n/p>1. Then n = anp < anp(t) and by (2.9) we have

nen, converges. Let a;, =

[ISrell, = (1+O)ISrell,, , (4.8)

Then by (3.2) we obtain
[1Seell,, = (1 +€)ctg4 1Sl 191l p)- (4.9)
Taking (2.8) into account, we see that [|¢l[a, p(.) < M max(1,£"") and then

4
||Sro||, < conmax (1,€") ||Sr|| co = 5(1+€)M. (4.10)

Therefore,

nzn | 16(sot0) 1t < nzn O lsroll; < max1, e>nzn st
(4.11)
where the series on the right-hand side converges if ¢y d1Srll p(.)e < L.
Thus it was proved that X(z) € E®(D*) when
np
0<6<60= — (4.12)

41+ )eM|[Sr|| .y
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In the case D~ and for 1 < § < §y and arbitrary r we are able to obtain similar estimates by
the same way as in case D*. As to § < 1 it is necessary to consider two cases: 0 < r < ry and
ro < r < 1 for some fixed ry. In the last case the appropriate estimates can be proved as in
the case § > 1. As to the case 0 < r < 1y the needed inequalities are obtained by means of
choice of number k > [1/6].

Now we are able to get a stronger result, namely, that X(z) € E*(D*) and (X(z) — 1)/
(z—z0)k € E(D™) for § < 28,.

Indeed,

|dt|

J; |Xi(l’) |8|dt| _ Jr |et5¢(t)/2| |€6/2(Sr(p)(t)| |dt| < e&M/Z}Z_Q%Jr ' g(srgo)(t)

Idt|>,

(4.13)

nofl

1 0
< eaMQ( n; ) L ‘ 5 (Sro) (1)

i+ %L‘g(sﬂp)(ﬂ

where 1y > p.

From the previous proof it is clear that last series converges when & < 28;.

Now apply Smirnov’s following theorem (see, e.g., [35, Chapter III]): let ® € E"' (D)
and @* € L2(T') where y, > y1, then ® € E*(D). According to this statement in our case
we have X(z) € E9(D*) and (X(z) — 1)/(z — zp)¥ € E(D~) when & < 28, with &, from
(4.12).

By this (i) is proved.

Now we prove (ii). For arbitrary ¢ > 0 we can find a Holder function ¥ on I such that

esssup |@(t) —w(t)| <e. (4.14)
ter

On the other hand, for the Holder function y(t) there exist positive numbers a; and
a, such that 0 < a; < |exp(Kry)(2)] < az < co.
Thus from (i) and (4.12) we conclude (ii). O

Remark 4.2. As it follows from the proof of the final part of previous theorem the number
M in formula (4.12) can be replaced by v(¢) = inf ||¢ — y||¢, where the infinum is taken
over all rational functions .

5. The problem of linear conjugation with continuous coefficients

In the present paper, we proceed to the solution of problem (1.1) in the class 3{5(')(1")
under various assumptions with respect to the data.

We begin with the case when p € P, T € RP()(T'), and G is a nonvanishing continuous
function on T. The function g is assumed to be in L”")(T'). We look for a function ® €
JHPC)(T') whose boundary values ®* satisfy relation (1.1) almost everywhere on T,

Let 5c = (1/27)[arg G(¢)]r be the index of G on I'. Below we will show that for the above
formulated problem all the statements for its solvability known for constant p remain
valid in the general case of variable exponent; namely, the following statement is valid.
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TaEOREM 5.1. Let p € P, T € RPV), and let g € LPY(T). Assume that G € C(T) and
G(t) # 0, t € I. Then for problem (1.1) the following statements hold:

(i) for » = 0, problem (1.1) is unconditionally solvable in the class 5P (T) and all its
solutions are given by

X2 ( glr) dr
P 2 L X1z XA (5.1)
with
— eXph(z)’ VAS D+,
X(z) = {(z—zo)%exph(z), ze D, z, € D, (5.2)
where

h(z) = Kr(InG(t)(t — z0) ") (2), (5.3)

and Q,.-1(z) is an arbitrary polynomial of degree s — 1(Q-1(z) = 0);
(ii) for s¢ < 0, problem (1.1) is solvable in this class if and only if

O _ 3
JrXﬂt)tdt_O, k=0,1,...,|2 -1, (5.4)

and under these conditions problem (1.1) has the unique solution given by (5.1) with
Q%*l =0.

Proof. Consider first the case s = 0. We choose a rational function é(t) such that

G(t) 1 -1
%—1‘ <5(1+||Sr||p(.)) . (5.5)

sup
tel

Obviously ind G = 0 and therefore the function X (2) = exp(Kr(In é))(z) is continuous in
the domains D*. Now recall that if ® € 3{?")(T), then according to Theorem 3.3(iii) we
have ® € E2(D*). Since p>1 the equality ®(z) = (Kp(®* — @_))(z) holds (see (2.17)).

Now we have
4 _
(2) =§(2) + 8 (5.6)
X G\X X+

where )?(z) = exp{Kr(In 5)(2)}. We show that ®/X € J(PC)(T). To this end, we observe
that ® € EP()(D*) and 1/X is bounded so that /X € E2(D*) and therefore

[} ot O
W:K(N__N—)- 5.7
(3 -7 (5.7)

From the Sokhotski-Plemelj formula and from the condition T € R?(") it follows that
®* € LPO)(T) and hence &/X € JPC)(T).
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Let
(z) _ p()
e (Kry)(2), e LPY(T). (5.8)
Then equality (5.6) yields
(9D 0 (- Loors o) £ SO
() = <6(t) 1)( w(n)+ ZSrw(t)) o (5.9)

that is, the function y is a solution of the equation of the type v = Ky in the space
LPO)(T), where K is a contractive operator. Therefore, (5.9) and consequently problem
(1.1) have the unique solution in #?(:)(T'). Basing on Theorem 4.1 we construct the solu-
tion. Let

X(z) = exp (Kr(InG)) (2). (5.10)
As far as » = 0, we find that
InG(t) =In |G(t)| +iargG(t) (5.11)

is a continuous function, and by Theorem 4.1

L 8 (1~
@ IEQE (D*). (5.12)

If @ is a solution of problem (1.1), then ® € H2(T) and therefore, ® € EZ(D*). Moreover,
/X € EL7*(D*) for arbitrary ¢ € (0,1/p). Therefore ®/X € H?~*(T). So &/X € J'(T).

At the same time
O\" D\ g
- -(=) == 1
(%) - (%) =% 513

Since this problem has a unique solution in #!(T), then the function

D(2) = X(z)Kr()%> 2) (5.14)

is the solution of (1.1) in the class H*)(T).
Let now sz > 0. We choose a point zg € D* and rewrite (1.1) in the form

Dt (t) = Gy (t)(t —20) "D (t) + (), (5.15)

where Gi(t) = (t — zp) " *G(t) is a continuous function with zero index. We introduce a
new unknown function

_ O(z2), z € D,
s {(Z—Zo)”CD(z), zeD. (5.16)
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For F(z) there exists a polynomial Q,,_;(z) such that
¥(z) = F(z) - Q,._1(z) € EX(D7). (5.17)
Then ¥(z) = Kp(¥" —¥~). But
W) =W (1) = F (t) —F (t) = O () — (t —29) "D (t) € LP)U(T) (5.18)
so that ¥ € *)(T). Moreover,
Y (t) = Gi(HY (1) +gi(t), (5.19)

where g(t) = g(t) — Q.—1(t) + G1(t)Qs—1(t). Since ind G, = 0, according to what was
proved above,

¥(z) = X;(2)Kr ( 31 )(z) where X;(z) = exp {(KrInG;)(2)}. (5.20)
X{

8\, k(£ Qua(t) dt 1 [ Quar(t) dt
Kr(;g)(z) Kr<X1)(z) i X -z +2ni CX0) -7 (5.21)

0 ar _[%82, zep
27‘[1 r Xi(t) t—z 0, zeD,
1 [ Quer(®) dt 1 ([Qua(®) dt 1 [ Qu(t)
il Xi(t) -z 2mi r[ Xi (1) Q’H(t)]t—z+2m' Pz A (5.22)
Q% l(z) Z€D+,
= Q% 1(2) —
Xl() +Q,._1(z), zeD".

Therefore,
Y(z) = XI(Z)KF( )(Z) XI(Z)KF()}ng>(Z)+X1(Z)Q%l(z)Qul(z)- (5.23)
1

Then by (5.16) and (5.17) we arrive at formula (5.1).
It can be easily verified that the latter provides the solution of problem (1.1) for an
arbitrary polynomial Q,.—;(z) which does not depend on the choice of the point z.
Finally, we consider the case s < 0. This time the function F given by (5.16) is in
HPC)(T). Moreover, F* = G, F~ +g, whence

F(z) = X1(Z)Kr( )(Z) (5.24)
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and the condition ®(z) = (z — z9)"*F € E'(D™) is fulfilled if and only if the conditions
(5.4) are satisfied. O

Via the solution of (1.1) in #?)(T') with nonvanishing G € C(T') and g € L*)(T) we
are now able to derive the following weight result for Cauchy singular integrals.

Tueorem 5.2. Let T € RPY) and p € P(T). Let ¢ be a real-valued function in C(T). Then

the function
o0 (52 ). 20)] 29

p(t) =

belongs to the class WPC)(T).
Proof. Consider the problem (1.1) in the class H?()(T') with G(t) = exp (ip(t)) and g €
LPO)(T). Obviously, G € C(T') and ind G = 0. Consequently, the function

D(2) = X(2)Kr ( )%) (2) (5.26)

belongs to #7()(T) for arbitrary g € LP)(T). This implies that the function

O (1) = X*H() (sr%) (1) (5.27)
belongs to LP()(T'), that is,
) .\ —iargX* (1)
elareX (”’Lt.)J gre 9T 1), (5.28)
mi Jr p(1) T—t

Since |e*'28X" (| = 1, by Theorem 3.3(i) we immediately conclude that p € W?()(T).
O

6. The problem of linear conjugation with continuous
coefficients in the weighted class (5 0

If we assume that p € WP()(I') and choose the function G in the proof of Theorem 5.1
such that instead of condition (5.5), the condition
G(1) 1

%_1‘ < (r+lsellgo)” (6.1)

sup
tel

is fulfilled, then for s« = 0 we conclude that problem (1.1) is uniquely solvable in 57{5 ¢ (I)

for arbitrary g € Lg(')(l“). If, in addition, we assume that 1/p € L1")*¢(T), then formula
(5.1) remains valid because in this case ®/X € E'*9(D*), § > 0. The last inclusion is valid
since ® € E*¢(D*), 1/X € (51 E%(D*), and

(@) -5

Consequently, we arrive at the following statement.
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THEOREM 6.1. Let the exponent p € P satisfy condition (2.10), p € WPU)(T), and 1/p €
LG (£ > 0). Assume that G e C(I), G(t) £0, t T, g€ Lg(')(l"). Then for problem (1.1)
in the class 3{5(')(1") all the statements of Theorem 5.1 remain valid.

COROLLARY 6.2. Let the exponent p € P satisfy condition (2.10), p € WPU)(T), and 1/p €
L1)*(T) (e > 0). Then the function

1 o(r)dt
2 Jr Tt

r(t) = p(f)exp (6.3)

with real continuous ¢, belongs to WP (T).

7. The problem of linear conjugation with a piecewise continuous coefficient

Proposition 2.2 allows us to investigate problem (1.1) in the class ##)(T) in the case of
piecewise continuous coefficient G and g € LPON(D).

Thus let G € C(T, t1,t,...,ty), that is, G be continuous on the arcs [t, tki1], k= 1,...,
m — 1. Assume that inf,cr |G(t)| > 0. We will follow [8, 15, 28].

Let

Q

(tk_) 27ilk k =1.2..

—==e

(#)

where the real part of the complex numbers Ay = o + iffx is defined up to an arbitrary
additive integer. We assume that

L, (7.1)

)

1 _ __p@®)
a # p mod(1),  qe=4q(),  q(t)= -1 (7.2)
and choose «y in the interval
L <ap < 1 = p(t) (7.3)
P k a Pr = plik). .

In D* we choose an arbitrary point zj. Let yx be a simple smooth curve (a cut) from
the point zy to o which crosses T only at the point # so that the function (z — zo)* is
analytic on the complex plane cut along yx and

(t — 20)™ = (t — 20)* exp (2is), (7.4)

where (tx — zo)ik = lim¢—4= (t — zo)*. Then the function
tel

G(t)
T, (t—20)™

is continuous [8, page 432] and G (t) #0,t € T.

Gi(t) = (7.5)
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Consider now the function

(z—t0)™

b

p(2) = [ [pulz) withp,(z) = (z—tk>“ (z—t
k=1 =

Z—20

(z—2)

(7.6)

where the branch for the function ((z — t)/(z — zp))* is chosen so that it tends to 1 as

z — o0,z € D7, so that p, (2) is analytic in D=.

Assuming that the curve I' at the points #; has at least one-sided tangents, and taking

into account inequalities (7.3), we conclude from the equality

Pi (Z) _ eaklnsztk\*ﬁkarg(zftk)ei(ﬁkln\zftklﬂxkarg(zftk))

that there exists an € > 0 such that

1

py (z) € EPYe(DF), @) € E%*¢(D*).
Therefore, we have
p(z) € BN (D*), ﬁ e En(D*),
where po = min pg, go = mingy.
Let
X(2) = p(2)Xi1(2),
where

Xi(z) = exp{Hr(InGi (1))},

and introduce a new unknown function

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

As far as @ € E2(D*) and (7.9) hold, we have that ®,(z) € E*(D*), § > 0. By Proposition
2.2 we have p € WP()(T) and therefore 1/p(t) € L1)*¢, ¢ > 0. So @ € L'*"(T) for some
1 > 0. According to Smirnov’s theorem we conclude that ®; € E'*(D*). Now by (2.17)
the equality ®; = Kr(®] — @7 ) holds and therefore ®; € H*(T). From (7.1) and (7.12)

we derive that

7 (1) = Gi(t) Dy (t) +g(t)p(2).

(7.13)
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Having resolved (7.13), we find that all the possible solutions of problem (1.1) in the case
» =1nd G, (t) > 0 are given by

®(2) = p(2)X, (Z)Kr< g ) (2) +p(D)X (D) Q1 (2), (7.14)

prX{

where Q,.—(z) is an arbitrary polynomial of degree .

By Proposition 2.2 we have p € WP()(T) and 1/p € L1)*¢(T). Thus all the conditions
of Corollary 6.2 are satisfied. Therefore, for the function ® from (7.14) we get ®* €
LPU)(T). Consequently, (7.14) with an arbitrary polynomial Q,,_; provides us with the
solution of (1.1) in JPC)(T).

The case of negative index is considered in the standard way.

As a result, we arrive at the following theorem.

THEOREM 7.1. Let I be a closed Lyapunov curve or a curve of turning without cusps. Let the
exponent p € P satisfy condition (2.10) and

G e C(T,t,tase s tm), inf |G(t)| >0, (7.15)

tel

and suppose that the curve I has at least one-sided tangent lines at the points ty, k = 1,2,...,
m. Let 5 = ind Gy (t), where G is given by (7.5). Under assumptions (7.1), (7.2), and (7.3)
the statements of Theorem 5.1 hold for problem (1.1), if X(z) is replaced by X,(z) and for-
mula (5.1) is replaced by formula (7.14).

8. The problem of linear conjugation with bounded measurable coefficient

On the basis of various approaches to investigate problem (1.1), we are able to study this
problem in the classes J{?(")(T') either when

(I T belongs to a rather narrow class of curves (Lyapunov curves) and G is in a
sufficiently wide class of bounded measurable functions, or
(II) T belongs to a wide class of curves but G is in a more narrow class than in the
previous case.
In situation (I), we assume that p € % and satisfies the logarithmic condition
(2.10); T'is a Lyapunov curve. We assume that G € s4(1), A > 1, where s{(A) is the
Simonenko class. We recall its definition.

Definition 8.1. A measurable function G on T is said to be in {(A), A > 1, if it satisfies the
following conditions:

(1) 0 < essinf,er |G(1)[, esssup, . |G(F)] < o0,

(2) for any t; € T there exists on I' a neighborhood yy, of fy such that all the values
of G(t), t € 4, lie in the sector centered at the origin and of the angle a(A) =
(2 — §)/max(A,1"), where A’ = A/(A —1) and § > 0 is constant on y;,, see [38,
pages 278-279] and [39], on several versions of this class.
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In [38, 39], for every G € sd(1) an argument a(¢) of G(t) at every point t € I and its
increment 272, (G) was introduced and it was shown that there exists a function Gy () =
expiiag(t)} satisfying the Lipschitz condition (Gy € Lip 1) such that

a)
2 b

esssup |a(t) — ap(t) | < #(Gy) = .(G), (8.1)

tel

and thus
G(t) = | G(t) | W ilatt)=an(®)], (8.2)
In the sequel the index »c = 5(G) of a function G € , is interpreted, by definition, as
= 2%(G) = 1(G). (8.3)

In situation (II), it is known that in the general case of I' € RP")—even when p is
constant, 1 < p < co—the statements of Theorem 5.1 may become invalid for problem
(1.1) with real-valued function G under the only condition 0 < m; < |G(t)| < m, < ©
(see [3]). In this general case of T € R2(*), we restrict ourselves to oscillatory coefficients
of the form

G(t) = e® (8.4)
with a real-valued function a(t).

THEOREM 8.2. Let p belong to P and satisfy condition (2.10). Suppose that either
(D) T is a Lyapunov curve and G € A (L), where

A = max (4,_) , (8.5)
2arcetg|[Sr, |[ 1

or
(I) T € R*Y) and G is an oscillating function having form (8.4) with real-valued «(t),
et e g{()), where

2(1+€)el||Sr|l,.
)L:max( i , | r”"“). (8.6)
2arcctg||Sr||P(_) P

Then for problem (1.1) in HPC)(T) all the conclusions of Theorem 5.1 hold, whereas in (5.2)
we mean that

h(z) = Kr(In | G(t) | +ial(t) — s¢In (t — z0) ) (). (8.7)

Proof. (I) Let ® be a solution of problem (1.1) in J?()(T) and let Q,,_;(z) be such a
polynomial that the function (z — z9)*®(z) — Q,._1(z) belongs to H)(T) (Q,.-1(z) =
0 when s < 0). We rewrite problem (1.1) as

O (1) = (t—z0) “GH[D () (t—20)" = Qe (1)]

. (8.8)
+g(t)+ (t—20) ~G(H)Q,-1(1).
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By (8.2) we have

. XH(t
G(t) = et[tx(t)ao(t)]X"ﬁ)Et;’ (8.9)

o

2mi

1 In[(t—20) " exp (iao(0)) 1dt o LJIH|G(t)|dt
27i Jr f—z P P t-z (8.10)

Since T is a Lyapunov curve, X5 (z) are bounded functions (see [9] or [35, pages 253
and 260]). The function G;(t) = (t — zp) > exp(iag(t)) belongs to Lip1 and ind G, = 0.
Hence X;" are continuous in D* and X~ # 0. Therefore, X, (z) and 1/X,, (z) are bounded
analytic functions in D=. By (8.9) our boundary problem takes the form

ot - -2)"-0Q,._
e = e lita(t) —aa(0)] R g, ey
where
() = g+ (¢ z;})+ (t)G(t)Q;{—l(t). (8.12)
Put
D(z) .
¥(2) Xoy(2)’ ze D% (5.13)
Z)= - .
D(2)(z—20) ~ —Qx1(2) B
Xo(2) , z€D™.
Then ¥(z) € #PC)(T) and
W (t) = exp (i(a(t) —ao(t))) ¥~ (¢) + g1 (2). (8.14)

Since ¥(z) € JP0)(T), we put ¥(z) = (Ky)(z) with v € LP()(T) and rewrite (8.14) as

(G1+1)1//: (G] —I)S[‘I//+2g1, (815)
where
Gi () = exp {i(alt) — ao(D)} = exp (iB(1)). (8.16)
Equation (8.15) yields
w0 = itgP (sry) )+ 2500 (8.17)
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Let My = itg(B(¢)/2)(Sry)(t) +2g1(¢)/(1+ Gi(t)) so that y = My, where M will be a
contraction operator in LP)(I') when ()| = |a(t) — ag(f)| < 2arcctglISr| o), that is,
i

io(t) : —
e ed(d) withA 2arcctg||Sr||p()' (8.18)

Thus under condition (8.18), BVP (1.1) has the unique solution in the case ¢ = 0.
Now we need that the condition

a(t)dt | a()
Y.(2): —exp{ pyerl M } 1 € KT (8.19)
be satisfied. The last inclusion holds if, for example,
eV € of(max(2,7)), g =-esssupq(t) (8.20)
ter

(see [38]).

Assuming that conditions (8.18) and (8.19) (or (8.20)) are fulfilled and taking into
account that in this case (8.14) is uniquely solvable, just in the same way as in Section 6
we establish that the function given by (5.1) and (5.2) provides us again with the solution
of BVP (1.1) in %?()(T) when » > 0, while in the case s < 0 for the solvability, it is
necessary and sufficient that conditions (5.4) are fulfilled.

When the curve is such that the operator

t'(o) iye’r _2n
T¢ (t J ‘// < t(S) eivo _ eiys)da’ Y= 7) (821)

is compact in the space LP*())([0,£]), then in the same manner as for constant p in [14,
page 101], we can conclude that for such curves statements (i) and (ii) of Theorem 5.1
are valid under the condition

|B(t)| < 2arcetg|[Sr, | »(.)- (8.22)

From the compactness of the operators with a weak singularity in the spaces LP(") (see
[21, Theorem C]) it follows that when I'is a Lyapunov curve, then T is a compact operator
in LPG)

Therefore, when p € P and p satisfies condition (2.10), then in the case of Lyapunov
boundary I' all the statements of Theorem 5.1 remain valid under conditions (8.19) and
(8.22) (in particular, when (8.20) and (8.22) are fulfilled).

(II) Condition (8.20) being fulfilled, condition (8.19) is also satisfied when

la(t)| "2
)| < —
P 4(1+0)eq||Srl .,

(8.23)

which can be easily verified by means of Theorem 4.1.
Then following the arguments in the proof of part (I), we again obtain an analogous
statement. ]
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Remark 8.3. In the case p(t) = p = const one has ||Sr, ||, = ctgz/2max(p,q), see [9, Sec-
tion 13.3], so that Theorem 8.2 is a generalization to the spaces L?)(T) of the well-known
Simonenko results [38, 39].

9. On the boundedness of the singular operator in weighted L} ( ')—spaces

As is well known, when investigating the problem of linear conjugation in J?(T) by the
method of factorization, the most important fact is that singular operator Sr is bounded
in Lebesgue weighted spaces, see, for instance, [16, pages 113—114].

In Section 7, it was shown that basing on the boundedness of Sr in L} ) (I') whenpisa
power weight, we can solve the problem of linear conjugation in the class J?(")(T), if the
coefficient G is piecewise continuous.

Another approach is known, which is opposite in a sense. When solving the problem
of linear conjugation with a measurable bounded coefficient G in the explicit form, in
this or other way, not making use of the boundedness results, one is able to conclude
that the singular operator is bounded in the Lebesgue space with weight generated by the
coefficient G. This approach was developed by Simonenko [38] in the case of constant p.

Based on the solution of BVP with continuous coefficient in Section 5, we proved the
weighted inequality for the singular integral operator, see Theorem 5.2. Now we utilize
the solution of problem (1.1) with oscillating coefficient in the class H?()(T) given in
Section 8 avoiding weighted boundedness results, and deduce the boundedness state-
ments for the operator Sy in the weighted spaces L} (')(F ) with weights more general than
the power ones.

TaEOREM 9.1. Let p € P and satisfy condition (2.10) and let T be a Lyapunov curve or a
curve of bounded turning. Assume that

esssup |a(t) | < min <2arcctg||8r0||p[[(_)], %) (9.1)
tel’

Then the function

exp (2171 L j(_T)th> ‘ (9.2)

p(t) =

belongs to WPO)(T).

Proof. Taking into account that the function G(¢) = exp(ia(t)) under condition (9.1) sat-
isfies conditions (8.18) and (8.20), we can state that for arbitrary g € LP(*)(T') the function

X(2) glr) dr

©(z) = 2ni Jr Xt (1) 1—2

(9.3)

with

e[ [G@D ) (1 [ aln)
X(z)—exp(zrﬂjr o dr) —exp(zﬂ JrT—th) (9.4)
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belongs to H?)(T). Consequently, the function ®* and thus

Y(t) =

X*(t) I g(r)dr (9.5)
T

27t XH(r)(r—1)

belong to LP¢)(T).
Then by virtue of statement (i) of Theorem 3.3 we conclude that p € WP)(T) (see
also the proof of Theorem 5.2). O

Remark 9.2. According to Remark 4.2, the number esssup, |a(t)| in (9.1) can be re-
placed by (&) = inf || — y||¢ in the case of bounded «(t), where the infinum is taken
over all rational functions y.

The following example given on the basis of Theorem 9.1 is of interest. Let # (k =
1,2,...) be arbitrary distinct points on I'. Then the function

p(t)=TT1t—u|™ (9.6)

k=1

belongs to W#()(T) under the conditions

, k=1,2,.., < oo, 9.7)

iﬁk
k=1

- 1)<[3k<

p(t q(t)

10. The problem of linear conjugation in weighted spaces L} “(r)

Let I be a simple rectifiable curve bounding the domains D* and p € W?()(T'). We con-

sider the following problem: find functions ® € #? (')(l“) whose boundary conditions
satisfy almost everywhere on I' the condition

O*(t) = G(H) O™ (1) +g(t), (10.1)

whereg € L} “)(I') and Gis a bounded measurable function on I' such that essinf cr |G(¢)]
>0.

We show that under certain assumptions on the curve I, the exponent p(t) and the
weight function p(t) in this general setting is reduced to the problem of conjugation with-
out weight. We consider weight functions of the form

p(t) = exp (%Sr#) e WPOI(T), (10.2)
where y is a real-valued function on I, and assume that
re®!t),  pe?. (10.3)

We need the following auxiliary statements well known for constant p and easily
proved for the variable exponent p(-) under assumptions (10.2) and (10.3).
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Lemma 10.1. Ifp € WPO(T), then 1/p € WAC)(T) and for all € Lg( (T)andy € Ll/p (T
the equality

| o5ty 0t = - | wie)(Srg) (e (10.4)

holds.

Proof. We observe that equality (10.4) is well known, for instance, on rational functions.
Let Q be the set of rational functions on I'. For functions y € Q according to (2.6) we
have

IScyllpgor )~ sup J (1) (Sry) (t)dt
p M’”Lﬁ(')(r)gl T
— sup J (1) (Sv) (Hdt
9EQ r
”(PHL,‘I(')G)Sl (10.5)
— sup Ll//(t)(sr(p)(t)dt

9€Q
H(pHLg(-)(r)Sl

= C”V’”L‘fﬁ‘;)(r)||SF||L,{’(')'

The obtained estimate ||SFW||L?;'>(r) < C||W||L?§->( is extended to all y € Ll/p (T) by dense-
b b
ness of Q in weighted LP{")(T')-spaces, see [21, Theorem 2. 3] Therefore, 1/p € WiIO(T).

The validity of equality (10.4) on the whole range Lg(') L /p ) follows in the same way
since both the left- hand side and the right-hand side of (10.4) are bounded bilinear func-

tionals in L) “x L1 /p O

Lemma 10.2. If® € 37{ (F) and ¥ € 37{1/P (T), then ®Y 37{1(1").

Lemma 10.1 having been proved, the proof of this lemma is obtained in the same way
as in the case of constant p, see [13] or [16, pages 98-99].
Now we get back to problem (10.1). The following statement is valid.

TueoreM 10.3. Let p € P and T € RPC)(T) and assume that condition (10.2) is fulfilled. If
D(z) is a solution of problem (10.1) in the class 37{5(') (') and

Y(2) = exp[ — i(Irp) (2)], (10.6)

then the function

Y(z) = = (10.7)
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is a solution of the problem
WE(t) = G(t)e" W (1) + g (1) (10.8)

in the class JPC)(T), where g (t) = g(£)/Y*(2).

Conversely, if ¥(z) is a solution of problem (10.8) in the class HP)(T), then the function
D(z) = Y(2)Y(2) is a solution of problem (10.1) in the class 3{5(')(1").
Proof. We follow the papers [18, 17] (see also [14, pages 119-120]). Since I' € ®*() and

p is bounded, by Theorem 4.1 there exists a number § > 0 such that 1/Y € E®(D*) and
(z—20)%(1/Y = 1) € E(D~) for some nonnegative integer k. Moreover, the functions

1\* i iy
(7) =ew (=5 +55m) =pew(=%) (109)

belong to LPC)(T'). Therefore, (1/Y)* € LE(T). Since T is a Smirnov curve (see Corollary
3.4), we can take § = p and k = 0. But then 1/Y -1 € E'(D*) and hence 1/Y — 1 €

JHUT). In addition, (1/Y)* € L?Z,)(F) and consequently, 1/Y € 57{?;};)(1"). By virtue of
Lemma 10.2, from the equality

1
y=0-3 (10.10)
we conclude that ¥ € i‘?N{l(l"). But W() = 0 so that ¥ € H!(T). As far as
we () = 0 ) ion, (10.11)

Y=()  p(t)

we have ¥+ — W_ € LP()(T). Then from the equality ¥ = Kp(¥* — ¥~) the inclusion ¥ €
JEPC)(T) follows.

The inverse statement can be analogously proved.

We have taken advantage of the fact that if ¥ € J{?()(T), then W* — ¥~ € LPC)(T)
and ¥(z) = Hr(¥* — ¥7)(2). Indeed, since ¥ € HP()(T), we have ¥(z) = (Kry)(z) with
y € LPO)(T). This implies that

() = 2y + 3 (Sy) () (10.12)

and hence ¥* - ¥~ = y. O

Relying on the results of Sections 5, 7, and 8, we may use Theorem 10.3 to get a picture

of solvability of the problem of linear conjugation in the weighted class 95 (')(1") under
certain assumptions on the coefficient G.

Tueorem 10.4. Let p € P, T € RPY), and let

p € WPUUT) and has the form p = exp (%Sr‘u), (10.13)
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where y is a bounded real measurable function. Suppose that the curve T and the function

Gu(t) = G(t) exp (iu(1)) (10.14)

satisfy the appropriate conditions of one of Theorems 5.1, 7.1, 8.2 with G(t) replaced by

G(t), and put s« = ind G,,(t). Then for problem (10.1) in the weighted class 57{5(') (T) all the
statements of Theorem 5.1 are valid.

The following remarks give us a good reason to consider the assumptions p € W?()(T')
and p = exp(i/2)Sru of Theorem 10.4 as natural and rather general.

Remark 10.5. The latter condition in (10.13) is fulfilled automatically in the case when
p(t) = const and I is a Lyapunov curve: in this case all the weight functions of the class
WP(T) have the form p = exp(i/2)Sru with a real-valued bounded function y (see [32]
and [14, page 64]). With respect to the former condition of (10.13), the following is a
necessary condition for the elementary BVP:

O (t)+ D (t) =g(t) (10.15)

to have a solution in %5 “(r) for anyg € L} “)(I'). From the boundary condition it follows
that Srg = g. Together with this, by the conditions p € % and ¢ € Lg(')(l“) we have ¢ =
@1/p with ¢; € LPU)(T). Consequently, by the statement (iv) of Theorem 3.3 we derive
that Hr(¢1/p) € E'(D*). Therefore, St(¢1/p) = Sg (see, for instance, [16, page 103]), that
is, Sg = ¢1/p so that pSrg € LP()(T) and then Srg € L2 (T) for any g € I2"(T). Thus,
the equation Sr¢ = g being uniquely solvable in L} “(r) for anyg e L} “(1), the operator
Sr maps the space ng(')(l“) onto itself. Applying the statement (ii) of Theorem 3.3, we
conclude that the operator Sr is bounded in Lﬁ(')(l"), thatis, p € WPCNT).

Remark 10.6. It should be noted that it is impossible to derive Theorem 6.1 from Theorem
10.4. By this reason it was separately presented.

11. On singular integral equations in L} (')( I

We apply now the above results to the singular integral equation
a(t)g(t) +b(t)(Sre) (1) + Vo = f(t) (11.1)

in the space L,I; (.)(I‘), where V is any operator compact in the space Lﬁ(') (I).

We assume that the assumptions of Section 10 are fulfilled, that is, I is a rectifiable
curve bounding the domains D* and conditions (10.2) and (10.3) are satisfied. The co-
efficients a(t) and b(t) are assumed to be bounded measurable functions on T

Tueorem 11.1. Let T € RP), the weight function p satisfy the assumptions in (10.2) and
essinf;er la(t) + b(t)| > 0. Assume that for the function

a(t) —b(t)

Gul®) = v ()

et® (11.2)
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the conditions of Theorem 8.2 with G replaced by G, are fulfilled. Then for (11.1) the Noether
theorems are valid and its index in the space ij(')(l") is equal to s = x(G,), where s is
interpreted in accordance with (8.3). In the case V = 0 the solutions of (11.1) in the space
Lf;(')(l") are given by the formula ¢ = ®* — O®~, where O(z) is the solution of the following
BVP:

() = GNP~ (D +&i (1), @) = a(tf(t)

ol b0 P {éu(t) - %(Sr‘u) (t)}. (11.3)

Proof. 1t suffices to give the proof for the case V = 0. In this case (11.1) in the space

Lﬁ(')(l") is equivalent to a BVP of type (10.1) in the class 3{‘5(')(1"), which is established in
the usual way via the Cauchy integral

1 o(r)dt
©(z) = 2milr Tz

e %2 () (11.4)

so that (11.1) may be rewritten in the form
O (1) = G(HD (1) +g(¢) (11.5)

with G(¢) = (a(t) — b(¢))/(a(t) + b(t)) and g(t) = f(¢)/(a(t) + b(t)) under the assumption
that

estseirnf la(t)+b(t)| #0. (11.6)

Thus any solution ¢ € ng(')(l“) of (11.1) generates a solution of (11.5) in 5‘7{5(.)(1“) of form
(11.4). Conversely, if ®(z) is a solution of problem (11.5) in the class ‘.7{;?(')(1"), then the

function ¢(t) = ®*(¢) — @ () is a solution of (11.1).
Let
Y(z) = exp{ —i(Kru)(2)}. (11.7)

By Theorem 10.3 the function
¥(z) = o= = D(2)exp {i(Krp) (2)} (11.8)
is a solution in JP)(T) of the BVP

W (t) = G(t) exp {iu(t) )Y~ () + g1 (1), (11.9)

where g1(¢) = g(1)/Y*(t) = f(t)/[a(t) +b(t)]Y*(t). Via ¥(z) = (Kry)(z) this is equiva-
lent in LP*)(T') to the equation

a1 (Oy(t) +bi (1) (Sry) () = g1 (b), (11.10)
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where

a1 (t) = =[a(t) (1 = e*D) +b(t) (1 + )],
(11.11)

bi(t) = = [a(t)(1+e*D) +b(£) (1 — eH®)].

SR SR

Thus any solution ¥ € J?)(T) of problem (11.9) generates the solution y of (11.9) via
the equality

y=¥"-¥Y =—-_——= g[(ei(”/z) +e W) g+ (W) +e W) Sre],  (11.12)

where p = exp(i/2)Srp. Conversely, if essinfer [a) (t) + b1 (£)| = 2essinf,er |a(t) + b(t)| >
0, then for the solution y € LP)(T) of (11.10) the function

P=0 —O =Y Py

= i[(ei(ﬂ/z) + e*i(y/Z))w + (ei(y/z) _ e—i(y/Z))Srw] (11.13)
is a solution of (11.1) in the space Lg(')(l"). .

References

[1] M. Cotlar, A unified theory of Hilbert transforms and ergodic theorems, Rev. Mat. Cuyana 1
(1955), 105-167.
[2] D. Cruz-Uribe, A. Fiorenza, and C. J. Neugebauer, The maximal function on variable L? spaces,
Ann. Acad. Sci. Fenn. Math. 28 (2003), no. 1, 223-238.
[3] E.A.Danilov, Factorization of a positive function on a contour of unbounded turning, Dokl. Akad.
Nauk SSSR 283 (1985), no. 5, 1051-1053 (Russian).
[4] L. Diening, Maximal function on generalized Lebesgue spaces LP("), Math. Inequal. Appl. 7
(2004), no. 2, 245-253.
[5] L. Diening and M. Ruzitka, Calderén-Zygmund operators on generalized Lebesgue spaces LP"")
and problems related to fluid dynamics, ]. reine angew. Math. 563 (2003), 197-220.
[6] X. Fan and D. Zhao, On the spaces LP®¥)(Q) and W™P®(Q), J. Math. Anal. Appl. 263 (2001),
no. 2, 424-446.
[7] E D. Gakhov, On the Riemann boundary value problem, Mat. Sb. 2 (44) (1937), no. 4, 673683
(Russian).
, Boundary Value Problems, 3rd ed., 1zdat. Nauka, Moscow, 1977.
[9] 1. Gohberg and N. Krupnik, One-Dimensional Linear Singular Integral Equations. Vol. II, Op-
erator Theory: Advances and Applications, vol. 54, Birkhéduser, Basel, 1992.
[10] V. P. Havin, Boundary properties of Cauchy type integrals and harmonically conjugate functions
in domains with rectifiable boundary, Mat. Sb. 68 (1965), no. 4, 499-517.
[11] L. V.Kantorovich and G. P. Akilov, Functional Analysis, 2nd ed., Pergamon Press, Oxford, 1982.
[12]  A. Yu. Karlovich, Fredholmness of singular integral operators with piecewise continuous coeffi-
cients on weighted Banach function spaces, ]. Integral Equations Appl. 15 (2003), no. 3, 263—
320.
[13] G. Khuskivadze, On conjugate functions and Cauchy type integrals, Trudy Tbiliss. Mat. Inst.
Razmadze 31 (1966), 5-54 (Russian).




Boundary value problems for analytic functions

G. Khuskivadze, V. Kokilashvili, and V. Paatashvili, Boundary value problems for analytic and
harmonic functions in domains with nonsmooth boundaries. Applications to conformal map-
pings, Mem. Differential Equations Math. Phys. 14 (1998), 195.

B. V. Khvedelidze, Linear discontinuous boundary value problems of function theory, singular in-
tegral equations and some of their applications, Trudy Tbiliss. Mat. Inst. Razmadze 23 (1956),
3-158 (Russian).

, The method of Cauchy type integrals in discontinuous boundary value problems of the
theory of holomorphic functions of a complex variable, Current Problems in Mathematics,
Vol. 7, Akad. Nauk SSSR Vsesojuz. Inst. Nau¢n. i Tehn. Informacii, Moscow, 1975, pp. 5—
162.

V. Kokilashvili and V. Paatashvili, Discontinuous problem of linear conjugation and singular in-
tegral equations, Differentsial’nye Uravneniya 16 (1980), no. 9, 1650—-1659 (Russian).

V. Kokilashvili and V. A. Paatashvili, A boundary value problem of linear conjugation with mea-
surable coefficients, Sakharth. SSR Mecn. Akad. Math. Inst. Srom. 55 (1977), 59-92 (Rus-
sian).

V. Kokilashvili and S. Samko, Singular integral equations in the Lebesgue spaces with variable
exponent, Proc. A. Razmadze Math. Inst. 131 (2003), 61-78.

, Singular integrals in weighted Lebesgue spaces with variable exponent, Georgian Math.

J. 10 (2003), no. 1, 145-156.

, Maximal and fractional operators in weighted LP™¥) spaces, Rev. Mat. Iberoamericana
20 (2004), no. 2, 493-515.

A. N. Kolmogoroff, Zur normierbarkeit eines allgemeinen topologischen linearen Riumes, Studia
Math. 5 (1934), 29-33 (German).

O. Kovétik and J. Rdkosnik, On spaces LP™¥) and W*P®¥)| Czechoslovak Math. J. 41(116) (1991),
no. 4, 592-618.

W. A.J. Luxemburg, Banach function spaces, Ph.D. thesis, Technische Hogeschool te Delft, Delft,
1955.

J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Mathematics, vol. 1034,
Springer, Berlin, 1983.

J. Musielak and W. Orlicz, On modular spaces, Studia Math. 18 (1959), 49-65.

N. I. Muskhelishvili, Application of integrals of Cauchy type to a class of singular integral equa-
tions, Trav. Inst. Math. Tbilissi 10 (1941), 1-43.

, Singular Integral Equations, 1zdat. Nauka, Moscow, 1968.

H. Nakano, Topology of Linear Topological Spaces, Maruzen, Tokyo, 1951.

A. Nekvinda, Hardy-Littlewood maximal operator on LP@(R), Math. Inequal. Appl. 7 (2004),
no. 2, 255-265.

W. Orlicz, Uber konjugierte Exponentenfolgen, Studia Math. 3 (1931), 200-211 (German).

V. Paatashvili, Some properties of singular integrals and Cauchy type integrals, Trudy Tbiliss. Mat.
Inst. Razmadze 47 (1975), 34-52 (Russian).

V. R. Portnov, Certain properties of the Orlicz spaces generated by the functions M(x,w), Dokl.
Akad. Nauk SSSR 170 (1966), 1269-1272.

, On the theory of Orlicz spaces which are generated by variable N -functions, Dokl. Akad.
Nauk SSSR 175 (1967), 296-299.

L. I. Priwalow, Randeigenschaften Analytischer Funktionen, Zweite, Hochschulbticher fiir Math-
ematik, vol. 25, VEB Deutscher Verlag der Wissenschaften, Berlin, 1956.

B. Riemann, Grundlagen fiir eine allgemeine Theorie der Funktionen einer verinderlichen kom-
plexen Grisse, Werke, Leipzig, 1867.

M. Razi¢ka, Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes in
Mathematics, vol. 1748, Springer, Berlin, 2000.




V. Kokilashvili et al. 71

[38] 1. B. Simonenko, The Riemann boundary-value problem for n pairs of functions with measurable
coefficients and its application to the study of singular integrals in L, spaces with weights, 1zv.
Akad. Nauk SSSR Ser. Mat. 28 (1964), 277-306 (Russian).

[39] —, Some general questions in the theory of the Riemann boundary value problem, Izv. Akad.
Nauk SSSR Ser. Mat. 32 (1968), no. 5, 1138—1146 (Russian).

[40] . L. Walsh, Interpolation and Approximation by Rational Functions in the Complex Domain, 3rd
ed., American Mathematical Society Colloquium Publications, vol. 20, American Mathe-
matical Society, Rhode Island, 1960.

V. Kokilashvili: A. Razmadze Mathematical Institute, Georgian Academy of Sciences, 380093 Tbil-
isi, Georgia
E-mail address: kokil@rmi.acnet.ge

V. Paatashvili: A. Razmadze Mathematical Institute, Georgian Academy of Sciences, 380093 Tbilisi,
Georgia
E-mail address: paata@rmi.acnet.ge

S. Samko: Faculty of Science and Technology, University of Algarve, Faro 8000, Portugal
E-mail address: ssamko@ualg.pt


mailto:kokil@rmi.acnet.ge
mailto:paata@rmi.acnet.ge
mailto:ssamko@ualg.pt

