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THE FOAM AND THE MATRIX FACTORIZATION  si3 LINK HOMOLOGIES ARE
EQUIVALENT

MARCO MACKAAY AND PEDRO VAZ

ABSTRACT. We prove that the universal rationd}; link homologies which were constructed in
[3,[7], using foams, and in[4], using matrix factorizatipase naturally isomorphic as projective
functors from the category of links and link cobordisms te ¢tategory of bigraded vector spaces.

1. INTRODUCTION

In [3] Khovanov constructed a bigraded integer link homglogtegorifying thesis link poly-
nomial. His construction used singular cobordisms calbearfs. Working in a category of foams
modulo certain relations, the authors [in [7] generalizeadva@mov’s theory and constructed the
universal integes/s-link homology (see alsa_[8] for a slightly different appaba. In [4] Kho-
vanov and Rozansky (KR) constructed a rational bigradedryhihat categorified thel,, link
polynomial for alln > 0. They conjectured that their theory is isomorphic to the ioni] for
n = 3, after tensoring the latter wit). Their construction uses matrix factorizations and can
be generalized to give the universal rational link homolémyall n > 0 (see [1[ 9 10]). In this
paper we prove that the universal rational KR link homologyy/f = 3 is equivalent to the foam
link homology in [7] tensored witl®.

One of the main difficulties one encounters when trying tateeboth theories mentioned
above is that the foam approach uses ordinais which are ordinary oriented trivalent graphs,
whereas the KR theory us&RkR-webswhich are trivalent graphs containing two types of edges:
oriented edges and unoriented thick edges. In general #nerseveral KR-webs that one can
associate to an ordinary web, so there is no obvious choieekd® matrix factorization to as-
sociate to a web. However, we show that the KR-matrix fazéions for all these KR-webs
are homotopy equivalent and that between two of them theae#@nonical choice of homotopy
equivalence in a certain sense. This allows us to assoaiaégj@ivalence class of KR-matrix
factorizations to each ordinary web. After that it is relaly straightforward to show the equiv-
alence between the foam and the KR link homologies.

In Section 2 we review the categoBoam , and the main results of [7]. In Sectigh 3 we
recall some basic facts about matrix factorizations anchddfie universal KR homology for
n = 3. Sectior # is the core of the paper. In this section we showtbassociate equivalence
classes of matrix factorizations to ordinary webs and usmtto construct a link homology that
is equivalent to Khovanov and Rozansky’s. In Seclibn 5 waldish the equivalence between
the foamsls link homology and the one presented in Sectibn 4.

We assume familiarity with the papefs [4, 7].
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2. THE CATEGORY Foam , REVISITED

This section contains a brief review of the universal ratlofi; link homology using foams
as constructed by the authors [7] following Khovanov's sl@a[3]. Here we simply state the
basics and the modifications that are necessary to relat&fidvanov and Rozansky’s universal
sl3 link homology using matrix factorizations. We refer (o [o} details.

The categoryFoam , has webs as objects afi@la, b, ¢J-linear combinations of foams as
morphisms divided by the set of relatiohs= (3D, CN, S, ©) and theclosure relation which
we all explain below. Note that we are using a different ndization of the coefficientsin
our relations compared tbl[7]. These are necessary to es$tdbe connection with the KR link
homology later on.

[o] =a[ =]+ e[ ] (@D)
:4 9.9 9, (9.9),.0

-G @- ©

Let 0(«, 3, 6) denote the theta foam in figuré 1, wheres andé are the number of dots on

’ 5

FIGURE 1. A theta-foam

(CN)

each facet. Fotv, 8,6 < 2 we have
+ (a,8,8) = (1,2,0) or a cyclic permutation
O(c, B,0) = —% (o, B8,9) = (2,1,0) or a cyclic permutation (©)
0 else
The closure relationsays that anyQ[a, b, c|]-linear combination of foams, all of which have
the same boundary, is equal to zero if and only if any commaonafalosing these foams yields
aQla, b, c]-linear combination of closed foams whose evaluation ie.zer
The categoryFoam /, is additive and graded. Thegrading inQla, b, c| is defined as
q(1) =0, qa) =2, q(b) =4, q(c)=6
and the degree of a foaghwith | e | dots is given by

q(f) = =2x(f) + x(9f) + 2| ¢ |,

wherey denotes the Euler characteristic.
Using the relationg one can prove the identitieRD), (DR) and CN) and Lemm&2]1 below
(for detailed proofs seg|[7]).

Iwe thank Scott Morrison for spotting a mistake in the coedfit$ in a previous version of this paper.
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Lemma 2.1. (Khovanov-Kuperberg relations![3] 6Y)/e have the following decompositions in
Foam /;:

(DR)

é = ‘{—1} & ’{1} (Digon Removal)
t
/\Ji = ) ( oy — (Square Removal)

where{;} denotes a positive shift in thegrading by;.

The construction of the topological complex from a link d&g is well known by now and
uses the elementary foams in Figlie 2, which we call the 'aipd the 'unzip’, to build the
differential. We follow the conventions in|[7] and read foafrom bottom to top when interpreted

as morphisms.
A

FIGURE 2. Elementary foams

The tautological functo€’ from Foam , to the categorMody, of gradedQ|a, b, c]-modules
maps a closed web to C(T') = Hompoam , (0, I') and, for a foamf between two closed webs
I’ andI”, theQla, b, c]-linear mapC(f) from C(T") to C(I") is the one given by composition.
TheQ[a, b, c]-moduleC(T") is graded and the degree@f f) is equal tog(f).

Denote byLink the category of oriented links i82 and ambient isotopy classes of ori-
ented link cobordisms properly embeddedSh x [0,1] and by Mody, the category of bi-
gradedQla, b, c]-modules. The functoC’ extends to the categodiom(Foam ) of chain
complexes iffoam , and the composite with the homology functor defines a priveétinctor
Ua,b,c: Link — MOdbg.

The theory described above is equivalent to the onelin [é} &insoring the latter witf.
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3. DEFORMATIONS OF THEKHOVANOV-ROZANSKY sl3-LINK HOMOLOGY

3.1. Review of matrix factorizations. This subsection contains a brief review of matrix fac-
torizations and the properties that will be used throughbist paper. We assume familiarity
with [4]. All the matrix factorizations in this paper ave/27Z x Z-graded. LetR be a polynomial
ring overQ. We take the degree of each polynomial to be twice its totgieke This wayR is
Z-graded. Lef?V be a homogeneous elementi®fof degree2m. A matrix factorization ofii/
over R is aZ/27Z-graded freeR-moduleM = M, & M; with R-homomorphisms of degree

Mo 25 My 25 M
such thail,dy = W 1d s, anddod; = W Id,y,. TheZ-grading ofR induces @-grading on)M .
The shift functor{ £} acts onM as
M{k} = Mo{k} 5 Mi{k} & Mo{k}.

A homomorphismf: M — M’ of matrix factorizations oV is a pair of maps of the same
degreef;: M; — M] (i = 0, 1) such that the diagram

do d
My —= M; ——= M,

fol f1l fol
d! d’

0 1
My —— M{ —— M|,

commutes. It is an isomorphism of matrix factorizationgjfand f; are isomorphisms of the
underlying modules. Denote the set of homomorphisms ofirnactorizations fromM to M’

by
HOII]MF (M, M/) .

It has anR-module structure with the action @t given byr(fo, f1) = (rfo,rf1) forr € R.
Matrix factorizations overR with homogeneous potentidl” and homomorphisms of matrix
factorizations form a graded additive category, which weatle byMF z(W). If W = 0 we
simply write MF .
The freeR-moduleHom g, (M, M’) of gradedR-module homomorphisms from/ to M’ is

a 2-complex

Hom, (M, M) —2> Homl, (M, M") —2> Hom? (M, M’)
where

HomY (M, M') = Hompg (Mo, M}) & Homp (M, M{)

Homp, (M, M') = Hompg (Mo, M{) & Homp (M, M)
and for f in Hom?, (M, M) the differential acts as

Df =dy f — (1) fday.
We define
Ext (M, M') = Ext” (M, M") ® Ext' (M, M) = Ker D/Im D,

and writeExt ,,,, (M, M) for the elements oExt(M, M') with Z-degreem.
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Note that forf € Hompr (M, M') we haveDf = 0. We say that two homomorphisms
f, g in Hompgg (M, M') are homotopic if there is an elemehtin Hom}, (M, M') such that
f—g= Dh.

Denote byHomgnr (M, M') the R-module of homotopy classes of homomorphisms of ma-
trix factorizations from\/ to M’ and byHMF (W) the homotopy category &¥1F z(W).

We have

1%

Ext(M, M) Homyrnr (M, M)
Ext!(M,M') = Hompnr (M, M'(1))

We denote by\/ (1) and M, the factorizations

My =5 My =% A,
and
* - d * * d * *
(Mo)* =55 (ay)* 255 ()

respectively. Factorization/ (1) has potentiall” while factorization), has potential- .
The tensor producd! ®r M, has potential zero and is therefore a 2-complex. Denoting by
Hwmr the homology of matrix factorizations with potential zere have

Ext (M, M") = Hyr (M’ ®p M,)
and, if M is a matrix factorization withl” = 0,
EXt(R, M) = Humr (M)

Both these isomorphisms are up to a global shift inZhgrading.

Koszul FactorizationsFor a, b € R anelementary Koszul factorizatiofu, b} over R with
potentialab is a factorization of the form

R% R{1(degyb—degza)} > R.

When we need to emphasize the riRgve write this factorization aa, b} . It is well known
that the tensor product of matrix factorization$ with potentialsi¥; is a matrix factorization
with potential , W;. We restrict to the case where all tié are homogeneous of the same de-
gree. Throughout this paper we use tensor products of ekanyeikoszul factorizationga;, b; }

to build bigger matrix factorizations, which we write in tfeem of aKoszul matrixas

ai, b
ar , by

We denote by a, b} the Koszul matrix which has columits, ..., ax) and(by, ..., by).
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Note that the action of the shift) on {a, b} is equivalent to switching terms in one line of

{a,b}:

ai-1, bi—
{a,b}(1) =< —b;, —a;p (}(degyb; —degya;)).
Qi1 5 bit1

If we choose a different row to switch terms we get a factdigzawhich is isomorphic to this
one.
We also have that

{av b}' = {a> _b}<k> {Sk} ’

where
k

k
Sp = Zdegz a; — 3 deg, W.
i=1
Let R = Q[z1,...,zx] and R’ = Q[za,...,x;]. Suppose thaV = . a;b; € R and
x1 —b; € R, foracertainl < i < k. Let {a’, b’} be the matrix factorization obtained from
{a, b} by deleting the-th row and substituting;; by =1 — b;.

Lemma 3.1 (excluding variables) The matrix factorizationga, b} and {47, b’} are homotopy
equivalent.

In [4] one can find the proof of this lemma and its generalarativith several variables.
The following lemma contains three particular cases of ps@n 3 in [4] (see alsd [5]):

Lemma 3.2(Row operations) We have the following isomorphisms of matrix factorizagion

a; , bl [Z;ib‘ a; — )\CL]' , bl a; , b, [Z;i}/)\ a; + )\bj , bl
aj, bjf aj, b+ Abif’ aj, bif — laj—Abi, b

for A € R. If Xisinvertible inR, we also have

(7]
{ai 5 bj} 2)\ {)\al s /\_lbi} .

Recall that a sequende, as, . .., ax) is calledregular in R if a; is not a zero divisor in
R/(ah%___,aﬁl)R, forj =1,..., k. The proof of the following lemma can be found fin [5].
Lemma 3.3. Letb = (b1, b2, ..., b;), a = (a1,a2,...,a;) anda’ = (a},as,...,a;) be se-

quences imk. If b is regular and)_, a;b; = . a;b; then the factorizations
{a,b} and {a’ ,b}
are isomorphic.

A factorization M with potential I/ is said to becontractibleif it is isomorphic to a direct
sum of

RLYERY (—1deg, W}R and R R{ldeg, W} R.
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3.2. Khovanov-Rozansky homology.

Definition 3.4. A KR-wehis a trivalent graph with two types of edges, oriented edgesuaori-
ented thick edges, such that each oriented edge has atheastask. We allow open webs which
have oriented edges with only one endpoint glued to the fakearaph. Every thick edge has
exactly two oriented edges entering one endpoint and twarlgdhe other.

Let {1,2,...,k} be the set of marks in a KR-wdbandx denote the sefzq, zs, ..., 2 }.
Denote byR the polynomial ringQ[a, b, ¢, x|, wherea, b, ¢ are formal parameters. We define a
g-grading inR declaring that

q(1) =0, gq(z;) =2, foralli, gq(a)=2, q(b)=4, q(c)=6.
The universal rational Khovanov-Rozansky theory foe= 3 is related to the polynomial
4
p(z) =2t — §x3 — 202 — 4ex.

As in [5] we denote by’ the matrix factorization associated to a KR-wiébTo an oriented

arc with marksr andy, as in Figuré B, we assign the potential

Yy —=

FIGURE 3. An oriented arc

sz(x)—p(y)=$4—y4—§(w3—y3) —Qb(wz—yz)—llc(w—y)

and thearc factorization 1 , which is given by the Koszul factorization

Ty

T:{ﬂxy,m—y}:(R—>R{—2}ﬂ>R>

where
4 4 3 3 2 2
Tt — 4da x° — xre —
Moy = y_2 Y —2b J — 4ec.
r—y 3 z—y r—y
€Ty Xy
Tk x

FIGURE 4. A thick edge

To the thick edge in Figurld 4 we associate the potefitiak p(x;) + p(z;) — p(ar) — p(a;)
and thedumbell factorizatiori¢, which is defined as the tensor product of the factorizations

Ti+T;—Tp—T|

R{—1} 2 R{-3} R{-1}
and
R Vijkl R TiZj—TpT] R
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where

(1‘1' + 1’j)4 — ((ﬂk + xl)4
- — —(2b + A (s .
Uijki PR —— (2b+ dzixs) (v + x5 + xp + 1)

4 )3 3
Cda ((zi+25)° = (xp +2)° Swsz; ) — e,
3 T +xj—x) — 1
Vit = 2(zixj + xpxy) — 4(x + x)? + da(zy + ;) + 4b.

We can write the dumbell factorization as the Koszul matrix

Vijkl » Tilj — Ty
The matrix factorizatior’ of a general KR-weli' composed by arcs and!” thick edges is
built from the arc and the dumbell factorizations as
F=Q i@
eceE teT
which is a matrix factorization with potenti&®l” = > ¢;p(x;) wherei runs over all free ends.
By conventione; = 1 if the corresponding arc is oriented outward and= —1 in the opposite
case.

3.2.1. Mapsyp and ;. Let’¢ andX denote the factorizations in Figurk 5.

ZT; Xy Z; Zj
X0
e
X
VAN
Lk z T Xy

FIGURE 5. Mapsy andy

The factorizatiori( is given by
(a) > (R20) ™ (o)

T, Xr; — X Xr; — & r; — T
Py = ik ]' l ’ P = i k J l )
T —X; + X Tl —Tik

The factorizationix is given by
R{-1}\ o (R{-3}\ @ (R{-1}
<Mﬁ%ﬁ@mﬁﬁ@m@
with

Qo = <uijkl Tik; — Tpxy ) 0y = <w, +x;—xTp— T Tixj — xkxl>
= , = .

Vijkl —%i —Tj + T+ 2 Vijkl —Ujjkl

The mapsy, andy; can be described by the pairs of matrices:

- —rp+x; 0 —Tp T - 1 0 1z
X0_<2< —a —1>’2< 1 -1 and x; = —a zp—xj) ' \1 xy

with
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where

Ujjkl + TiVijkl — Tj1

T — T '
The mapsyy and y; have degree 1. A straightforward calculation shows thatnd x; are
homomorphisms of matrix factorizations, and that

xox1 = m(2x; — 2x)1d(X)  xaxo = m(2z; — 224) 1d(50),
wherem(z.) is multiplication byz.. Note that we are using a sign convention that is different
from the one in[[4]. This choice was made to match the signfiéDigon Removalelation
in [7]. Note also that the magp, is twice its analogue iri [4]. This way we obtain a theory tlsat i
equivalent to the one inJ4] and consistent with our choiceafnalization in Sectiohl 2.
There is another description of the mapsandy; when the webs in Figufd 5 are closed. In
this case both¢ and’X have potential zero. Acting with a row operation ‘grwe get

SEE Tk xi—i-wj—wk—wl
Tl — Tk, Tj — I

Q= Vg +

Excluding the variable:;, from 5¢ and fromX yields
0= {mj — Tk, T — @} p, Y 2 {wijrs (xi — @) (@ —2)} g s
with R = Q|xz;, zj, zx, 2]/ (zx + z; + x; — 7). Itis straightforward to check thag, and x;

correspond to the mags-2(z; — x;), —2) and(1, z; — x;) respectively. This description will be
useful in Sectiofs.

For a link L, we denote byKR, ; .(L) the universal rational Khovanov-Rozansky cochain
complex, which can be obtained from the data above in the saay@s in[4]. LetHKR,, (L)
denote the universal rational Khovanov-Rozansky homolwgg have

HKRa,b,c(O) = (Q[:Ev a, b> C]/:cS—a:cQ—b:c—c) <1>{_2}'

3.3. MOY web moves. One of the main features of the Khovanov-Rozansky theotydsate-
gorification of the set of MOY web moves, which far = 3 are described by the homotopy
equivalences below.

Lemma 3.5. We have the following direct sum decompositions:

1) EE = 1{—1}69\[{1},
) /b = >(1>{—1}€B>(1>{1},
o = ] e

4) ;@/Y\N;i@x.
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The last relation is a consequence of two relations invghdrriple edge

T

— T T S T

Y Y

9 =~ @ , =~ N

M A M AN hl
The factorization assigned to the triple edge in Fidiire 6audsntial

W = p(x1) + p(x2) + p(x3) — p(xs) — p(x5) — p(s).

€Tl T2 T3

Ty Ts5 Te

FIGURE 6. Triple edge factorization

Let h be the unique three-variable polynomial such that

h(z+y+ 2,2y + x2 + yz,xyz) = p(x) + p(y) + p(2)

and let
el =21 + 22+ I3, €y = T1T2 + X1T3 + T2T3, €3 = T1T2T3,
$1 =24 + 5 + Te, 83 = T4T5 + T4Te + T5Te, 53 = L4T5T6.
Define
h - h(elae2ae3)_h(317627e3)
1 =
€1 — S1
h o h(817€2,€3) _h(31732763)
5 =
€2 — 852
h3 o h(31782763) - h(81782733)
€3 — 83

so that we hav@V = hj(e; — s1) + ha(ea — s2) + hs(es — s3). The matrix factorizatioril
corresponding to the triple edge is defined by the Koszulimatr

X hi, er—s1

T = h2 , €2 — 89 {—3},

hs, e3—s3)p
whereR = Q|a, b, ¢, x1, ..., xg]. The matrix factorizationl is the tensor product of the matrix
factorizations
RM Ri2i— 4y “ R i=1,2,3

shifted down by 3.
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3.4. Cobordisms. In this subsection we show which homomorphisms of matrixcidzations
we associate to the elementary singular KR-cobordisms. ®\leotl know if these can be put
together in a well-defined way for arbitrary singular KR-oatisms. However, we will prove
that that is possible for arbitrary ordinary singular cabems in Sectiofi]5.

Recall that the elementary KR-cobordisms are zipe the unzip (see Figuré]5) and the ele-
mentary cobordisms in Figuté 7. To the zip and the unzip weciste the mapsgo and 1,
respectively, as defined in Subsection 3.2.1. For each ekamyecobordism in Figuriel 7 we de-
fine a homomorphism of matrix factorizations as below, felllg Khovanov and Rozanskyy![4].

FIGURE 7. Elementary cobordisms

Theunit and thetrace map
1: Qla, b, cJ(1) — O
e: O — Q[a, b, ¢|(1)

are the homomorphisms of matrix factorizations induced gy rhaps (denoted by the same
symbols)

& Q[CL, bv C] — Q[CL, bv C][X]/XS—aXQ—bX—c{_2}> I—1

0,

N

L k=2
k<2

A

€: Q[aa b, C] [X]/XS—aX2—bX—c{_2} — Q[CL, b, C]v Xk {

using the isomorphisms
) = Qla,b,c] = 0 — Qla, b, c|
and
O 20— Qla, b, d[X]/x5_ax2-bx—c{—2} = 0.
Let? ¢ and’< be the factorizations in Figufé 8.

Ty T2 T T2
~— 7
N
P
z3 Ly 3 Tq

FIGURE 8. Saddle point homomorphism

The matrix factorization ( is given by

T3 T4 — T2 Ty — T3 T4 — X2

( R ) <m xs—x1> <R{—2}> ( 21 —m) ( R )

R{—4} R{-2} R{-4}
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and=(1) is given by

Ty —T1 XT3 — T4 —T12 T3 — T4

(R{—2}> (—m T2 > ( R > (—m m—xz) (R{—2}>

R{-2) R{—4} R{-2}

To the saddle cobordism between the weband’< we associate the homomorphism of matrix
factorizationsy: )¢ — X(1) described by the pair of matrices

o = e123 +epq 1 = -1 1
0= 1=
—e134 —e34 1)’ —e123 — €234 —€134 — €123

(z — xj)p(a:) + (2 — 2)p(ey) + (25 — 2i)p(ay)
2(w; — xj)(zj — ) (T — 75)

where

€ijk =

1 2a
= 3 (27 + 2% + 2} + mixj + Tiwp + TT8) — E(IL'Z"F-Z']' + x1) — b.

The homomorphismy has degree 2. [f¢ and’< belong to open KR-webs the homomorphigm
is defined only up to a sign (s€€ [4]). In Sectidn 4 we will shnattfor ordinary closed webs
there is no sign ambiguity.

4. A MATRIX FACTORIZATION THEORY FOR sl3 WEBS

As mentioned in the introduction, the main problem in conmgathe foam and the matrix
factorizationsls link homologies is that one has to deal with two differentsaf webs. In the
foam approach, where one uses ordinary trivalent websggésare thin and oriented, whereas
for the matrix factorizations Khovanov and Rozansky usedw@ds, which also contain thick
unoriented edges. In general there are various KR-webotietan associate to a given web.
Therefore it apparently is not clear which KR matrix factation to associate to a web. However,
in Propositio_ 4.2 we show that this ambiguity is not prokdéi;m Our proof of this result is
rather roundabout and requires a matrix factorization &mhevertex. In this way we associate a
matrix factorization to each web. For each choice of KR-wsdbaiated to a given web the KR-
matrix factorization is a quotient of ours, obtained by iifging the vertex variables pairwise
according to the thick edges. We then show that for a giventwelsuch quotients are always
homotopy equivalent. This is the main ingredient whichwvaiaus to establish the equivalence
between the foam and the matrix factorizatigg link homologies.

Recall that avebis an oriented trivalent graph where near each vertex eéthexdges are
oriented into it or away from it. We call the former verticdq e )-typeand the latter vertices of
(+)-type To associate matrix factorizations to webs we impose thelh @dge have at least one

mark.
Y

z

FIGURE 9. A vertex of (+)-type
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4.1. The 3-vertex. Consider the 3-vertex off{)-type in Figurd D, with emanating edges marked
z,y, z. The polynomial

4a
p(@) +py) +p(2) =o'yt + 20— o (@0 497+ 2) 2 (0P + 97+ %) —de (@ +y +2)
can be written as a polynomial in the elementary symmetrignoonials

oz +y+ 2,2y +x2 + yz,2y2) = py(er, ea, e3).

Using the methods of Sectidh 3 we can obtain a matrix factam of p,, but if we tensor
together two of these, then we obtain a matrix factorizatdnch is not homotopy equivalent
to the dumbell matrix factorization. This can be seen quatslg since the new Koszul matrix
has 6 rows and only one extra variable. This extra variablebeaexcluded at the expense of 1
row, but then we get a Koszul matrix with 5 rows, whereas thmlokll Koszul matrix has only
2. To solve this problem we introduce a set of three new veasator each verté Introduce the
vertex variables, vo, v3 with ¢(v;) = 2i and define theertex ring

Rv = Q[av b7 C] [l’, Y, 2,01, 02, U3]'
We define the potential as

Wv = pv(elv €2, 63) - pv(U17U27U3)‘

We have

Wv _ pv(€1,€2,€3) _pU(U1>€2>e3) (61 _,Ul)

€1 — U1

V1, €2,€3) — Py(V1, V2, €

. po(v1, €2, €3) — pu(v1, V2, €3) (63— v3)

€2 — V2
+ pU(U17U27e3) _pU(U17U27U3) (63 N US)

€3 — U3

= g1(er —v1) + g2 (e2 —v2) + g3 (€3 — v3),
where the polynomialg; (: = 1, 2, 3) have the explicit form

4 4 4 3 .3
®G) o = ﬁ—4€2(61+vl)+463——a<61 Ul—3€2>—2b(e1+v1)—4c
€1 — U1 3 \er—v
(6) go = 2(ez+v2) —4v? + davy + 4b

(7) g5 = 4(v1—a).
We define the 3-vertex factorizatiori,, as the tensor product of the factorizations

Ry L R{2i —4y = R,,  (i=1,2,3)

shifted by—3/2 in the¢-grading and byl /2 in theZ /2Z-grading, which we write in the form of
the Koszul matrix
. g1, €1 —Uu
Yo, =192, e2—vap {-3/2}(1/2).
93, €37U3) R,

2Khovanov had already observed this problem for the undefdroase and suggested to us the introduction of
one vertex variable in that case.
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If Y, is a 3-vertex of--type with incoming edges markedy, z we define

= g1, v1—e
Yoo =92, V2 —e2 {—3/2} (1/2),
g3, V3—€3) g,

with g1, g2, g3 as above.
Lemma 4.1. We have the following homotopy equivalenceEiinlnr (Y, ):
m(z+y+z2) =Zma), mzy+zz+yz) =Zm(=b), m(zyz)=m(c).

Proof. For a matrix factorizatiod\/ over R with potentiall¥’ the homomorphism

R — Endmp (M), 7+ m(r)
factors through the Jacobi algebral®fand up to shifts, the Jacobi algebral®yf, is

JW”U = Q[a, b7 CT,Y, Z]/{x—l—y-i—z:a, ry+rz+yz=—b, xyz=c}* U

4.2. Vertex composition. The elementary webs considered so far can be combined taqeod
bigger webs. Consider a general wiep composed by arcs between marks and vertices.
Denote bydFE the set of free ends df, and by(v;, , vi,, v;,) the vertex variables corresponding

to the vertexy;. We have
L= ieo@7w
eckE veV

Factorization? . is the arc factorization introduced in Subsecfiod 3.2. Th&smatrix factoriza-
tion with potential

W= Z eip(xi) + Z Egpv(vjuvjzﬁvh) = Wx + Wy
icOB(T) v €V ()

wheree; = 1 if the corresponding arc is oriented to itQr= —1 in the opposite case aragi =1
if v; is of positive type and; = —1 in the opposite case.

From now on we only consider open webs in which the numberegf énds oriented inwards
equals the number of free ends oriented outwards. This @mpliat the number of vertices of
(+)-type equals the number of vertices ef)ftype.

Let R and R, denote the ring®)[a, b, c|[x] and R[v] respectively. Given two vertices; and
vj, of opposite type, we can take the quotient by the ideal geeerbyv; — v;. The potential
becomes independent of andv;, because they appeared with opposite signs, and we can ex-
clude the common vertex variables corresponding @ndv; as in Lemm&3]1. This is possible
because in all our examples the Koszul matrices have lieeaustwhich involve vertex and edge
variables. The matrix factorization which we obtain in thiay we represent graphically by a
virtual edge, as in Figufe 1L0. A virtual edge can cross otharal edges and ordinary edges and

N

FIGURE 10. Virtual edges
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does not have any mark.
If we pair every positive vertex ifi,, to a negative one, the above procedure leadstmglete

identificationof the vertices of", and a corresponding matrix factorizatiqnfv). A different
complete identification yields a different matrix factation ¢'(T",).

Proposition 4.2. LetI', be a closed web. TheiI",) and(¢’(T",) are isomorphic, up to a shift in
theZ /27Z-grading.

To prove Proposition 412 we need some technical results.
Lemma 4.3. Consider the welb', and the KR-welX™ below.

W“K.
M

Then¢ (', (1)) is the factorization of the triple edd# of Khovanov-Rozansky far= 3.
Proof. Immediate. O

FIGURE 11. A double edge

Lemma 4.4. Let ', be the web in figurE11. Thef(T',) is isomorphic to the factorization
assigned to the thick edge of Khovanov-Rozansky for3.

Proof. LetI'; andI'_ be the Koszul factorizations for the upper and lower veneR,i respec-
tively andvii denote the corresponding sets of vertex variables. We have

. gf, :ni+a:j+a:r—vf
Py =497, zizj+x (o +a;) — vy {=3/2}(1/2)
g; s LTyl jLy — U;_ Rer
and
A g . v —m—a -,
o =409y, vy —xpw — 2 (ks + 1) {=3/2}(1/2).
93 > U3 — TRTTr R,

The explicit form of the polynomialgijE is given in Equationd{B6}7). Taking the tensor product
of f+ andl'_, identifying verticesv; andv_ and excluding the vertex variables yields
g1, Ti+x; — T — X

C(fv) = (f‘+ & f_> B =g, Txj—rpw; + (T + ) — Tf — 2) {=3K1),
f¥e=v- g3, oy (1) — T R
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where

9i = 9; |
? ) {vfr:xk-l—:cl—i-xr, v;:xkxl—i-xr(xk—i-xl), vgr:xrxkxl} .
This is a factorization over the ring

R - Q[CL, b7 C][Z’i,x]’,xk,xl,xr,V]/[ = Q[aa b7 C] [l’i,l’j,xk,wl,xr]
wherel is the ideal generated by
{v1 — xp — 2 — 27, V2 — 2] — (T + 7)), V3 — TRTIT, }

Usinggs = 4(x, + zx + 2; — a) and acting with the shift functofl) on the third row one can
write

) g1 , T +x; — T — T
¢(ly) = g2, zixj — vpwy + (2 + x5 — T8 — 27) {-1}
—zp(xiz; — TRTy) —4(xy + )+ 21 — Q) R

which is isomorphic, by a row operation, to the factorizatio

g1+ Trg2 , Ti+Tj— Tk — @y
g2, TiT; — TRpX {-1}.
—xp(vix; —xp) , —A(ee +ap+a—a)) ,

Excluding the variable:,. from the third row gives
R ] SR E
where
R = Qla, b, [z;, Ljs Ll xT]/xr—a—ka-i-:cz = Qla, b, cJ[zi, xj, Tk, 1]
The claim follows from Lemm@ 313, since both are factormasi overz’ with the same potential

and the same second column, the terms in which form a regedpresice ink’. As a matter of
fact, using a row operation one can write

o o (a—xp— )90+ 2(a — xp — @) (vixy — 2pwy), T+ a5 — T — X

C(FU) = _ _ ) . _ P {_1}
g2 + 2(a — xp — xy)(x; + x5 — ) — 27), TiT; — TRX

and check that the polynomials in the first column are exabtypolynomialsu;;,; andv;;,

corresponding to the factorization assigned to the thigjeed Khovanov-Rozansky theory/[]

Lemma 4.5. LetT', be a closed web ang and ¢’ two complete identifications that only differ
in the region depicted in Figufe 12, Whei{éis a part of the diagram whose orientation is not
important. Then there is an isomorphigii’,) = ¢/(I',)(1).

Proof. Denoting by M the tensor product df’ with the factorization corresponding to the part
of the diagram not depicted in Figurel12 we have

g1, T1+ X2+ 23 — Ty — X5 — X
g2 , r1To + (wl + xg)xg — T5Lg — w4(ac5 + x6)
SN~ 3 T1T2T3 — T4T5%6
C(P) = M9 {-6}
g1, T7+ T8+ X9 — T10 — T11 — T12

/

gy, xgxg + x7(xg + x9) — x10z11 — (T10 + T11)T12
/

93 5 T7TLY — T10L11X12
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T3 Ty
T2 s

FIGURE 12. Swapping virtual edges

with polynomialsg; andg, (: = 1,2, 3) given by Equationd{E}7). Similarly

)
hi, T7+ a8 + X9 — Ty — T5 — Tg
hs , r3xrg + x7(x8 + x9) — x526 — T4(T5 + Tp)

A - h TrTTY — LalslL

/ ~ 3 7L8TY 425T6

() =M, {6}
15 r1+ T2+ X3 — T10 — T11 — T12
/
hy , zixe+ (1 + z2)xs — T10211 — (T10 + Z11)T12
/
3 T1ToX3 — T10X11T12

where the polynomials; andh, (i = 1,2, 3) are as above. The factorizatio(ﬁé“v) and(’ (fv)
have potential zero. Using the explicit form
g3 = h3 = 4(z4 + x5 + 6 — ), g5 = hy = 4(z10 + 211 + 212 — @)

we exclude the variables, and x5 from the third and sixth rows izj(fv) and C’(fv). This
operation transforms the factorizatidn into the factorization\/’, which again is a tensor factor
which ¢(T",) and¢’(T",) have in common. Ignoring common overall shifts we obtain

g1, T+ X2 +T3—a
C(By) = 0 ® 92 , 12 + (21 + 22)x3 — 2526 — (5 + 26) (0 — T5 — X6)
v gll, r7+2x8 +T9 —a
gh . xgwo + x7(x8 + 9) — 10211 — (10 + 211) (@ — T10 — Z11)
and
hy, T+ 28+ 29 —a
- ~ h x8xg + w7(x8 + T9) — w56 — (5 + T6) (0 — T5 — X6)
' ~ 2, 8T9 7(X8 9 526 5 6 5 6
CIw)=Me hy, 1+ 20+ 1T3—0a

by, zixe + (1 + 22)xs — T10711 — (T10 + 211) (@ — T10 — T11)

Using Equatiori 5 we see thgi = b} andg|, = h; and therefore, absorbing i’ the
corresponding Koszul factorizations, we can write

(T)=M'9K and ('(I))=M'®K'
where

ol mzadt (@ +a)es - wsre — (25 +w6)(a — x5 — w6)
gy, xsxg + x7(x8 + 29) — 10211 — (10 + 211) (@ — T10 — T11)
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and

i e xgTy + w7(28 + T9) — 576 — (T5 + 76) (0 — X5 — Te)
hy, xizo+ (21 + x2)x3 — T10211 — (10 +211) (@ — T10 — 11) [

To simplify notation define the polynomiats ; ,, andj; ; by
OG5k = T;Tj + (332 + ﬂij)ZL'k, ﬂm’ = x;Tj + (332 + azj)(a —T; — :L'j).
In terms ofo; ; ;, and3; ; we have
(8) o 2(a123 + Bs56) +4b, a3 —Pse
2(arg0 + Bro,11) +4b, argo— Bion
and

) jr 2(ar89 + Ps6) +4b,  arg9— P56
2(a1,2,3 + Bro11) +4b, @123 — Pioa) [

Factorizationss and K’ (1) can now be written in matrix form as

()2 ()2 () (52 ()% 8)

where
p _ ( 2aizz+Ps6) +4b arge —Bon
2(a789 + Bro,11) +4b —a1p3+ Bs6
0 — a123 — P56 arg9 — Bio,11
2(ar89 + P1011) +4b —2(a123 + Ps6) — 4b
and
P —a789 + P56 —a1,2,3 + Bio,11
—2(a1,2,3 + Pro11) —4b 2(arg9 + Bs6) + 4

o = —2(a789 + f56) —4b  —a123+ Pio,11
—2(on23 + Pro1) —4b arge — Fse

Define a homomorphismt = (fo, f1) from Kto K'/<1> by the pair of matrices

() (G o)

It is immediate that) is an isomorphism with inversgfy, fo).
It follows that1,, ® v defines an isomorphism betweefl’,) and¢’(T', )(1). O

Although havingy in this form will be crucial in the proof of Propositidn 4.2 afternative
description will be useful in Sectidd 5. Note that we can medld and K’ in Equation$ B and]9
further by using the row operation, 2], o [1,2]" ,. We obtain

- —4(a789 — B5.6), 123 = P56
2(ar89 + Bron + 123 — Fs6), @123+ argo— P56 — Bio11
and

S { —4(a123 — P56)s ar89— P56 }

2(ar89 + Bro11 123 — Bs56), @123+ arge — P56 — Bio,11
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Since the second lines if and K’ are equal we can write

K= {~4(ars9 — B56), @123 — P56} @ Ko
and
K'={—4(o123 — B56), o789 — P56} @ K.

An isomorphismy’ betweenk and K’(1) can now be given as the tensor product between
(—m(2), —m(1/2)) and the identity homomorphism &f;.

Corollary 4.6. The homomorphismg and’ are equivalent.

Proof. The first thing to note is that we obtained the homomorphisty first writing the dif-
ferential (do, d;) in K’ as2 x 2 matrices and then its shift’(1) using (—d,, —dy), but in the
computation ofy)’ we switched the terms and changed the signs in the first linkeoKoszul
matrix corresponding tds’. The two factorizations obtained are isomorphic by a naviafr
isomorphism, which is given by

()6 Y)

Bearing in mind that) andy’ haveZ/27Z-degree 1 and using

o (696 7)) w06 )

?t is straightforward to check that the composite homomspH'[1, 2] [1, 2]" ,4[1, 2]5[1,2] 1

is
-2 0 ~1/2 0
0 —1/2)>\ 0 -2

which is the tensor product ¢f-m(2), —m(1/2)) and the identity homomorphism &f,. [

Proof of Propositioi Z2 We claim that¢(I',) = ¢(I',)(k) with k a nonnegative integer. We
transform¢’(T',,) into ¢(I', ) (k) by repeated application of Lemra}.5 as follows. Choosera pai
of vertices connected by a virtual edge(i(f“v). Do nothing if the same pair is connected by
a virtual edge in”’(I",) and use Lemm@&4.5 to connect them in the opposite case.irftethts
procedure we can turcff(fv) into C(fv) with a shift in theZ /2Z-grading by £ mod 2) where

k is the number of times we applied Lemmal4.5.

It remains to show that the shift in th#&/27Z-grading is independent of the choices one makes.
To do so we label the vertices bf, of (+)- and ()-type by (v;',...,v) and(vy , ..., v, ) re-
spectively. Any complete identification of verticeslip is completely determined by an ordered
setJ; = (v;(l), e ,va‘(k)), with the convention thaziz;.r is connected through a virtual edge to

v;(j) for 1 < j < k. Complete identifications of the verticesliy are therefore in one-to-one
correspondence with the elements of the symmetric grouplettersS,. Any transformation of
¢'() into ¢(I") by repeated application of Lemra}.5 corresponds to a sequefrelementary
transpositions whose composite is equal to the quotieiteopermutations corresponding.te
and.J;. We conclude that the shift in tH&/2Z-grading is well-defined, because any decomposi-
tion of a given permutation into elementary transpositibas a fixed parity. O
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The next thing to show is that the isomorphisms in the prod?rafpositiod 4.2 do not depend
on the choices made in that proof. Choose an ordering of tiie®s of[",, such thatvj is paired
with v, for all 7 and let¢ be the corresponding vertex identification. Use the lineénies in the
Koszul matrix of¢(T" [ ») to exclude one variable corresponding to an edge enteriagdh vertex
of (—) -type, as in the proof of Lemnia 4.5, S0 that the resulting Kb@z:torlzatlon has the form
C(f ) = Kin ® K, quad where K;,, (resp. K, quad) consists of the lines mj( ») having linear
(resp. quadratic) terms as its right entries. From the ppbaEmma4.b we see that changing a
pair of virtual edges leavek ;,, unchanged.

Let o; be the element of5; corresponding to the elementary transposition, which send
the complete identificatiofv; , ..., v; v 4,...,v; ) t0 (vi,..., v 4,0; ,...,v; ), and let
¥; = 1, ® 1 be the corresponding isomorphism of matrix factorizatifnosn the proof of
Lemmd4.b. The homomorphismonly acts on the-th and(i + 1)-th lines inf(quad and1; is
the identity morphism on the remaining lines. For the contjmrso;o; we have the composite
homomorphism¥; ;.

Lemma 4.7. The assignment; — ¥, defines a representation 6f, on C(f)o &) C(f)l.

Proof. Let K be the Koszul factorization corresponding to the linesdi + 1 in C(fv) and let
|00), |11), |01) and|10) be the standard basis vectorsiof & K. The homomorphism)
found in the proof of Lemm@ 4.5 can be written as only one maitting onkKy @ K:

1 1

0 0 3 -3

" 0 0o -1 -1
- 1

1 -1 0 o
1

-1 -1 0 o0

We have that)? is the identity matrix and therefore it follows théf is the identity homomor-
phism on¢(I,). Itis also immediate that; U; = ¥,V for |i — j| > 1. To complete the proof
we need to show thab;¥; . 1V¥; = ¥, 1¥,;¥, 4, which we do by explicit computation of the
corresponding matrices. L&’ be the Koszul matrix consisting of the three lines + 1 and
14+2in Kquad. To show thatv, W, ¥, = ¥, 1V, ¥, is equivalent to showing that satisfies
the Yang-Baxter equation

(10) Wehleoy)(del)=>10P) (Y )1 y),

with 1 ® ¢ and+ ® 1 acting onk”. Note that, in general, the tensor product of two homomor-
phisms of matrix factorizationg andg is defined by

(feglveow)=(-1)9"|fregw).

Let[000), [011), |101), [110), [001), |010), [100) and|111) be the standard basis vectors
of KO P K1 With respect to this basis the homomorphisins 1 and1 ® ¢ have the form of
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block matrices

1 1
0 4+ -3 0
1
. 1 0 0 -1
1
-1 0 0 -3
0O -1 -1 0
1=
A U R
1 0o o -1
1 0
-1 0 0 -3
o -1 -1 0
and ) )
3 —z 00
-1 -1 0
0 1
o 0o -11
- 0 0 1 32
tov=|—"1 0
-1 -+ 0 o0
1 1 0
0 0 -3 3
0 0 1 1
By a simple exercise in matrix multiplication we find that lhaides in Equatioh 10 are equal
and it follows that\lfi\IfH_l\I’i = \Ifi+1\1’i\1fi+1. ]

Corollary 4.8. The isomorphisng’(I,) = ¢(I',)(k) in PropositionZ.2 is uniquely determined
by (" and(.

Proof. Let o be the permutation that relatésand¢. Recall that in the proof of Proposition #.2
we defined an isomorphiss, : ¢'(I',) — ¢(I',)(k) by writing o as a product of transpositions.
The choice of these transpositions is not unigue in geneli@kever, Lemm&4]7 shows thét,
only depends omn. O

From now on we writd" for the equivalence class f, under complete vertex identification.
Graphically we represent the verticesloés in Figuré 13. We need to neglect th€27Z grading,

Yo v

r, r

FIGURE 13. A vertex and its equivalence class under vertex ideatitin

which we do by imposing thaf, for any closed weli’, have only homology in degree zero,
applying a shift if necessary.
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We also have to define the morphisms betwBemdA. Let((T',) and¢’(T',) be representa-
tives of " and{(A,) and{’(A,) be representatives df. Let

f € Hompp (g(fv), g(Av))

and

g € Hommrp (C/(Pv)a C/(Av))
be two homomorphisms. We say thatndg are equivalent, denoted by~ g, if and only if
there exists a commuting square

o

C(fv) — C/(fv)

X &

C(Ay) —('(Ay)
with the horizontal isomorphisms being of the form as disedsin Proposition 412. The compo-
sition rule for these equivalence classes of homomorphisigh relies on the choice of repre-
sentatives within each class, is well-defined by CorollaB/ #lote that we can take well-defined
linear combinations of equivalence classes of homomaonuhiky taking linear combinations
of their representatives, as long as the latter have alldhgessource and the same target. By
Corollary[4.8, homotopy equivalences are also well-defimeequivalence classes. We take

Hom(T', A)

to be the set of equivalence classes of homomorphisms obrfettorizations betweeh and A
modulo homotopy equivalence. The additive category thag@tehis way is denoted by

Foam .

Note that we can define the homologylIgffor any closed weld'. This group is well-defined
up to isomorphism and we denote it ByT").

Next we show how to define a link homology using the objects modpohisms inF&E/g.

For any linkL, first take the universal rational Khovanov-Rozansky cothamplexKR,, ; .(L).
Thei-th cochain grou;KRfl,b,c(L) is given by the direct sum of cohomology groups of the form
H(T',), wherel', is a total flattening ofL. By the remark above it makes sense to consider
KR,,;..(L), for eachi. The differentiald’ : KR!, (L) — KR%4! (L) induces a map

A ———1 ——i+1

d': KR, (L) — KR, (L),
for eachi. The latter map is well-defined and therefore the homology

%

Iﬁa,b,c(L)

is well-defined, for eaclh
Letu: L — L’ be alink cobordism. Khovanov and Rozansky [4] constructedchain map
which induces a homomorphism

HKRgp(u): HKRyp (L) — HKRgpo(L).
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The latter is only defined up to@-scalar. The induced map
AKR g pe(1): AKRqpe(L) — AKRqpo(L)
is also well-defined up to @-scalar. The following result follows immediately:

Lemma4.9. HKR, p . and}ﬁ?f{a,bﬁ are naturally isomorphic as projective functors frduink
to MOdbg.

In the next section we will show thaf, ; . andlﬁa%a,b,c are naturally isomorphic as projec-
tive functors.
By Lemmd 3.5 we also get the following

Lemma 4.10. We have the Khovanov-Kuperberg decompositiorEo/hr?/g:
Or =0 ®Qlape I (Disjoint Union)
7\ —

H = > C o (Square Removal)

P

A

{-1} & ’{1} (Digon Removal)

*>>

Although Lemm&4.710 follows from Lemnha 3.5 and Lenimd 4.4 »ali€it proof will be useful
in the sequel.

Proof. Disjoint Unionis a direct consequence of the definitions. To pmigon Removatiefine
the grading-preserving homomorphisms

a:’A{—l}—>§ ﬁ:@%A’{l}

by Figure[T4.
T Ty €y,
o | _r. Q—xg _Xo, :v4é>x3
T2 X2 CUQ/F
T zy T
B: I4é’l3 X, Qﬁfs —£- W
IJ ) €2

FIGURE 14. Homomorphisms and

If we choose to create the circle on the other side of the are\ive obtain a homomorphism
homotopic ton and the same holds fgt. Define the homomorphisms

A~ A~

aozA’{—l}%g% al:’{l}—)ég
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by ap = 2a anday = 2a o m(—x2). Note that the homomorphism; is homotopic to the
homomorphisn2a o m(x; + x5 — a). Similarly define

503§—>A’{—1} P §—>A{1}

by 8y = —Bom(x3) andB; = — 3. A simple calculation shows thata; = 6;; Id( 1). Since the
cohomologies of the factorizationsand 1 {—1} @ 1 {1} have the same graded dimension (see
[4]) we have thatyy + oy and 3y + 31 are homotopy inverses of each other and thaty + a1 31

is homotopic to the identity iftnd( ¢ ). To prove Square Removpdefine grading preserving
homomorphisms

¢03:\5<—>>/\<, wlij\zﬁi,

o~
N~~~

W] (<D0 e T

by the composed homomorphisms below

—

o 1
/\ /\
— XlX, — — — Y Y, — —
\v(_\/ 1 > —& \v(_\/ 1AX1 N~—_ ~ —E ~_
—Jo[=—=) { ® -
/R_)A\ XOX6 1 /R_)A\ YOY& T ? T
\/ \_/
®o Y1

We have that)ypg = I1d()() andip; = 1d(X). We also havep; oy = voer = 0 because
Ext(0(, <) = Hqp.(O){4} which is zero ing-degree zero and so any homomorphism of degree
zero between ( and= is homotopic to the zero homomorphism. Since the cohometogf=
and’( @ = have the same graded dimension ($ée [4]) we haveythat ¢/, andyg + ¢ are
homotopy inverses of each other and thgt)y + 11 is homotopic to the identity iftind (X0).

O

5. THE EQUIVALENCE FUNCTOR

We first define a functor -
~: Foam /) — Foam .
On objects the functor is defined by
I'— f,

as explained in the previous section. Lfete HomFoam/@ (I',T). Suffice it to consider the
case in whichf can be given by one singular cobordism, also dengtdé f is given by a linear
combination of singular cobordisms, one can simply exteedallowing arguments to all terms.
Slice f up between critical points, so that each slice contains emaaentary foam, i.e. a zip or
unzip, a saddle-point cobordism, or a cap or a cup, gluezttdlly to the identity foam on
the rest of the source and target webs. For each slice choosgatible vertex identifications
on the source and target webs, such that in the region whéhewsbs are isotopic the vertex
identifications are the same and in the region where thegrdiffe vertex identifications are
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such that we can apply the homomorphism of matrix factddmaty, x1,7,¢ or . This way
we get a homomorphism of matrix factorizations for eacheslid/e can take itS equivalence
class. Composing all these morphisms gives a morpbfii;rezltweerf“v andf’v. For its definition
we had to choose a representative singular cobordism ofotma f, a way to slice it up and
complete vertex identifications for the source and targetoh slice. Of course we have to show
that f € Homy (I',I") is independent of those choices. But before we do that we teave

fullfil a promise that we made at the end of Secfidn 3 after wiindd the homomorphism of
matrix factorizations; induced by a saddle-point cobordism.

Lemma 5.1. The mapj is well defined for closed webs.

Proof. Let I' andI” be two closed webs and: I' — I” a cobordism which is the identity
everywhere except for one saddle-point. By a slight abusetstion, let; denote the homo-
morphism of matrix factorizations which correspondsitoNote thatl’ andI” have the same
number of vertices, which we denote by Our proof that; is well-defined proceeds by in-
duction onv. If v = 0, then the lemma holds, becauBeconsists of one circle anfl’ of
two circles, or vice-versa. These circles have no marks amdharefore indistinguishable. To
each circle we associate the complexand# corresponds to the product or the coproduct in
Qla, b, c][X]/X3 — aX? — bX — c. Note that as soon as we mark the two circles, they will
become distinguishable, and a minus-sign creeps in whemwtehsthem. However, this minus-
sign then cancels against the minus-sign showing up in tieohworphism associated to the
saddle-point cobordism.

Letv > 0. This part of our proof uses some ideas from the proof of Téved2.4 in[2]. Any
web can be seen as lying on a 2-sphere. L&l and F' denote the number of vertices, edges
and faces of a web, where a face is a connected component afitifdement of the web in the
2-sphere. Lef” = ), F;, whereF; is the number of faces withedges. Note that we only have
faces with an even number of edges. It is easy to see thatltbeifty equations hold:

3V. = 2F
V—-E+F = 2
2E = ) iR,
Therefore, we get
6=3F—-—FE=2F+Fy—Fg— ...,
which implies
6 <2Fy + Fy.
This lower bound holds for any web, in particular forandI”. Therefore we see that there is
always a digon or a square IhandI” on whichs acts as the identity, i.e. which does not get
changed by the saddle-point in the cobordism to whidorresponds. Since the MOY-moves in
Lemmal4.1D are all given by isomorphisms which correspontti¢azip and the unzip and the
birth and the death of a circle (see the proof of Lerhmal4. b shows that there is always a set
of MOY-moves which can be applied bothfoandI” whose target webs, sdy; andI;, have

less tharw vertices, and which commute with Here we denote the homomorphism of matrix
factorizations corresponding to the saddle-point colsondbetweerl’; andI”} by 7 again. By
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induction,77: I';, — I"; is well-defined. Since the MOY-moves commute withwe conclude
that: I' — I" is well-defined. O

Lemma 5.2. The functor™ is well-defined.

Proof. The fact thatf does not depend on the vertex identifications follows immaiet§ from

o —

Corollary[4.8 and the equivalence relatioron the Hom-spaces IFoam /.

Next we prove thayf does not depend on the way we have sliced it up. By Lefama 4.10 we
know that, for any closed web, the class' is homotopy equivalent to a direct sum of terms
of the formOF. Note thatlfx\t(@, O) is generated byX*., for 0 < s < 2, and that all maps
in the proof of Lemm#&4.10 are induced by cobordisms with diqdar slicing. This shows
thatﬁx\t(@,l“) is generated by maps of the forfn wherew is a cobordism betweefi andT’
with a particular slicing. A similar result holds fﬁx\t(l“, ). Now let f and f’ be given by the
same cobordism betwedhand A but with different slicings. Iff #+ f’, then, by the previous
arguments, there exist mapsand ¢, whereu: ) — I andv: A — () are cobordisms with
particular slicings, such thaz/tfﬂ =+ zﬁ’/\u This reduces the question of independence of slicing
to the case of closed cobordisms. Note that we already knatv'tis well-defined on the parts
that do not involve singular circles, because it is the gaimation of a 2d TQFT. It is therefore
easy to see that respects the relation (CN). Thus we can cut up any closedilsingobordism
near the singular circles to obtain a linear combinationl@$ed singular cobordisms isotopic to
spheres and theta-foams. The spheres do not have singelascso™ is well-defined on them
and it is easy to check that it respects the relation (S).

Finally, for theta-foams we do have to check something. &li®pne basic Morse move that
can be applied to one of the discs of a theta-foam, which we h&igure[1%. We have to show
that™ is invariant under this Morse move.

(O

FIGURE 15. Singular Morse move

€1

FIGURE 16. Homomorphismb. To avoid cluttering only some marks are shown

In other words, we have to show that the composite homomsmphi Figuré 15 is homotopic to
the identity. It suffices to do the computation on the homgldgjrst we note that the theta web
has homology only ir%Z/2Z-degre€). From the remark at the end of Subsecfion 3.2.1 it follows
that x, is equivalent to multiplication by-2(zy — x2) andy; to multiplication byzs — x3, where
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we used the fact that hasZ/2Z-degreel. From Corollanyf 4.6 we have thatis equivalent to
multiplication by—2 and from the definition of vertex identification it is immetdidhaty is the
identity. Therefore we have that

O =c(4(xg — x3)(21 —22)) = 1.

It is also easy to check thatrespects the relatiort).

Note that the arguments above also show that, for an open foarma havef =01if uy fug =
0 for all singular cobordisms: ) — T", andusy: I}, — (. This proves thaf is well-defined
on foams, which are equivalence classes of singular catrosdi O

Corollary 5.3. 7 is an isomorphism of categories.

Proof. On objects™ is clearly a bijection. On morphisms it is also a bijectionlymmal4.1D
and the proof of Lemma®F.2. O

Theorem 5.4. The projective functor§/, ; . and }Tﬁ{mb’c from Link to Mody are naturally
isomorphic.

Proof. Let D be a diagram of., Cpoam/é(D) the complex forD constructed with foams in Sec-

tion[2 and@a7b7c(D) the complex constructed with equivalence classes of miaicborizations
in Sectiori#. From Lemnia 8.2 and Corollaryl5.3 it follows thuatall i we have isomorphisms of

gradedQla, b, ¢|-modulesCt. (D) = KR,, (D) wherei is the homological degree. By a

Foam /,

slight abuse of notation we denote these isomorphismstoy. The differentials irf(?%a,b,c(D)
are induced by andy, which are exactly the maps that we associated to the ziphenahizip.
This shows that commutes with the differentials in both complexes and fiogegthat it defines
an isomorphism of complexes.

The naturality of the isomorphism between the two functoligivs from Corollary5.B and the
fact that all elementary link cobordisms are induced by tmentary foams and their respective
images w.r.t.”. O
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