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ABSTRACT

In this article, we investigate the existence of accelerating scaling solutions in coupled phantom cosmology with-
out assuming any specific potential for the phantom scalar field. The coupling between phantom dark energy
and dark matter is motivated by the warm inflationary paradigm, with the dissipation coefficient assumed to be
either constant or variable. The evolution equations are written in the form of autonomous systems, whose stabil-
ity is studied using methods of qualitative analysis of dynamical systems. For this analysis, the only requirement
imposed on the otherwise arbitrary phantom potential is that a particular dynamical variable, defined in terms
of the potential and its derivative, must be invertible. For such a generic potential, we show that accelerated
scaling solutions do exist, for both constant and variable dissipation coefficients. Although there is a limitation to
these scaling solutions — specifically, the current stage of accelerated expansion is not preceded by a long enough
matter-dominated era — our results show that the existence of a direct coupling between phantom dark energy

and dark matter yields great potential for addressing the cosmic coincidence problem.

1. Introduction

The accelerating expansion of the Universe during its late evolu-
tion was a major discovery in cosmology and astrophysics [1,2], which
caused a significant impact on the scientific community. What drives
this accelerating expansion has remained mysterious till today. Usually,
two well-known approaches are considered to explain this phenomenon.
The first involves introducing a hypothetical dark energy (DE) fluid into
the gravitational equations described by Einstein’s General Relativity
(GR) [3,4]. The second approach modifies GR in various ways, widely
known as modified gravity theories [5-10].

The simplest explanation for this accelerated expansion is based on
GR and incorporates a positive cosmological constant A that acts as
dark energy. This cosmological model, known as A-Cold Dark Matter
(or ACDM), has been quite successful in explaining various phenomena
in the Universe. However, it also faces several problems, notably the cos-
mological constant problem [11] and the cosmic coincidence problem,
often referred to as the “why now” problem [12]. The ~5¢ tension on
the Hubble constant between Planck (within the ACDM paradigm) [13]
and SHOES (Supernovae and H,, for the Equation of State of dark en-
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ergy) [14] is another challenge that has increased the debate on the
revision of the ACDM model. Additionally, from a theoretical point of
view, the independent conservation of DE and dark matter within the
ACDM framework imposes a constraint on the dynamics of the dark com-
ponents. These issues collectively suggest that a revision of the ACDM
model is welcome until the true cosmological model is found that can
answer all the existing cosmic puzzles.

The simplest way to extend the ACDM model is to replace the cosmo-
logical constant A with a time-varying candidate for DE. This includes
a variety of models, such as scalar-field DE models (e.g., quintessence,
phantom, tachyon, and k-essence), as well as models with a redshift-
dependent equation of state for DE, among others [3,4].

In the present article, we particularly focus on the phantom scalar-
field model [15-17], with the underlying gravitational field solely de-
scribed by GR. Since the total energy of the phantom field is unbounded
from below, this model is appropriate for describing only the late-time
evolution of the Universe.

We consider two distinct scenarios. The first is the uncoupled phan-
tom scenario, where the phantom scalar field coexists with dark mat-
ter (DM) without any interaction between them. The second scenario
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$U$


\begin {align}U&=\frac {\sqrt 6 \lambda _c y_c^2[3-\alpha (1-y_c^2)]}{2\alpha ^2(1-y_c^2)^2} W^2+\frac {\sqrt 6\lambda _c y_c}{\alpha (1-y_c^2)^2} V W \nonumber \\ &+\frac {\sqrt {6}y_c^2}{2\alpha (1-y_c^2)} W\! R.\end {align}


$y_c=0$


$V$


$W$


$R$


\begin {equation}U=\frac {\sqrt 6\lambda _c}{2\alpha }V^2W, \label {Xeqn22-A.10}\end {equation}


$y_c=0$


\begin {align}V_\tau & = -\frac 32 y_c (1-y_c^2 )W, \label {flow-V} \\ W_\tau & = \frac 32 (1+y_c^2)W^2, \label {flow-W}\\ R_\tau &=\frac {3\lambda _c f(\lambda _c)y_c^2}{\alpha (1-y_c^2)}W^2.\label {flow-R}\end {align}


$y_c=0$


$V$


$W$


$R$


\begin {align}V_\tau & = -\frac 32 V W, \label {flow-V_zero} \\ W_\tau & = \frac 32 W^2, \label {flow-W_zero}\\ R_\tau &=\frac {3\lambda _c f(\lambda _c)}{\alpha }V^2W^2, \label {flow-R_zero}\end {align}


$y_c=0$


$0<y_c<1$


$W<0$


$V_\tau $


$W_\tau $


$R_\tau $


$\lambda _c f(\lambda _c)/\alpha >0$


$\lambda _c f(\lambda _c)/\alpha <0$


$W$


$V$


$R$


$\lambda _c f(\lambda _c)/\alpha $


$y_c=0$


$V>0$


$x$


$y$


$z$


$\lambda $


$\alpha >0$


$C_3(0,y,1,\lambda )$


$y$


$\lambda $


$C_3(0,1,1,\lambda )$


$C_4(0,1,1,\lambda )$


$C_4(x,\sqrt {1+x^2},1,\lambda )$


$E_3$


$E_6$


$E_3$


$E_6$


$n=1$


$n$


$E_3(0,y,1,\lambda )$


$E_3(0,y_c,1,\lambda _c)$


$y_c\in [0,1)$


$\lambda _c\in \mathbb {R}$


\begin {equation}J_{E_3}=\begin {pmatrix} -\beta (1-y_c^2)^2 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 \end {pmatrix}. \label {jacC}\end {equation}


$\Lambda _1=-\beta (1-y_c^2)^2$


$\Lambda _{2,3,4}=0$


$J_{E_3}$


$E_3(0,y_c,1,\lambda _c)$


$E_3(0,y_c,1,\lambda _c)$


\begin {equation}u=x, \quad v=y-y_c, \quad w=z-1, \quad r=\lambda -\lambda _c. \label {Xeqn24-B.2}\end {equation}


\begin {align}u_\sigma & = -\beta (1-y_c^2)^2u + g_1(u,v,w,r), \\ v_\sigma & = g_2(u,v,w,r), \\ w_\sigma & = g_3(u,v,w,r), \\ r_\sigma &=g_4(u,v,w,r),\end {align}


$g_i=\mathcal {O}(u^2,v^2,w^2,r^2,uv,uw,ur,vw,vr,wr)$


$i=1,2,3,4$


$u$


$\beta >0$


$\beta <0$


$u=h(v,w,r)$


\begin {align}& \frac {\partial h}{\partial v} g_2 \left ( h(v,w,r),v,w,r \right ) + \frac {\partial h}{\partial w} g_3 \left ( h(v,w,r),v,w,r \right ) \nonumber \\ &\hspace {5mm} + \frac {\partial h}{\partial r} g_4 \left ( h(v,w,r),v,w,r \right ) + \beta (1-y_c^2)^2\thinspace h(v,w,r) \nonumber \\ &\hspace {5mm}-g_1\Big (h(v,w,r),v,w,r\Big )=0. \label {CMT-hC}\end {align}


$h(v,w,r)$


$h(0,0,0)=0$


$\nabla h(0,0,0)=0$


\begin {equation}h(v,w,r) = \sum _{j=2}^{m} \sum _{i=0}^{j} \sum _{k=0}^{i} a_{k,i-k,j-i} v^k w^{i-k} r^{j-i} \label {Xeqn25-B.5}\end {equation}


$a_{ijk}$


$m\geq 2$


\begin {align}u=& \frac {\sqrt 6 \lambda _c y_c^2}{2\beta (1-y_c^2)^2} w^3 +\frac {\sqrt {6}y_c^2}{2\beta (1-y_c^2)^2} w^3 r -\frac {3\sqrt 6\lambda _c y_c^2}{2\beta (1-y_c^2)^2} w^4 \nonumber \\&+\frac {\sqrt {6}y_c \lambda _c(1+y_c^2)}{\beta (1-y_c^2)^3} v\, w^3 -\frac {3\sqrt 6 y_c^2}{2\beta (1-y_c^2)^2} w^4 r \nonumber \\ &+ \frac {\sqrt {6}y_c (1+y_c^2)}{\beta (1-y_c^2)^3} v \, w^3 r +\frac {3\sqrt 6\lambda _c y_c^2}{\beta (1-y_c^2)^2} w^5 \nonumber \\&-\frac {3\sqrt {6}\lambda _c y_c (1+y_c^2)}{\beta (1-y_c^2)^3} v \, w^4 +\frac {\sqrt {6}\lambda _c (1+8y_c^2+3y_c^4)}{2\beta (1-y_c^2)^4} v^2\thinspace w^3 \nonumber \\ &+\frac {3\sqrt 6 y_c^2}{\beta (1-y_c^2)^2} w^5 r -\frac {3\sqrt {6} y_c (1+y_c^2)}{\beta (1-y_c^2)^3} v \, w^4 r \nonumber \\&+\frac {\sqrt {6} (1+8y_c^2+3y_c^4)}{2\beta (1-y_c^2)^4} v^2\thinspace w^3 r -\frac {5\sqrt 6 \lambda _c y_c^2}{\beta (1-y_c^2)^2} w^6 \nonumber \\ &+\frac {6\sqrt {6} \lambda _c y_c (1+y_c^2)}{\beta (1-y_c^2)^3} v \, w^5 -\frac {3\sqrt {6} \lambda _c (1+8y_c^2+3y_c^4)}{2\beta (1-y_c^2)^4} v^2\thinspace w^4 \nonumber \\&+\frac {2\sqrt {6} \lambda _c y_c (2+5y_c^2+y_c^4)}{\beta (1-y_c^2)^5} v^3\thinspace w^3. \label {cm45}\end {align}


\begin {align}v_\sigma & = -\frac 32 y_c (1-y_c^2 )w^3, \label {flow1-V} \\ w_\sigma & = \frac 32 (1+y_c^2)w^4, \label {flow1-W} \\ r_\sigma &=\frac {3\lambda _c f(\lambda _c)y_c^2}{\beta (1-y_c^2)^2} w^6.\label {flow1-R}\end {align}


$v$


$w$


$r$


$r$


$0<y_c<1$
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$\lambda _c f(\lambda _c)/\beta >0$
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$y_c=0$


$v$


$w$
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\begin {align}u=& \frac {\sqrt {6}\lambda _c}{2\beta } v^2\thinspace w^3 +\frac {\sqrt {6}}{2\beta } v^2\thinspace w^3 r -\frac {3\sqrt {6}\lambda _c}{2\beta } v^2\thinspace w^4 -\frac {3\sqrt {6}}{2\beta } v^2\thinspace w^4 r \nonumber \\ &+\frac {3\sqrt {6}\lambda _c}{\beta } v^2\thinspace w^5 +\frac {\sqrt {6}\lambda _c}{\beta } v^4\thinspace w^3 +\frac {3\sqrt {6}}{\beta } v^2\thinspace w^5 r \nonumber \\ &+\frac {\sqrt {6}}{\beta } v^4\thinspace w^3 r -\frac {5\sqrt {6}\lambda _c}{\beta } v^2\thinspace w^6 -\frac {3\sqrt {6}\lambda _c}{\beta } v^4\thinspace w^4 \label {cm68}\end {align}


\begin {align}v_\sigma & = -\frac 32 v\, w^3, \label {flow2-V} \\ w_\sigma & = \frac 32 w^4, \label {flow2-W} \\ r_\sigma &=\frac {3\lambda _c f(\lambda _c)}{\beta } v^2\thinspace w^6. \label {flow2-R}\end {align}


$v > 0$


$w<0$


$v_\sigma $


$w_\sigma $


$r_\sigma $


$\lambda _c f(\lambda _c)/\beta >0$


$\lambda _c f(\lambda _c)/\beta <0$


$0<y_c<1$


$x$
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$\lambda $


$\beta >0$


$E_3(0,y,1,\lambda )$


$y$


$\lambda $


$E_3(0,1,1,\lambda )$


$E_4(0,1,1,\lambda )$


$E_4(x,\sqrt {1+x^2},1,\lambda )$


$E_6$


$E_6\left (x_c,\sqrt {1-x_c^2},\frac {3}{3-\sqrt [3]{36\beta x_c^4}},0\right )$


$0<|x_c|< 1/\sqrt 2$


$f(\overline {\lambda }=0)=0$


\begin {gather}\Lambda _1=0, \quad \Lambda _{2,3}=\frac {108\beta x_c^4\left ( 1\pm i\sqrt {1+x_c^2} \right )}{\left (3-\sqrt [3]{36\beta x_c^4}\right )^3}, \nonumber \\ \mbox {and} \quad \Lambda _4=\frac {36\sqrt 6\beta x_c^5 f'(0)}{\left (3-\sqrt [3]{36\beta x_c^4}\right )^3}, \label {eigenvalues-E6}\end {gather}
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$F=(P,Q,R,S)$


$f(\lambda )$


$f(\lambda )=\delta \lambda (\lambda -\overline {\lambda })$


$\delta $


$\overline {\lambda }$


$f(\lambda )$


$f(\lambda )$
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$\mathbb {S}^{4+}$


$(x_1,x_2,x_3,x_4,x_5)$


$x_1=\frac {x}{\Delta }$


$x_2=\frac {y}{\Delta }$


$x_3=\frac {z}{\Delta }$


$x_4=\frac {\lambda }{\Delta }$


$x_5=\frac {1}{\Delta }$


$\Delta =\sqrt {1+x^2+y^2+z^2+\lambda ^2}$


$(V_i,\psi _i)$


$i=1,\dots ,5$


$V_i=\left \{(x_1,x_2,x_3,x_4,x_5)\in \mathbb {S}^4:x_i>0\right \}$


$\mathbb {R}^4$


$\psi _i(x_1,x_2,x_3,x_4,x_5)=\left (\frac {x_j}{x_i},\frac {x_k}{x_i},\frac {x_l}{x_i},\frac {x_m}{x_i}\right )$


$j$


$k$


$l$


$m$


$j<k<l<m$


$i$


$\mathbb {S}^{4+}$


$-x^2+y^2=0$


$x_1^2=x_2^2$


$2x_1^2+x_3^2+x_4^2+x_5^2=1$


$-x^2+y^2=1$


$-x_1^2+x_2^2=x_5^2$


$2x_2^2+x_3^2+x_4^2=1$


$0\leq x_3\leq x_5\leq 1$


$0\leq z\leq 1$


$x_5=0$


$\Big \{(x_1,x_2,x_3,x_4,x_5)\in \mathbb {S}^4:x_1^2=x_2^2,x_2\geq 0,x_3=0,x_5=0\Big \}$


$(\chi ,\zeta ,\xi ,\eta )$


$\psi _1(x_1,x_2,x_3,x_4,x_5)=(\chi ,\zeta ,\xi ,\eta )$


\begin {align}\chi _\mu &=\frac {1}{2}\chi \eta \Bigl \{6\eta ^3+\sqrt {6}\eta \xi (\chi ^2-1)+2(\alpha -3)\eta ^2\zeta \nonumber \\ &-\zeta (\chi ^2-1)(\sqrt {6}\xi +2\alpha )\Bigr \}, \label {DS-inf1a} \\ \zeta _\mu &=\frac {1}{2}\zeta \Bigl \{6\eta ^4+\eta ^2\left [3(2+\zeta ^2)+\chi ^2(6+\sqrt {6}\xi )\right ]\nonumber \\ &+\zeta ^2(3+3\chi ^2-4\alpha )+(2\alpha -9)\eta ^3\zeta \nonumber \\ &-\eta \zeta \left [9-6\alpha +\chi ^2(9+2\alpha +\sqrt {6}\xi )\right ]\Bigr \}, \label {DS-inf1b} \\ \xi _\mu &=\frac {1}{2}\eta \xi \Bigl \{3\eta ^3+\eta \left [3+\chi ^2(3+\sqrt {6}\xi )\right ]+(2\alpha -3)\eta ^2\zeta \nonumber \\ &-\zeta \left [3-2\alpha +\chi ^2(3+2\alpha +\sqrt {6}\xi )\right ]\nonumber \\ &+2\sqrt {6}\delta (\eta -\zeta )(\overline {\lambda }\eta -\xi )\Bigr \}, \label {DS-inf1c} \\ \eta _\mu &=\frac {1}{2}\eta ^2\Bigl \{3\eta ^3+\eta \left [3+\chi ^2(3+\sqrt {6}\xi )\right ]+(2\alpha -3)\eta ^2\zeta \nonumber \\ &-\zeta \left [3-2\alpha +\chi ^2(3+2\alpha +\sqrt {6}\xi )\right ]\Bigr \}, \label {DS-inf1d}\end {align}


$\tau $


$d\tau =\eta ^{4}d\mu $


$\eta =0$


$\eta =0$


$\chi _\tau =\xi _\tau =\eta _\tau =0$


$\zeta _\tau =\zeta ^3(3-4\alpha +3\chi ^2)/2$


$(1,0,\xi ,0)$


$\xi \in \mathbb {R}$


$\mathbb {S}^4$


$A^{\infty }\Bigl \{\left (x_1,x_2,x_3,x_4,x_5\right )\in \mathbb {S}^4: x_1^2=x_2^2, x_1>0, x_2>0, x_3=0, x_5=0\Bigr \}$


$(1,0,\xi ,0)$


$\zeta =0$


$\chi _\tau =3\eta ^4\chi +\sqrt {6}\eta ^2\chi \xi (\chi ^2-1)/2$


$\chi _\tau \simeq 3\eta ^4$


$\chi =1$


$\chi $


$A^{\infty }$


$(\chi ,\zeta ,\xi ,\eta )$


$\psi _2:(x_1,x_2,x_3,x_4,x_5)\rightarrow (\chi ,\zeta ,\xi ,\eta )$


\begin {align}\chi _\mu &=-\frac {1}{2}\eta \Bigl \{6\eta ^3\chi -\sqrt {6}\eta \xi (\chi ^2-1)+2(\alpha -3)\eta ^2\chi \zeta \nonumber \\ &+\zeta (\chi ^2-1)(\sqrt {6}\xi +2\alpha \chi )\Bigr \},\\ \zeta _\mu &=-\frac {1}{2}\zeta (\eta -\zeta )\Bigl \{3\eta ^2\zeta -\eta (6+6\chi ^2+\sqrt {6}\chi \xi ) \nonumber \\ &+\zeta \left [3+(3-4\alpha ) \chi ^2)\right ]\Bigr \}, \\ \xi _\mu &=-\frac {1}{2}\eta \xi (\eta -\zeta )\Bigl \{3\eta ^2-3-3\chi ^2+\sqrt {6}(2\delta -1)\chi \xi \nonumber \\ &-2\sqrt {6}\delta \overline {\lambda }\eta \chi \Bigr \}, \\ \eta _\mu &=-\frac {1}{2}\eta ^2(\eta -\zeta )(3\eta ^2-3-3\chi ^2-\sqrt {6}\chi \xi ).\end {align}
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$\Big \{(x_1,x_2,x_3,x_4,x_5)\in \mathbb {S}^4:x_1^2=x_2^2,x_2\geq 0,x_3=0,x_5=0\Big \}$


$x_3>0$


$\psi _4(x_1,x_2,x_3,x_4,x_5)=(\chi ,\zeta ,\xi ,\eta )$


\begin {align}\chi _\mu &=\frac {1}{2}\eta \Bigl \{-\eta (3\chi ^3+\sqrt {6}\zeta ^2+3\chi \zeta ^2)+(3-2\alpha )\eta ^2\chi \xi \nonumber \\ &-3\eta ^3\chi +\xi \left [\sqrt {6}\zeta ^2+(3-2\alpha )\chi ^3+(3+2\alpha )\chi \zeta ^2\right ] \nonumber \\ &-2\sqrt {6}\delta \chi ^2(\eta -\xi )(\overline {\lambda }\eta -1)\Bigr \}, \\ \zeta _\mu &=\frac {1}{2}\eta \zeta (\eta -\xi )\Bigl \{3\eta ^2-3\chi ^2-3\zeta ^2+\sqrt {6}(2\delta -1)\chi \nonumber \\ &-2\sqrt {6}\delta \overline {\lambda }\eta \chi \Bigr \}, \\ \xi _\mu &=\frac {1}{2}\xi (\eta -\xi )\Bigl \{3\eta ^3+3\eta (\chi ^2+\zeta ^2)-3\eta ^2\xi -3\zeta ^2\xi \nonumber \\ &+(4\alpha -3)\chi ^2\xi -2\sqrt {6}\delta \eta \chi (\overline {\lambda }\eta -1)\Bigr \}, \\ \eta _\mu &=-\sqrt {6}\delta \eta ^2\chi (\eta -\xi )(\overline {\lambda }\eta -1).\end {align}
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$\Bigl \{\left (x_1,x_2,x_3,x_4,x_5\right )\in \mathbb {S}^4: x_1^2=x_2^2, x_2> 0, x_3=0,x_4>0 ,x_5=0\Bigr \}\cup (0,0,0,1,0)$
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involves a coupled phantom scalar field that interacts with DM in a
non-gravitational manner, with the coupling function inspired by warm
inflation.

An interacting cosmological scenario (see, for instance, Refs. [18-
86]) is a generalized cosmological framework offering many interesting
outcomes. From a rational point of view, there is no objection to consid-
ering interactive scenarios, as long as they are not ruled out by observa-
tions. The aftermath of a direct interaction between the dark sectors is
far-reaching — such an interaction can alleviate the cosmic coincidence
problem [19,20,25] and the Hubble constant tension [36,45,87,88].

We investigated both uncoupled and coupled phantom scenarios
by applying the powerful techniques of dynamical systems analysis
(for a review on the application of such techniques to cosmology, see
Ref. [89]).

One of the main foci of the present article is to search for late-time
accelerating scaling attractors in phantom scalar field models, since, ac-
cording to the existing literature in this direction, only a few articles
have found such a possibility [90-93]. Our work presents a novel con-
tribution to the literature of phantom cosmologies by allowing the po-
tential V' (¢) for the phantom scalar field to be quite general, both for
the uncoupled and coupled scenarios. The only requirement on this po-
tential is that a specific dynamical variable A(¢), which is defined in
terms of V' (¢) and its derivative dV /d¢ (see Eq. (9)), must be invertible.
For such a rather generic potential, our findings indicate that in the un-
coupled phantom model, no accelerating scaling attractors can exist. In
contrast, such solutions are present in the coupled phantom scenario.
This is an interesting result, suggesting that a direct, non-gravitational
interaction between the dark components of the Universe might help to
explain recent observational evidence.

The paper is organized as follows. In Section 2 we present the key
gravitational equations of the uncoupled/coupled phantom DE cosmo-
logical model. Section 3 presents the dynamical system analysis for the
uncoupled case, while Section 4 presents this analysis for the coupled
case, considering both constant and variable dissipation coefficients in
the interaction term between DE and DM. Finally, in Section 5, we sum-
marize the main findings of the article.

2. The phantom cosmological model

We assume the gravitational sector of the Universe to be described
by GR, and the matter sector, which is minimally coupled to gravity, to
include a pressureless DM fluid and a phantom scalar field acting as DE.
For simplicity, radiation and ordinary baryonic matter are neglected.

Furthermore, we assume a flat Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric,

ds? = —d* + P (t)d=?, 1)

where a(r) is the scale factor and d¥? is the metric of the three-
dimensional Euclidean space. The evolution equations for the phantom
cosmological model are then given by

2 i2
H? = %(—% +V(¢)+Pnn>s @
. 12 i
H =_7(_¢ + Pou ) 3
) w0
3H —_—— =, 4
¢+3Ho o P (©)]
Pou +3H ppy = 0. ®

In the above equations, ¢ is the phantom DE scalar field with poten-
tial V (¢), ppy is the energy density of a pressureless non-relativistic DM
fluid, H = d/a is the Hubble parameter, and Q is the interaction term
between DE and DM. An overdot denotes a derivative with respect to
cosmic time 7, and we use the notation x = \/8zG = 1/8xz/m;, where G
is the gravitational constant and m;, is the Planck mass.

The cosmological solutions of the uncoupled model (Q = 0) and the
coupled model (Q = I'¢:?, with constant I') were investigated in detail in
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Ref. [94] for the case of the simple exponential potential
V() = Ve 7, O]

where V|, and A are positive constants. In the present article, this investi-
gation will be extended by considering an arbitrary potential V, as well
as an interaction term with a variable dissipation coefficient I'.

3. Uncoupled phantom dark energy

We first consider the uncoupled case, for which Q = 0. For the ex-
ponential potential (6), the evolution Egs. (2)-(5) can be written as a
two-dimensional dynamical system [94] by introducing the dimension-
less variables

K¢ and y= s 7
VeH 3H
as well as a new “time” variable N (N = In(a/q() and g, is the present-
day value of the scale factor), defined as

dN
T -H. 8
i (8)
This is not the case for an arbitrary potential V' (¢), where an extra
variable is needed to close the dynamical system. Let us denote this new
variable by 4 and define it as [95-97]
V.
¢
A=——, 9
s )]
where a subscript ¢ denotes a derivative with respect to this variable.
The evolution Egs. (2)-(5) are now written as a three-dimensional
dynamical system,

Xy =—\/Tg/1y2—%x(l+x2+y2), (10a)
YN = [—?ix+%(l—x2—y2)] ¥ (10b)
Ay = —V67(x, (10c)

where a subscript N denotes a derivative with respect to N and the
function f is given by

VVM,
—1. an
V2 ]

ﬂm=ﬂ[

In the above dynamical system, we have assumed f to be a func-
tion of 4 only. This is only possible if A(¢) is invertible, and we can use
¢(A) to eliminate any dependence of ¢ in the expression VV¢¢/(V¢)2
(see Ref. [89] for a detailed discussion). Therefore, in what follows, we
will restrict our analysis to the class of potentials that satisfy the above
requirement, i.e., those for which A(¢) = —V,,/(xV') is an invertible func-
tion.!

From Eqgs. (2) and (3), it follows that the DM density parameter Qpy
and the deceleration parameter q are given, in terms of the variables x
and y, as

szDM 2
Oy = 5 = 1+ =% (12)
_ H 1 2 2
q=—ﬁ—l—§(l—3x —3y9). (13)

Furthermore, defining the energy density and pressure of the phan-
tom scalar field ¢ as
¢ @

po=-5+V@ and py=-Z -V 14)

L If A(¢) is not invertible, the introduction of the extra variable A does not
suffice to close the dynamical system and, consequently, one or more additional
dynamical variables are needed.
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Table 1
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Phenomenological properties of the critical points of the dynamical system (10) for the uncoupled
phantom DE cosmological model with an arbitrary potential ¥ (¢). The critical points A; and A,
exist for any V. The critical point A; only exists if the equation f(4) =0 has one or more non-
complex roots, collectively denoted by 4. All critical points correspond to solutions dominated

either by DM (Q,, =1) or DE (Q4=1).

Critical points Existence  Q, Qo wy Wyoy q Acceleration
A,(0,0,2) Always 0 1 Indeterm. 0 L No
A5(0,1,0) Always 1 0 -1 -1 Z1 Yes
— = = =
f(H=0 1 0 -1-= -1-= -1-=% Yes

respectively, the DE density parameter Q,, the DE equation-of-state pa-
rameter w,, and the total equation-of-state parameter w,, are given
by

K"Pg 2, 2
= =—-x"+y", 15

¢ = 32 y (15)
D, 2 2

wy=2 =Y a6)
Py XT—y
Py + P

totE ¢ > - = 2_y2 (17)
Pyt Pom

Because of the negative sign in the kinetic term of the phantom scalar
field (see Eq. (14)), the DE density parameter Qy becomes negative for
x2 > y? and the phantom equation-of-state parameter wy, diverges for
x% = y%. To avoid these unphysical situations, we restrict the dynamical-
system analysis to the region x? < y2.

Inspection of the dynamical system (10) reveals that the plane y = 0
is an invariant manifold. Moreover, from the evolution equation for the
DM density parameter,

Qpy § = _3QDM(x2 +%), (18)

it follows that the surfaces y = +V/1 + x2 (Qpy = 0) are also invariant
manifolds. Keeping in mind that Qp, must be non-negative and restrict-
ing the analysis to non-contracting cosmologies, the phase space is con-
fined to the region +x < y < V1 + x2 (x € R), where we have also taken
into account the comment made in the previous paragraph. The allowed
values of 4, as well as the existence of invariant manifolds on this vari-
able, cannot be specified at this point, since they depend on the specific
form of the potential V' (¢). For now, we will allow 4 to assume any real
value.

Let us now find the critical points of the dynamical system (10). From
Eq. (10c) it immediately follows that their existence requires either x = 0
or f(4) =0.

For x =0, Egs. (10a) and (10b) reveal the existence of a one-
dimensional set of non-isolated critical points A4,(0,0, 4) (critical line)
and an isolated critical point 4,(0, 1,0).? We must emphasize that the
existence of these critical points does not depend on the specific form
of the potential V' (¢).

If f(4) has some non-complex zeros, collectively denoted by 2, then

there exists a third critical point, namely, A;(—1/ \/E Vi+ 12 /6, 7).
Since all these critical points correspond to solutions that are com-
pletely dominated by either DM or DE (see Table 1), we must conclude
that in the uncoupled phantom cosmological model, described by the
dynamical system (10), the final state of the Universe’s evolution can-
not be represented by a scaling solution whatever the potential V' (¢) we
choose (belonging, of course, to the class of potentials we are consider-
ing, i.e., potentials for which A(¢) = —V,,/(xV) is an invertible function).

2 The dynamical systems studied in this article allow for the existence of sets
of non-isolated critical points, notably one-, two-, and three-dimensional sets,
called critical lines, critical surfaces, and critical volumes, respectively. In what
follows, for the sake of conciseness, we may use the expression “critical point”
to refer to such sets of non-isolated critical points.

4. Coupled phantom dark energy

Let us now move on to the coupled case. Expressed in terms of the
dimensionless variables x, y, and 4, introduced in the previous section,
the evolution Egs. (2)—(5) read

_ \/E > 3 2, .2 x2Q
xN——T/Iy —zx(1+x +y)—6I{—3x, (193)
6 3
Iy = —\/T—Ax+5(1—x2—y2) 5, (19b)
Ay = V67 ()x, (19¢)

where f(4) is defined in Eq. (11). Depending on the functional form of
Q, it may be necessary to introduce an extra dimensionless variable to
render the system autonomous.

We assume the interaction term Q to be of the dissipative type [98]

Q0 =T¢?, (20)

where I is the dissipation coefficient. It has the dimension of mass, im-
plying that Q has the dimension of (mass)’, which is consistent with the
dimensions of the terms jpy (p,) and 3H ppy (3Hp,,) in the conservation
equations, both with dimension (mass)°.

This interaction term is inspired by warm inflation [99]. Accord-
ing to this paradigm, during the inflationary period, energy is contin-
uously transferred from the inflaton field y to a radiation bath; as a
result, the energy density of radiation py is not diluted during inflation,
and a smooth transition to a radiation-dominated era is ensured with-
out a separate post-inflationary reheating phase. The energy transfer
between the inflation field and radiation is mediated by the dissipation
term Q = INy2, where the dissipation coefficient I is, in general, a func-
tion of the inflaton field and the temperature of the radiation bath (for
recent reviews on warm inflation, see Refs. [100,101]).

This kind of dissipation process could also be present at later stages
of the Universe’s evolution. In particular, it could mediate a direct, non-
gravitational interaction between DE and DM. This is a reasonable as-
sumption. Indeed, at present, we lack a fundamental theory describing
the interaction between the dark components of the Universe, implying
that any choice of the putative interaction term is phenomenological.
One could consider this interaction term to depend on non-local quan-
tities like, for instance, the Universe’s expansion rate H, or one could
consider it to depend on local dissipative effects as in the warm inflation-
ary scenario. The latter is our choice in this article. Therefore, we will
consider the interaction term between DE and DM to be of the form (20),
with a dissipation coefficient I either a constant or a function of ppy.

4.1. Constant dissipation coefficient

We start by considering the dissipation coefficient to be a constant
with the dimension of mass,
I' = constant.

(21

For such choice of T, the evolution Egs. (2)—(5) cannot be written as a
three-dimensional dynamical system, as in the uncoupled case Eq. (10),
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since the interaction term Q between DE and DM cannot be expressed
as a function of the variables x, y, and A, defined in Egs. (7) and (9);
an additional variable z is required to close the dynamical system (19),
which therefore becomes four-dimensional.

We choose this additional variable to be [98]

H,

= 22
HQpy + H, (22)

Z
where H, is a positive constant with the dimension of mass. Note that
this choice of z compactifies the phase space in the z direction, which
becomes comprised between z = 0 (for H = +o0) and z = 1 (for H = 0).
However, with such z, the interaction term appearing in the evolution
equation for x diverges as z — 1. This divergence is removed by choosing
a new “time” variable r, given by

dt H

a4t _ . 23
dt 1-z 23)

It is worth mentioning that this choice of the dimensionless variable z
also guarantees that the hypersurface Qpy = 1 + x?> — y> = 0 is an invari-
ant manifold of the four-dimensional dynamical system, meaning that
no phase-space trajectory can cross this hypersurface and enter the un-
physical region of negative values of Qpy.

In the variables x, y, z, 4, and , the evolution Egs. (2)-(5) for the
coupled phantom DE cosmological model with a constant dissipation
coefficient give rise to the four-dimensional dynamical system

= [—glyz - %x(l +x2 4+ yz)] (1= 2) = ax(1 +x* = Yz, (242)
Ve = [—\/TEMH%(I —xz—yz)] y(1 - 2), (24b)
z, = B(l +x2 +3y9)01 —z)+2axZZ]Z(1 -2), (24¢)
A= =Vo6r(x(1 - 2), (24d)

where « =T'/H,, is the dimensionless coupling parameter, taken to be
nonzero, and f (1) is defined in Eq. (11). Here, again, as in the uncoupled
case, we have assumed that A(¢) = —V,/(xV) is invertible and f is a
function of A only. If the potential V is given by Eq. (6), this dynamical
system reduces to the one studied in Ref. [94].

The DM and DE density parameters Qpy and Q,, the phantom and
the total equation-of-state parameters w,, and w. ., and the deceleration
parameter ¢ do not depend on the variable z and, therefore, are given
by the same expressions as in the uncoupled case (see Egs. (12), (13),
(15)-(17)).

The hyperplanes y = 0, z = 0, and z = 1 are invariant manifolds of the
dynamical system (24). From the evolution equation for the DM density
parameter,

Qpyr = —py [3(x2 +)(1-2)+ 2ax2z], (25)

it follows that the hypersurfaces y = +V'1 + x2 (Qpy = 0) are also invari-
ant manifolds. Taking into account that, by definition, Qp, > 0 and re-
stricting ourselves to non-contracting cosmologies, the phase space is
confined to the region 0 <y < V1 +x2,0<z <1 (x € R). Again, as in
the uncoupled case, the phantom equation-of-state parameter w, di-
verges for x? = y* and the DE density parameter Q, becomes negative
for x> > y?. To avoid these unphysical situations, we further restrict the
phase space to the region +x < y < V1+x2,0 <z <1 (x € R). The al-
lowed values of A, as well as the existence of invariant manifolds on
this variable, cannot be specified at this point, since they depend on the
specific form of the potential V' (¢). For now, we will allow A to assume
any real value.

Note that the hyperplanes y = +x are not invariant manifolds, mean-
ing that phase-space trajectories can cross them. These trajectories
should only be assigned physical meaning once they cross the hyper-
planes y = x or y = —x and enter the region where Q, > 0. Consequently,
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the phantom DE cosmological model should be viewed as a phenomeno-
logical model that describes the late-time evolution of the Universe (for
further details, see Ref. [94]).

From Eq. (24d) it follows that the existence of critical points of the
dynamical system requires x =0, z =1, or f(1) =0.

For x =0, we obtain a one-dimensional set of non-isolated criti-
cal points C; (critical line), an isolated critical point C,, and a two-
dimensional set of non-isolated critical points C; (critical surface), while
z = 1 yields another critical surface C,. We shall reiterate here that the
existence of these critical points® does not depend on the specific form
of the potential V'(¢). Note also that two of these points, C; and C,, did
not exist in the uncoupled case; they appear here due to the presence of
the direct coupling between DE and DM.

If equation f(4) = 0 has non-complex roots, collectively denoted by
4, then there are two additional isolated critical points C5 and Cg, and
an additional critical line C;. Note that the latter corresponds to a van-
ishing root, 4 = 0. Here, again, the presence of the interaction term is
responsible for the appearance of two new critical points, Cy and C;.

The phenomenological properties of the critical points C; to C, are
shown in Table 2.

Contrary to the uncoupled case, the coupled phantom cosmological
model with a constant dissipation coefficient has critical points which
correspond to scaling solutions for which the ratio Qpy/Q, is finite
and nonzero, namely, the critical points C; (for 0 < y < 1) and C, (for
0<|x| <1/ \/5). To determine whether these points represent the final
state of the Universe’s evolution, and, consequently, whether they can
address the cosmic coincidence problem, we need to investigate their
stability. Specifically, we should examine whether these critical points
are attractors and for what values of the parameter « this is the case.

Let us start with the critical surface C;. We consider a point
C5(0,y,, 1, A,) on this surface, where 0 < y, < 1and 4, € R. At this point,
the Jacobian matrix of the dynamical system (24) has the eigenvalues
Ay = a(y? — 1) and A, 54 = 0. Since more than two eigenvalues are zero,
the linear theory does not suffice to assess the stability of this critical
point, and consequently, we have to resort to alternative methods. In
Appendix A, using the center manifold theory, we establish that this
critical point is not an attractor for 0 < y, < 1, 4. € R, and any value of
a. For y, = 1 and A, € R, on the contrary, this critical point is indeed an
attractor for a > 0, but, in this case, Qj = 1 and Qpy = 0 (see Table 2);
therefore, it does not correspond to a scaling solution, but rather to a
final state entirely dominated by phantom DE.

We now turn to the critical line C;. Let us consider a point

Cy(xp,4/1 - x§,3/(3 - 2ax§), 0) on this line, where 0 < |x,| < 1/\/5. Tak-

ing into account that f (A = 0) = 0, the Jacobian matrix of the dynamical
system (24) has the eigenvalues

3ax3<1¢,/1—4xg>

3 —2ax?
c

2v/6ax3 f'(0)

3 —2ax?

Ay =0,

>

Az =

and Ay = (26)

where a prime denotes a derivative with respect to A. Since only one
of the eigenvalues is zero, the critical line C; is normally hyperbolic,
which means that linear theory is sufficient to decide its stability sim-
ply by analyzing the signs of the three remaining eigenvalues. Taking

3 Recall that, for simplicity, when convenient, we are using the expression
“critical point” to designate also a higher-dimensional set of non-isolated critical
points.

4 If only two eigenvalues were zero (those whose corresponding eigenvectors
are tangent to the surface C;), this surface would be normally hyperbolic, and
linear theory would suffice to study its stability. In this scenario, the signs of the
two nonzero eigenvalues would determine whether C; is an attractor, saddle, or
repellor in the remaining directions.
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Table 2
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Phenomenological properties of the critical points of the dynamical system (24) for the coupled phantom DE cosmological
model with an arbitrary potential V' and a constant dissipation coefficient I'. The critical points C,, C,, C;, and C, exist for
any V. The critical points Cs, C4, and C; only exist if the equation f(4) = 0 has one or more non-complex roots, collectively
denoted by 7. For C;, this root is zero. The critical points C; (for 0 < y < 1) and C; (for 0 < |x| < 1 /\/E) correspond to

scaling solutions.

Critical points Existence Q, Qpy wy, Wy q Acceleration
C,(0,0,0, ) Always 0 1 Indeterm. 0 % No
C,(0,1,0,0) Always 1 0 -1 -1 -1 Yes
2 2 2 1-3y? 1
C;(0,y,1,4) 0<y<l1 y 1-y -1 -y 5 $<ysl
Q(x, Vit 1,/1) Always 1 0 S1-22 —1-222  —1-322  Yes
- — _ _ =2 =2
Q(—ﬁ, 1+%,0,A> f=0 1 0 -1-4 L BRSO
- =2 -2 -2
e -2 4144, 2300 7 DH=0,a<0 1 0 -1-% -1-£ -1-4 v
6< NG 6 37 46)-2a% I * 2 es
N A=0,a <0, ) ) !
& (v V=22, 2.0) <13 1-2  2x - -1 -1 Yes

into account that C; exists only for negative values of the parameter «,
we immediately conclude that the real parts of A, and A; are always
negative and A, is negative if the condition x, f'(0) > 0 is satisfied. Con-
sequently, the critical line C; is an attractor for « < 0, x.f’(0) > 0, and
0< x| <1/ \/5 Furthermore, because g = —1 (see Table 2), this attrac-
tor corresponds to an accelerated scaling solution.

Note that @ < 0 means that the dissipation coefficient I is negative,
which in turn implies that the interaction term Q is also negative. From
Eq. (5), it then follows that energy is continuously transferred from the
phantom DE scalar field to the DM fluid, which explains why asymptot-
ically Qpy = 0 does not vanish.

If the function f(4) is such that it admits a zero root, then the hy-
perplane 4 =0 is an invariant manifold, as can readily be seen from
the dynamical system (24). Furthermore, this hyperplane fully contains
the critical line C;. This circumstance allows us to visualize in a three-
dimensional plot the trajectories® that, coming from infinity, converge
to this critical line (see Fig. 1).

Cosmological observations reveal that the present era of accelerated
expansion was preceded by an era of matter-domination, long enough
to allow the formation of large-scale structure. In our coupled phantom
DE model, this period of matter domination occurs in the vicinity of C,
(see Table 2). Note that the trajectories that pass close to C; converge to
points in C; for which x ~ 0, implying that these solutions are asymp-
totically dominated by phantom dark energy (see Table 2). On the other
hand, trajectories that end at C; in points with 0 < |x| < 1 /\/5, which
correspond to scaling solutions suitable to solve the cosmic coincidence
problem, do not pass near C;, implying that the final stage of evolution
is not preceded by a matter-dominated era.

Combining these results with the ones obtained for the critical sur-
face C;, we conclude that the coupled phantom cosmological model with
a constant dissipation coefficient I and an arbitrary potential V' (¢) ad-
mits accelerated scaling attractors. However, these solutions have a lim-
itation: the final stage of evolution is not preceded by a sufficiently long
matter-dominated era.

The phase space associated with the dynamical system (24) is not
bounded in the x, y, and A directions. Consequently, the existence of
critical points at infinity cannot be ruled out. The asymptotic structure of
the phase space and the stability of these putative points are investigated
in Appendix C. We find out that there are two critical points at infinity,
both exhibiting unstable behavior. Consequently, the interaction term

5 These trajectories are numerically computed from the three-dimensional dy-
namical system (24a)-(24c) with 4 = 0, whose Jacobian has the eigenvalues A,
A,, and A; given by Eq. (26). For a < 0, the real parts of A, and A; are both
negative, implying that C, is an attractor in the invariant manifold 4 = 0 for any

value of x (|x]| < 1/\/5).

Cs

Fig. 1. Phase portrait of the three-dimensional invariant manifold A = 0 for « =
—1. This manifold fully contains the critical line C;, which is an attractor for any
value of x (|x]| < 1/\/5).

Q, given by Eq. (20), with a constant dissipation coefficient effectively
avoids Big-Rip singularities.

4.2. Variable dissipation coefficient

We now consider the dissipation coefficient I' in the interaction
term (20) to depend on the DM energy density ppy. Such an interac-
tion term between DE and DM was considered in recent years in the
context of a steep-potential quintessence inflationary model [102,103].
More specifically, aiming to unify early and late stages of the Universe’s
evolution through dissipative effects, the energy exchange between the
quintessential scalar field and dark matter at late times was considered
to be mediated by an interaction term with T = M2/ o4 Here, we gen-

DM
eralize this dissipation coefficient, choosing it to be of the form

MAn+l

I
Pou

s (27)

where M is a constant with the dimension of mass and n>0 (n =0
corresponds to the case of a constant dissipation coefficient analyzed in
the previous subsection).

As in the case of constant I', the interaction term Q between DE
and DM cannot be expressed as a function of the variables x, y, and 4,
defined in Egs. (7) and (9). An additional variable z is needed to close the
dynamical system (19), which we choose to be given again by Eq. (22).
Recall that such a choice, which compactifies the phase space in the z
direction, leads to a divergent interaction term in the evolution equation
for x (see discussion following Eq. (22)). This divergence is removed by
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Table 3
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Phenomenological properties of the critical points of the dynamical system (29) for the coupled phantom DE cosmological
model with an arbitrary potential V' and a variable dissipation coefficient I'. The critical points E,, E,, E;, and E, exist for
any V. The critical points E5 and E4 only exist if the equation f(4) = 0 has one or more non-complex roots, collectively
denoted by 7. For Eq, this root is zero. The critical points E; (for 0 < y < 1) and E, (for 0 < |x| < 1/ \/E) correspond to

scaling solutions.

Critical points Existence Q, Qpy Wy Wy q Acceleration

E(0,0,0, 4) Always 0 1 Indeterm. 0 % No

E»(0,1,0,0) Always 1 0 -1 -1 -1 Yes

2 2 1-3y? 1
E5(0,y,1,4) 0<y<l v 1=y -l -y = 5 <rsl
E4<x, 1+x2,1,/1) Always 1 0 S1-22 —1-222  -1-3x2  Yes
= =2 p— - -2
E5<7%, 1+%,o,/1> fy=0 1 0 -1-£ -1-% -1-4 Yes
1=0,p<0, 2
Egfx,V1-x2, —————— 0 b 1-2x2  2x? - -1 -1 Yes
(= 2L gz ) 5T Ix| < 1/v2 —2x
choosing a new “time” variable o, given by do not depend on the specific choice of the potential V' (¢), are identical
do H to those obtained within the coupled model with a constant dissipation
= (28)

dr (1 = z)2ntl’

In the variables x, y, z, 4, and o, the evolution Egs. (2)-(5) for the
coupled phantom DE cosmological model with a variable dissipation
coefficient give rise to the four-dimensional dynamical system

Xp = _—éiyz - %x(l +x7+ yz)] (1 -z

—_ﬂx(l +x2— y2)n+122n+1’ (29a)
Vo = _—éu + %(1 -x%- y2)] y(1 = )2+ (29b)
z, = _%(1 +x%+y5)( - z)?!

+28x2(1 + x* — yz)"z2"+1] z(1 — z), (29¢)
Ay = =65 (x(1 - 27>, (29d)

where g = k2" M4+ /(3" H2*1) is a dimensionless coupling parameter,
taken to be nonzero, and we have assumed again that A(¢) = —V,,/(xV)
is invertible and f, defined in Eq. (11), is a function of 4 only. For n = 0,
the above dynamical system reduces to the one studied in the previous
subsection (see Eq. (24)).

The parameters Qpy, Q, Wy, Wyor, and ¢ do not depend on the vari-
able z and, therefore, are given by the same expressions as in the uncou-
pled model and the coupled model with constant dissipation term (see
Egs. (12), (13), (15)-(17)).

From the dynamical system (29) and the evolution equation for the
DM density parameter,

Qpy o = —Qpy [3G7 + y))(1 — 22" + 28520, 22, (30)

it follows that the hyperplanes y =0, z =0, and z = 1 and the hyper-
surfaces y = +V/1 + x2 (Qpy = 0) are invariant manifolds. Taking into
account that Qp, > 0 and restricting ourselves to non-contracting cos-
mologies, the phase space is confined to the region +x < y < V1 + x2,
0<z<1 (x €R), where we have also excluded the regions x? > y?,
in which w,, diverges and Q; becomes negative (see discussion after
Egs. (17) and (25)). Since we are assuming the potential V' (¢) to be ar-
bitrary, the allowed values of 4 and the existence of invariant manifolds
in this variable cannot be specified at this point. Therefore, we will allow
4 to take any real value.

According to Eq. (29d), the existence of critical points of the dynam-
ical system requires x =0, z =1, or f(4) =0.

For x =0 and z = 1, we obtain a critical line E|, a critical point E,,
and two critical surfaces E; and E,. Note that these critical points, which

coefficient I' (see Tables 2 and 3). Therefore, changing from a constant
to a variable I" does not affect the structure of this part of the phase
space.

If equation f(4) = 0 has non-complex roots, collectively denoted by
7, then there are one additional critical point E5 and one additional
critical line Ej, the latter corresponding to a vanishing root, 4 = 0. These
points are identical to points C5 and C; of the coupled model with a
constant dissipation coefficient I" (see Tables 2 and 3). The critical point
Cg has no correspondence here.

The phenomenological properties of the critical points E; to Eg are
shown in Table 3.

Let us focus our attention on the critical surface E; and the crit-
ical line E4, which correspond to scaling solutions for 0 < y < 1 and
0<|x| <1/ \/5, respectively. To verify whether they are phase-space at-
tractors and consequently correspond to a final state in the evolution of
the Universe, we must study their stability. For simplicity, this study is
performed here for the case n = 1, but it can be extended to other values
of n.

Linear theory is not enough to assess the stability of Ej, since the
Jacobian matrix has more than two zero eigenvalues. Therefore, we re-
sort to the center manifold theory to establish that this critical surface
is an attractor only along the line y = 1, A € R (see Appendix B), imply-
ing that the corresponding final state is entirely dominated by phantom
dark energy.

Regarding the critical line Eg, its stability properties can be estab-
lished using linear theory alone (see Appendix B), since only one of the
eigenvalues of the Jacobian matrix is zero (the one whose corresponding
eigenvector is tangent to the line E¢). Two other eigenvalues have nega-
tive real parts, while the fourth is negative if x, f/(0) > 0, where x, is the
x-coordinate of a specific point on the line E¢ and the prime denotes the
derivative with respect to 1. Consequently, we conclude that the criti-
cal line Eg is an attractor if the above condition is satisfied. However,
similarly to the case of the coupled model with a constant dissipation
coefficient (see Fig. 1 and discussion around it), phase-space trajecto-
ries that end at E in points with an x-coordinate lying in the interval
o< x| <1/ \/5 (i.e., points corresponding to accelerated scaling solu-
tions) do not pass close to the critical line E;, which corresponds to a
matter-dominated solution.

The situation here is similar to that found in the coupled model with
a constant dissipation coefficient. We indeed find a final stage of evolu-
tion corresponding to a scaling solution. Still, this stage is not preceded
by a long enough matter-dominated era, as required by cosmological ob-
servations. However, despite this limitation, the appearance of scaling
solutions in our coupled phantom DE cosmological model is certainly
appealing. Finding such solutions in phantom models has proven to be
really challenging, with only a few examples available for specific poten-
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tials and interaction terms [90-93]. Therefore, the results of the present
study, achieved for a generic potential, will certainly motivate future
research in this direction.

The asymptotic structure of the phase space and the stability of the
critical points located at infinity are investigated in Appendix C. As for
the case of a constant dissipative coefficient, we find that the interac-
tion term Q, given by Eq. (20), with a variable dissipation coefficient
effectively avoids Big-Rip singularities.

5. Conclusions

Canonical scalar-field models have a rich historical back-
ground [104], having produced many attractive outcomes in modern
cosmology over the past three to four decades. Specifically, after the
discovery of the Universe’s accelerating expansion, scalar field models
came into the limelight of cosmology, the credit going to the challenges
posed by the standard ACDM paradigm.

The dynamics of a scalar field heavily depend on its potential, thus
making the selection of this potential a crucial issue in studying the evo-
lution of the Universe. A phantom scalar field [15,16] is an attractive
proposal in this category, and in the literature, cosmological phantom
models have been extensively studied considering different potentials.
However, as per the existing records in the literature, accelerating scal-
ing attractors are very rare in phantom cosmology.

In this article, we studied the dynamics of a phantom DE cosmo-
logical model without specifying the potential of the phantom scalar
field. Our aim was to examine the existence of accelerating scaling at-
tractors within this model. For completeness, we have considered two
distinct cases: when the phantom DE scalar field interacts with DM only
gravitationally (uncoupled phantom scenario) and, secondly, when this
field interacts directly with DM (coupled phantom scenario). In the lat-
ter case, we have considered an interaction function Q = I'¢$? motivated
by the warm inflationary paradigm, with the dissipation coefficient I"
being either constant or variable. Introducing dimensionless variables,
we have written the evolution equations for the phantom DE cosmolog-
ical model as a dynamical system, for both the uncoupled and coupled
scenarios, and performed a stability analysis of the respective phase
spaces by investigating the nature of the critical points. The only con-
dition we imposed on this analysis was the invertibility of A(¢), defined
by Eq. (9). This is a minimal constraint on the potential, which allowed
us to avoid any dependency of the autonomous systems on ¢.

The phenomenological properties of the critical points of the dif-
ferent dynamical systems are shown in Tables 1 (uncoupled phantom
model), 2 (coupled phantom model with constant I'), and 3 (coupled
phantom model with variable I').

The main results of our investigation are the following:

¢ In the uncoupled phantom DE cosmological model, there are no ac-
celerating scaling solutions, whatever the potential V' (¢) we choose.
In the coupled phantom DE cosmological model with a constant dis-
sipative coefficient I', an accelerating scaling attractor is allowed (C;
in Table 2, see also Fig. 1); however, this final state of the Universe’s
evolution is not preceded by the long enough matter-dominated era
required by the observations.

In the coupled phantom DE cosmological model with a variable I'
given by Eq. (27), an accelerating scaling attractor also exists (Eg in
Table 3), but, similarly to the previous case, the preceding matter-
dominated era is missing.

If the potential V' (¢) is of the simple exponential type, given by
Eq. (6), 4 is not a dynamical variable, but simply a constant parameter-
izing the steepness of the exponential. In this case, which was investi-
gated in Ref. [94] for a constant dissipation coefficient I', the dynamical
system has only one critical point corresponding to a scaling solution,
analogous to C; of the present work. However, as here, this point is only
an attractor when Q = 1. When more general potentials are considered,
which go beyond the simple exponential, the structure of the dynamical
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system becomes richer, admitting two new critical points, one of which,
C;, corresponds to an accelerated scaling attractor. Thus, the option for
a simple exponential potential in coupled phantom cosmological models
is too restrictive when it comes to the existence of accelerated scaling
solutions capable of addressing the cosmic coincidence problem. Our
study reveals that more complex potentials must be considered.

In a nutshell, if we assume that i(¢), defined by Eq. (9), is invert-
ible, then irrespective of the potential V' (¢) chosen to the phantom DE
scalar field, the uncoupled phantom model offers no accelerating scaling
attractors and thus it can be argued that this model is not a viable solu-
tion for the cosmic coincidence problem. On the contrary, the coupled
phantom models are quite promising as they can provide accelerating
scaling attractors and hence address the cosmic coincidence problem.
While the absence of a long enough matter-dominated era preceding
the accelerated final stage of evolution is a limitation of both coupled
scenarios we have considered, the choice of a different interaction term
between the dark components may allow us to overcome this limitation.
This investigation is left for future work.
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Appendix A. Stability of the critical surface C;

To understand the stability features of the critical surface
C5(0,y,1,4), we focus on a specific point on it, namely C;(0,y,, 1, 4,),
with y, € [0, 1) and 4, being a real number.

At the chosen critical point C5(0, y,, 1, 4.), we compute the Jacobian
matrix of the system (24) as

a?2-1) 0 \/TE/lcyg 0
3 2
Je,=| © 0 Sy0;-D 0f (A1)
0 0 0 0
0 0 0 0

This matrix has one non-zero eigenvalue A, = a( yf — 1), while the re-
maining three are zero, A,;, =0. The corresponding (generalized)
eigenvectors are

1 0 2\/§1}“cy2§) 0
a(l—y=
0 1 ¢ 0
=1l =0l T (1) Vs =10 (A.2)
0 0 0 1
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Due to the presence of three zero eigenvalues in the Jacobian matrix
Jc,» linear stability theory cannot fully characterize the stability of the
point C5(0, y,., 1, 4.). As aresult, we turn to center manifold theory [105-
107] for a more complete analysis.®

To facilitate the analysis, we translate the critical point C5(0, y,, 1, 4.)
to the origin via the change of variables

u=x, v=y—-y, w=z-1, r=21-4. (A.3)

In terms of these variables, the dynamical system (24) takes the form

V6

up = —a(l = yu+ = Acyg w+ fi(w, v, w,1), (A.4a)
3
vr = =3yl =yw + fou, v, 0,1), (A.4b)
w, = f3u,v,w,r), (A.40)
r. = fyu,v,w,r), (A.4d)
where f; = OW?, v, w?, r?, uv, uw, ur, vw, vr, wr), i = 1,2,3,4.
Performing a final change of variables
u U
v 14
=P A.

w w (A.5)

r R

where P is a matrix whose columns are the eigenvectors given by
Eq. (A.2), the system simplifies to

U, =—a(l -y)HU + F,(U,V,W,R), (A.62)
3

Ve ==35(- VOW + Fy(U,V,W,R), (A.6b)

W, = Fy(U,V,W,R), (A.6¢c)

R, = F,(U,V,W,R), (A.6d)

with F, = O(U?, V2, W2, R?, UV, UW ,UR, VW ,VR,WR), i = 1,2,3,4.
Note that in the U direction, trajectories approach the critical point
if @ > 0, and diverge if « < 0. We now proceed to determine the center
manifold U = h(V, W, R) and the flow on it.
To compute the center manifold, we solve the following partial dif-
ferential equation

Oh[ 3 _2 ]
av[ Syl yE)W+F2<h(V,W,R),V,W,R>
oh
o9 g (hV, ,R,V,W,R)
o BV WL R

oh
ohp (h V,W,R,V,W,R)
+0R 1| A )

+a(l = yHh(V, W, R)

-F (h(V, W.R.V.W, R) =0. (A7)

Here, h(V, W, R) is defined near the origin, and it satisfies /(0,0,0) = 0,
Vh(0,0,0) = 0, ensuring tangency with the center subspace at the critical
point.

We seek a solution to the above equation in the form

m i

hV,W,R) = Z 2 Z ak,i—k,j—inWi_k RI-
i=0

j=2 i=0 k=0

(A.8)

where a;;, are constants and m > 2. By substituting this expression into
Eq. (A.7) and keeping only the second-order terms, the center manifold

6 Note that we have excluded from the analysis the value y, = 1, correspond-
ing to the critical point C;(0, 1, 1, 4,), since, for this value of y,, all the eigenval-
ues of the Jacobian matrix (A.1) are zero and, consequently, we cannot resort
to center manifold theory to study the stability of this critical point. However,
as we will see below, the analysis of the critical points for which 0 < y. < 1 al-
lows, based on continuity arguments, to draw conclusions about the stability of
Cy(0,1,1, 4,).
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U is approximated by
V6a 2B —a(l =1 oy,
U= W+
2a2(1 — y2)? a(l —y2)?

Vey?

+ ———
2a(l = )2)

(A.9)

Noting that all terms in the above expression vanish for y, =0, we
extend the center manifold approximation to third order in V, W and
R, resulting in
V6i,

2a
for y. = 0.

The dynamics restricted to the center manifold are governed by the

following system of differential equations

U= Viw, (A.10)

3

Ve=-3y(- VW, (A.11a)

W, = %(1 +OW?, (A.11b)
34, f(A)y?

R, = e/ (Re)ye ”lyc w? (A.11c)
a(l —y7)

Due to the vanishing of the leading-order terms in Egs. (A.11a) and
(A.11c) for y, =0, we proceed with a higher-order approximation in
powers of ¥V, W and R. The resulting system on the center manifold
takes the form

3

Vi==3VW, (A.12a)
W, = %Wz, (A.12b)
3.,
R, = MVZWZ, (A.120)
o

for y, =0.

For 0 < y, < 1, taking into account that W < 0 near the critical point,
we find that both V, and W, are positive. Moreover, R, is positive when
A f(A.)/a > 0, and negative for 4, f(4,)/a < 0. This implies that the tra-
jectories approach the critical point along the W -direction and drift to-
wards increasing V' and either increasing or decreasing R, depending
on the sign of A, f(4,)/a. Similarly, for y, = 0, taking into account that
V > 0 in the neighborhood of the critical point, the same qualitative
behavior is observed.

When expressed in terms of the original variables x, y, z and 4,
these findings show that, for « > 0, the trajectories that approach the
critical surface C;(0, y, 1, A) drift along the y and A directions towards
the critical line C5(0, 1, 1, 1), which, therefore, is an attractor. This line
coincides with the line C,(0,1,1, 4) belonging to the critical surface

Cye, V1 +x2,1, ).

Appendix B. Stability of the critical surface E; and the critical
line E,

For simplicity, the stability analysis of E; and E is illustrated in
the case n = 1. This analysis can be straightforwardly adapted to other
values of n, specifically integer ones; however, the resulting equations
are lengthy and not particularly illuminating.

To gain insight into the stability behavior of the critical surface
E;(0,, 1, 4), we investigate a specific point on it, namely E;(0, y,, 1, 4,),
where y, € [0,1) and 4, € R.

At this point, we evaluate the Jacobian matrix corresponding to the
dynamical system (29) as

—p1-y»* 0 0 0
0 0 0 0
Jp. = ) B.1
Es 0 0 0 0 (B.1)
0 0 0 0
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The Jacobian matrix possesses a single non-zero eigenvalue, A; =
—p(1 — y*)?, while the remaining three eigenvalues vanish, A, ;4 = 0.
The presence of three zero eigenvalues in Jp, prevents a complete
stability classification of E5(0, y., 1, 4.) via linear stability methods. Con-
sequently, we turn to the center manifold theory [105-107] for further
analysis.
To simplify the analysis, we relocate the critical point E5(0, y,, 1, 4.)

to the origin by applying the coordinate transformation
u=x, w=z-1,

v=y-—Y., r=Ai-A4. (B.2)

With this change of variables, the system (29) takes the form

Uy = =Pl =y u+ gy (u, v, w,r), (B.3a)
Uy = &, v,w,r), (B.3b)
w, = g3, v,w,r), (B.3¢c)
re = 84(u, v, w,r), (B.3d)

where g; = O@W?, v?, w?, 12, uv, uw, ur, vw, vr,wr), i = 1,2,3,4.

Note that along the u direction, trajectories approach the critical
point when $ > 0, and diverge when g < 0.

We now proceed to determine the center manifold u = h(v, w, r),
which is determined by solving the partial differential equation

oh

I g (h(v,w,r),v,w,r) + %g3(h(v, w,r), v, w,r)

+ D (0,07, 0,10,7) 4 B0 = 72 (o, 0,7)
—-g (h(v, w,r), v, w, r) =0. (B.4)

The function h(v, w, r), defined near the origin, satisfies the conditions
h(0,0,0) =0, VA(0,0,0) = 0, ensuring that the manifold is tangent to the
center subspace at the critical point.

To approximate the center manifold, we assume a solution of the
form

m i
hw,w,r)= Y 3 g w e (B.5)
772 i=0 k=0

with constants g; ik and m > 2. Substituting this expression into Eq. (B.4)
and collecting terms up to sixth order yields for the center manifold

. V64,572 r V6y? e 3V64,5? A
261 - y2)2 2p(1 - y1)? 2p(1 - y)?
Veya1+y) 36,
3 vw — > 2LU r
p—y2) 2B(1 = y2)
Voyr+y2) . 3V6a0?
vwr+ w
A —y2)3 B —y2)?
3V6a.5. (045D, Vera+82+3yY)
- s YW 2\4 vrw
A —y2) 2B(1 = y2)
ek o 3Vera+ad)
+ 3 wr o w
p—=y2) p—=y2)
V6(1 +8y2 3D 5 s 5v/64.52 6
28(1 — y2)* B — y2)?
6V6ay.(1+y2) . 364,01 +8y§+3y‘g)u2 i
A —y2)3 28(1 — y2)*
216452 + 552 +y§)U3 o
B — 2y '

The reduced system on the center manifold takes the form

(B.6)

3
v, = =3y~ yHw?, (B.72)

w, = %(1 + ¥y, (B.7b)
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2

rp = Mwﬁ. (B.7¢)
Bl —y1)?

Note that the expression (B.6) for the center manifold had to be com-

puted up to sixth order in powers of v, w, and r to obtain a non-trivial

result for the flow in the r direction.

For 0 < y, < 1, taking into account that w < 0 near the critical point,
we find that both v, and w, are positive. Moreover, r, is positive when
A.f(A.)/B > 0 and negative for 4.f(4.)/p < 0. Thus, the trajectories ap-
proach the critical point along the w-direction and drift toward increas-
ing v, with r either increasing or decreasing depending on the sign of
A f(A)/B-

For y, = 0, the leading-order terms in Eqs. (B.7a) and (B.7c¢) vanish,
making it necessary to extend the expression (B.6) for the center mani-
fold up to eighth order in powers of v, w, and r, yielding

— \/gj'c U2 3 \/g

w +_U2W3r—mU2w4—MU2w4r
25 24 2p 2p
3464, 64,
+ Ve VP wd + Ve vt w’ + 3\/guzu)Sr
p p p
+ ﬁu“ w3 - 5\/616 v ub - 3\/610 ot w? (B.8)
p p p
and
v, = —%vwi (B.9a)
Wy = %w“, (B.9b)
34.f(A.)
= %02 wb. (B.9¢)

Taking into account that v > 0 and w < 0 in the vicinity of the crit-
ical point, we conclude that both v, and w, are positive; r, is positive
when 4, f(4,)/p > 0 and negative for A.f(4.)/p < 0. Thus, the trajecto-
ries behave similarly to the case 0 < y, < 1.

In the original variables x, y, z, and 4, our findings show that for g >
0, trajectories approaching the critical surface E;(0,y, 1, 4) drift along
the y and A directions towards the critical line E3(0, 1, 1, 1), making it an
attractor. Note that this line coincides with the line E,(0, 1, 1, 1), which
belongs to the surface E,(x, V1 + x2,1, A).

We now turn our attention to the critical line E¢. Consider a rep-

resentative point Eg{ x.,4/1 —x%, —3 0 , with 0 < |x.| < 1/\/5.
3-3/36px4

Assuming f (1 =0) =0, the Jacobian matrix of the system (29) yields
the following eigenvalues

108/3x§<1 +iy/1 +x§>
—
<3 - ,3/36ﬁx§>

36V/65x3 /7(0)

(3_ 3/36ﬂx‘c‘>3’

where a prime denotes a derivative with respect to A. Since only one
eigenvalue vanishes, the critical line E, is normally hyperbolic. Hence,
its stability can be deduced through linear stability analysis. Noting that
Eg exists only for g <0, it follows that the real parts of A, and A;
are always negative. Furthermore, A, < 0 if the condition x,f’(0) > 0
holds. Therefore, the critical line E4 behaves as an attractor for g < 0,
x.f'(0)>0,and 0 < |x,| < 1/\/5. Since g = —1 (see Table 3), this attrac-
tor represents an accelerated scaling solution.

1 =Y A2,3=

and Ay = (B.10)

Appendix C. Stability of the critical points lying at infinity

In this Appendix, we investigate the asymptotic structure of the
phase space and the stability of critical points located at infinity, both
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for the case of a constant dissipation coefficient and for the case of a
variable coefficient. To that end we employ the Poincaré compactifica-
tion technique [89,92,108-110].

Let us start with the case of a constant dissipation coefficient.

For convenience, we express the dynamical system (24) in terms of
its associated vector field F = (P, Q, R, S), where the individual compo-
nents are given by the right-hand side of Eqs. (24a)—(24d), respectively.
Motivated by the dynamical requirements and without affecting the re-
sults obtained in the previous sections, we choose f(4) as a polynomial
admitting both a zero and a non-zero root. Accordingly, we consider
£(A) = §A(A — 1), with non-zero real constants § and 7, a form” supported
by a wide class of scalar-field potentials studied in the literature [89].

To analyze the asymptotic dynamics, we first map the vector
field F onto the upper four-dimensional sphere S$** through a cen-
tral projection. This is achieved by introducing the projective coor-

dinates (x,x,, X3, X4, xs) defined as x; = i, Xy = i, X3 = i, xX4= 3,
X5 = %, where A = /1 4+ x2 + y2 + z2 + A2. The stability properties are
then examined in five local coordinate charts (V;,y,), i = 1,...,5, with

Vi = {(x), %5, %3,%4,x5) €S* : x; > 0}. Each chart is mapped to R* via

Wi(X1, X0, X3, X4 X5) = (i—’ 1—“ ? ’;—’"), where the indices j, k, /, and m
label four mutually diffe'ren’t co’ord’inates, ordered as j < k </ < m, with
the additional requirement that none of them coincides with the chart
index i.

On the upper four sphere S**, the hypersurface —x +)? =0 is
mapped to the condition x> = x2, which, together with the spherical
constraint, leads to Zx% + xé + x§+ x§ = 1. Likewise, the hypersurface
—x2 + y? = 1 transforms into —x"i + x% = xé, leading to 2x§ + x% + xi =1,
together with 0 < x3 < x5 <1 (0 <z < 1). The critical points at infinity
are located on the equator of the four-sphere, characterized by x5 = 0.
Consequently, for the phase-space region under consideration, these
points lie on the equator and must satisfy {(xl L Xp, X3, X4, %5) €S x? =

x%,xz >0,x3 =0,x5 = 0}_

Focusing on the first local chart, we introduce the coordinates
(x,¢, & n) through the mapping v, (x;, x5, X3, X4, X5) = (¥, ¢, & 7). In terms
of these variables, the autonomous system (24) is correspondingly trans-

formed into a new dynamical system
1
= 5){*1{6113 +Vone(r: = 1 +2(a - 3¢

- LG - Vs + 20}, (C.1a)

&= 3¢l ont 2 [0+ + 26+ Ves)|
+ 2B+ 342 —da) + Qa —Np¢

—ne[9-6a+ 2O+ 20+ V6o |, (C.1b)

&= 3ne{ 30 +n[3+ 226+ Voo + 2a -3¢

—§[3—2a+12(3+2a+ \/36)]

+2v630n - OG- &) }. C.10)

ne= 330 + 3+ 226 + V6o + a3

—C[3—2a+;{2(3+2a+ \/Eg)] } (C.1d)
where the “time” variable = was rescaled, dz = n*dy, in order to remove
the divergence arising for n = 0.

To investigate the structure of the phase space at infinity, we set
n = 0. The dynamical system (C.1) reduces to y, =&, =5, =0and {, =

7 We choose f(4) to be a second-degree polynomial for simplicity and con-
creteness. Nevertheless, f(4) itself is not restricted to this specific form and may,
in principle, be any function possessing at least one zero and one non-zero root.
However, the present analysis is carried out only for the polynomial case.
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£33 —4a +34?)/2, yielding, for our phase space region, a continu-
ous family of critical points (1,0, &,0), with £ € R. These points corre-
spond, on the compactified phase space $*, to A°°{ (1, X2, X3, X4, X5) €

S* i x2 =xZ,x; > 0,x > 0,x3 =0,x5 = 0}. As all eigenvalues vanish at
(1,0,&,0), a linear analysis fails to determine stability. Nevertheless,
restricting the flow to the invariant manifold ¢ =0, one finds y, =
3u* y + Ven? yE(x? — 1)/2, which reduces to % = 3n* in the vicinity of
x = 1. This implies that y always increases, leading to the conclusion
that the set A% is unstable.

In the second chart, we adopt the local coordinates (y,¢,¢&,n) de-
fined by the map w, : (x,X,, X3, x4, X5) = (1., & n). With this choice,
the autonomous system (24) becomes

= —2n{6r 1 = Vonett = 1+ 26 - It

Xu 2

+ LGP = DV6E+2ap) |, (C.2a)
& = =580 - O 3PE —n(6+ 62> + Vo)

+Ep+G-40)] ), (C.2b)
& = —3nén = {37 =3 =372+ Vo5 - ¢

— 2657 x}, (C.20)
e = =370 = O =3 =377 = Voo C.2d)

For =0, this system simplifies to y,=¢ =#,=0 and ¢, =
£33 —4a)x* + 3] /2, giving rise, within our phase space region, to the
critical point (+1,0,&,0), with &£ € R.

On the compactified phase space S*, these points correspond to
B°°{ (1. %2, x3,x4,x5) € S* x% = x%,xz >0,x3=0,x5 = 0}. Since the
linearized system has only zero eigenvalues, stability cannot be inferred
from linear theory. However, along the invariant surface ¢ = 0, the evo-
lution of y near y = +1 is governed by y, = ¥34*, which confirms the
unstable character of B®. In addition, one can also check that A® c B®.

In the third local chart, the constraint x; > 0 is imposed. However,

the critical points at infinity are required to satisfy {(xl,xz, X3,X4,X5) €

S x% = x%,xz >0,x;3 =0,x5 = O}. Since this set is disjoint from the
region x; > 0, no critical points at infinity exist in the third chart.

For the fourth chart, we adopt the map wy,(x|,x;,Xx3,X4,x5) =
(7,¢,&,n). The autonomous system (24) assumes the equivalent repre-

sentation

K = 5 102+ VBE +37¢%) + (= 200 48

=3 + €[ V68 + (3 20 + 3+ 200287

- 2632t - o(n - 1 }, (C.3a)
& = 3netn - {3 =327 =38 + Vo5 - 1y

—2v/6s7n ;(}, (C.3b)
& = 36— {3 + 3002 + ) - e - 3¢

+ (a =326 = 2V6on(Gn - 1) |, (€30
e = =681 1 (n = E)Cin - 1). (€.3d)

Setting 5 =0, the dynamical system reduces to y, =¢, =75, =0
and &, = £3[3¢% + (3 — 4a) y2| /2. This yields a family of relevant criti-
cal points at infinity for the considered phase-space region, given by
(x,¢£,0,0) with y2 =¢2. On the compactified phase space S*, these

2

points correspond to {(xl,xz,x3,x4,x5) €St ixt=x2,x20,x;=

0,x4 > 0,x5 = 0}, which can be decomposed into {(xl,xz,x3,x4,x5) €

$* 1 a2 =22 x) > 0,x3 = 0,x, > 0,x5 = 0} U(0,0,0,1,0). It is straight-
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forward to verify that the first subset is contained in B*. Conse-
quently, this chart admits an additional critical point at infinity, namely
C*(0,0,0,1,0). Since the linearized system has only zero eigenvalues,
stability cannot be inferred from linear theory. However, restricting the
flow to the invariant manifold & = 0, one finds y, = —1/6¢272/2 in the
vicinity of y = 0. Since y always decreases, the point C® is therefore
unstable.

The analysis in the fifth chart reproduces a dynamical structure anal-
ogous to that of the system (24), without introducing any further critical
points at infinity.

Overall, our analysis demonstrates that the autonomous system (24)
contains only two critical points at infinity, B® and C*, both displaying
unstable behavior. Therefore, we conclude that the coupled phantom
cosmological model with an interaction term Q given by Eq. (20), with a
constant dissipation coefficient, effectively avoids Big-Rip singularities.

In the case of a variable dissipation coefficient, a similar analysis
in all respects reveals the existence of the same critical points, with the
same stability properties, leading, consequently, to the same conclusion.
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