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ABSTRACT

In this work, we present formulations for linear and geometrically nonlinear static analyses of
hybrid axisymmetric shell structures. The hybrid structures (F/C/F) are made by layers of composite
material (C) sandwiched by two functionally graded material layers (F). The analysis is performed
using a finite element model. The numerical solution is obtained by expanding the variables in
Fourier series in the circumferential direction and using conical frustum finite elements in the
meridional direction. The implemented finite element is a simple conical frustum with two nodal
circles. This model uses a small number of discrete layers to model the continuous variation of
the mechanical properties through the thickness of the functionally graded material (FGM) layers.
It requires a reduced number of finite elements to model the geometry of even complex struc-
tures, and the integration procedures uses only one Gauss point. From the combination of those
characteristics, the resulting model requires extremely low computation time. A computer program
has been developed, and the solutions obtained are discussed and compared with results
obtained by alternative models available in the literature. The present plate/shell model provides
new insights for future advances to carry out numerical studies involving multi-objective optimiza-
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tion of axisymmetric structures made of advanced materials.

1. Introduction

Axisymmetric shells are used in a wide range of engineering
fields, such as aeronautics and aerospace systems, pressure
vessels, cooling towers, and advanced medical equipment,
among others. In this work, axisymmetric shell structures
are considered, combining composite layered materials with
metal-ceramic functionally graded materials. The authors
have published several studies involving static linear and
geometrically nonlinear analysis, elastoplasticity, free vibra-
tions, and buckling analyses of axisymmetric shell structures
applied, separately, to composite laminates and functionally
graded materials. In the preparation of those works, the
authors have reviewed a large number of works published
by other authors, which won’t be referenced here. Only a
few selected and relevant works are referenced here due to
similarity or alternative approaches used and for comparison
and validation purposes, in the proper context.

Sheinman and Greif [1] and Sheinman and Weissman [2]
presented an analytical and numerical procedures for free
and forced vibration of thin-walled shells of revolution,
where numerical solution is obtained by expanding the vari-
ables in Fourier series in the circumferential direction.

Nath and Kumar [3] used the Chebyshev series solution
technique for solving the nonlinear response of cylindrically
orthotropic, symmetrically laminated, cross-ply moderately

thick plates. Sandeep and Nath [4] carried out the nonlinear
axisymmetric static analysis of polar orthotropic, unsymmet-
rically laminated, cross-ply moderately thick circular plates
and shallow spherical shells under uniformly distributed
load. Mota Soares et al. [5] in a paper for the optimization
of the multi-layered composite axisymmetric shells subjected
to arbitrary static loading and free vibrations, use a two-
node conical frustum finite element with the displacements
expanded in Fourier series in circumferential direction.
Pinto Correia et al. [6] using a higher order displacement
field, presented a finite element semi-analytical model for
laminated axisymmetric shells applied to statics, dynamics
and buckling analysis. Santos et al. [7] presented a general
semi-analytical finite element model developed for bending,
free vibration and buckling analysis of shells of revolution.
The 3D elasticity theory is used, and the equations of
motion are obtained by expanding the displacement field
and load in the Fourier series in terms of the circumferential
coordinate.

Flis and Muc [8] studied the axisymmetric deformations
of coupled functionally graded spherical shells, using an ana-
lytical solution based in complex hypergeometric polynomial
series, and showed that for porous FGM shells the influence
of the unsymmetric shell wall construction can be described
by only one parameter.
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In this article are presented the bending analysis of
hybrid axisymmetric shell structures, subjected to axisym-
metric and non-axisymmetric loadings, and allowing for dif-
ferent behaviors, linear and geometrically nonlinear
deformations. The formulation includes the global response
of the hybrid shell structures and the through-thickness
stress distribution calculations. The determination of natural
frequencies and respective mode shapes was recently pub-
lished by Moita et al. [9] for axisymmetric shells. Since the
present extension is based on the historical developments of
Zienckiewics et al. [10] finite element conical frustum, which
is a simple finite element with 2 nodal circles, which
includes shear deformation effects, introduced through an
imposed constraint in the Kirchhoff-Love theory.

The present model is based on separating the variables in
a Fourier series in the circumferential direction and conical
frustum finite elements in the meridional direction, which
have two nodal circles, with 5 or 10 degrees of freedom on
each, depending on the analysis to be carried out.

The present extension development reveals to be
extremely efficient in the analysis of axisymmetric shells -
easy to model the geometry, a low number of total degrees
of freedom, very good results, and extremely fast computa-
tionally. The results in free vibrations and linear buckling
using the present model in Moita et al. [9,11] have shown
excellent comparison with alternative solutions.

A particular in-house finite element software for linear
and nonlinear finite element analysis has been extended,
and the solutions of some illustrative applications have been
performed (appendix). The results are presented, discussed
and compared with numerical results obtained by alternative
models, where available. The present work provides new
insights to carry out numerical studies in axisymmetric
plates and shells made of advanced materials.

2. Formulation of the hybrid model

For the case of a hybrid FGM-Composite-FGM laminate (F/
C/F), as illustrated in Figure 1, it is defined for each com-
posite layer, the principal orthogonal material axes (1,2,3)
with direction 1 as the fiber orientation, while an orthogonal
layer reference system (s, 0,2’), is applied to the laminate.
For the specific hybrid laminate used in the present
work, the total number of layers, N, is N=2 x NF4+NC,
being NC equal to the number of composite layers (in

Ceramic h0=-h/2
Fovi1 [—

Metal h1
Composite |*.*
P s
Metal h2
Ceramic h3=+h/2

Figure 1. Hybrid plate with laminated composite core and FGM skins.

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 6173

Figure 1, four composite layers are represented schematically
with arbitrary lay-up). The material properties of an FGM
structure are assumed to change continuously throughout
the thickness, according to the volume fraction of the con-
stituent materials, normally a ceramic and a metal. The con-
tinuous variation of the materials mixture is approximated
by using the concept of discrete virtual layers throughout
the z direction, where each FGM skin is discretized by using
an arbitrary number of twenty of those virtual layers (NF
= 20).

The volume fraction of the ceramic and metal phases (V¥
and V¥) for each virtual layer are defined as follows:

Z—h\’ z-h\*
v () s halivi = (22 e b
(1a)
k k
Vi =1.0— V& (1b)

where z is the thickness coordinate of the mid-surface of
each layer, and p: a parameter that defines the gradation of
material properties through the thickness direction, and
ho = —h/2, h;, h, and h; = +h/2 are the z-coordinates of
the interfaces of the layers.

Once the volume fraction VX and VX have been defined,
the material properties of each layer of an FGM, as for
example Young’s modulus E and mass density p, can be
determined by the rule of mixtures:

B = VS Ec+ Vy, Emipe = VEpe+ Vi, o ()

3. Constitutive matrix and strain-displacement
relations

The stress—strain relations are defined based on the stress—
strain relations in each layer k, which can be written as fol-
lows:

m

— m m b b b s
Ok = {Us Oy Oy Os

T
Op Osp O O—?)n} (3)

_ m m m b b s S
&k = {Ss €y Yo & € VYso  Ven y()n}

where oy and ¢ are the stress and strain vectors, respect-
ively, and Qy is the elasticity matrix in the local coordinate
system of the laminated composite material being the fiber
angle referenced with respect to local direction s.

For axisymmetric shells, the generic local (/) displace-
ment of a point on the middle surface is described by three
components u, v and w in the meridional (s), circumferen-
tial (0) and normal (z=n) directions, respectively.
Introducing transverse shear strains through the imposed
constraints C(w, ) = dw/ds — f =0, (Zienkiewics et al.
[10]), where 8 are the rotations that can vary independently,
the displacement field for a generic point defined by (s, 0,
7') coordinates, using an equivalent single layer model, is
given by Moita et al. [9,11] (see, also, Arbind and Reddy
[12] and Arbind, Reddy, and Srinivasa [13] for studies that
use 1D expansions in the circumferential direction to model
tubes and shells of revolution).
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Figure 2. Axisymmetric shell.

$ cos¢p 0 sing r
0 ;= 0 1 0 0 3;
A —sinp 0 cos¢ | | z
ug cos¢p 0 sing 0 0 Uo,
Vo 0 1 0 0 0 Vo
Wo p= | —singp 0 cos¢p 0 O Uo, (4a)
B, o o o 1 o0l|]Bg
Bo 0 0 0 01 Bo

d =T dwithd={uy vo uy, B By} (4b)

where d’' = {uo vo wo P /39}, being ug, v, wo the dis-
placements of a generic point in the middle plane and
P By the rotations of the normal to the middle plane,
referred to the local axes (s, 0, z') in Figure 2, and d is the
vector of displacements in global axis, which contains d; =
{EOr; VOiHOZiﬁSi ﬁei} and di = {ﬁOri \Nloi ﬁOzi ﬁsi ﬂ()i} that
are the symmetric and anti-symmetric parts of the global dis-
placement vector for node i, according to Eq. (7), of next section.
Following the development presented in Moita et al. [9],
the constitutive matrix, as well as the strain-displacements
relations for the general case of a composite or hybrid lamin-
ate with general lay-up, under general load, are respectively:

(A1 A A By B B 0 0 ]
Ay Ay Ay By By By 0 0
Asi Asx Ass B Bez Bss 0 0
D] = Bin Bz B D D Dis 0 0
By Bx By Diz Dy Dy 0 0
Bei Bs2 Bss Dsi Ds2 Dgs 0 0
0 0 0 0 0 0 As As,
0 0 0 0 0 0 As, Ag,|
(5)
where
Zk Zk
(A,B,D), = Q, J (1,2,7%) dz; Ag = Qi J dz  (5a)
Zk—1 Zk-1
and the strain-displacement relations are:
& (Bug,/Bs)cos ¢ + (Oug,/ds)sin ¢
20 (uor) /1 + (9vo) /100
&0 (Qug,/rd0)cos ¢ + (Dug,/rd0)sin ¢ — (vocos )/t + vy /Ds
ks | -0,/ 0s
ko [ —(Bscos §)/r — (9p,)/r00
K50 —(0B,)/r00 = (9B)/0s + (Bycos §)/r
Vs —(Oug,/0s) sin ¢ + (Ouo,/Ds)cos ¢ — f;
Yo —(Oug,/rd0)sin ¢ + (vosin ¢)/r + (Duy,/rd0)cos P — B

(6)

> U
[r22,] l "
P Uz,

Figure 3. Two-node conical frustum element.

4, Finite element approach and fourier series for
axisymmetric structures

4.1. Static linear analysis for general loads

The global displacements and rotations are expanded in
Fourier series, for circumferentional direction (0) (Sheinman
and Greif [1]).

nh nh
Uy, = Z(EO,n cos nf + gy, sin nd),vy = Z (¥, sin n0 + ¥, cos nf)
n=0 =
nh nh N
Uy, = Z (Toy, cos n0+ Uy, sin nb), f = Z (ﬁsn cos n0 + f, sin n0)
n=0 n=0
nh . _
Bo= Z (Bon sin n6 + By, cos no)
n=0

7)
where d; = {Uo, Vo U0 B, By}, and di = {to, Vo
Goz B, Bot, are the element symmetric and antisymmetric
parts of the displacements and rotations amplitudes at the
nodal points for the n'™ harmonic.

The displacements and rotations at any point of reference
surface are approximated in the meridional direction (s)
through the shape functions N; of a conical frustum - straight
finite element, shown in Figure 3, with 2 nodal circles and 5
or 10 degrees of freedom per node. In Figure 3, the degrees
of freedom v and f3, are not represented.

The simplest interpolation functions are N; = (1 + ;&) /2
with &=*1 and A°=2nr,ds =nr, Ldé=2nx
rm L. For example, the symmetric displacement vector and
the element linear strains in the global coordinate system can
be written in the form:

U,
Vo
Uo,
B,
Bo ),
N; cosnf 0 0 0 0 Woyi
) 0 N; sin nf 0 0 0 Voi
= Z 0 0 N; cos nf 0 0 oy
= 0 0 0 N; cos nf 0 Bg
0 0 0 0 N; sin n0 | | By
(8-a)
d, = |02 Nidn;
(8-b)



Applying the Virtual Work Principle, the linear strain
energy, given by U = [ ,0 {g}"[D]{e}dA, becomes:

(9a)

and following the development presented in Moita et al

[9,11], where the terms of matrices [0,], [én], [B,] [B,] can
be found, the element stiffness matrix can be obtained as:

B,'[D] B, B,'[D] B, B,'D] B, B,'[D] B,
K= | POV B B DI B B IDIBy BB g
B,'[D] B, B,'[D] B, B, D] B, B, [D] B,
B,'D] B, B, [D]B, B, DB, B,'[D] B,
with
ol =[] )[o2]; 0] = [°] WI[6r] oo
B] = [6°] 161[67]; 5] = [67] 101 [6"]
[C 0 0 0 0 0 0 O]
0CO0O0O0UO0UO 0O
00 S 00000
[Qg]zooocoooo;
000 0CUOUO 0O
0000 O0SUO0O0
0000O0GO0TCO
(000000 0 S] (©d)
[S 0 0 00 0 0 0]
0S000GO0TO 0O
00 CO0O0UO 0O 0O
|0 00 s0000
000 0SO0O0 0
000 0O0CU OO0
000 00TO0S 0
00000 00 C|

with S =sin(nf) and C = cos (n0).
Using of the orthogonality properties of trigonometric
functions, it can be written:

[Anc® Apc 0 By B 0 0 0
Ay Ayt 0 Byi?  Byc? 0 0 0
0 0 Ags® 0 0 Bes® O 0
D] - B2 Bpc? 0 D;j Dpc? Dy 0 0
B2 Bypc? 0 Dy Dy Dy 0 0
0 0 Bgs: 0 0 Dgs2 0 0
0 0 0 0 0 0 Agc 0
| 0 0 0 0 0 0 0 A’ |
(10a)
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-Ausz Apps? 0 Biis®  Bps? 0 0 0
Aps? Aps® 0 Bys? Bps? 0 0 0
0 0 Agc? 0 0  Besc? 0 0
B] - Bys® Bps® 0 Dps® Dps® 0 0 0
B B2132 B2252 0 DzzSZ DzzSZ 0 0 0
0 0 B56C2 0 0 D65C2 0 0
0 0 0 0 0 0 Agps? 0
0 0 0 0 0 0 0 A |
(10b)
0 0 Ag® 0 0 B2 0 0 ]
0 0 A2(,C2 0 0 B]6C2 0 0
A61 52 A52 82 0 BG] 82 BGZ 82 0 0 0
] - 0 0 B> 0 0 Dy 0 0
0 0 B25C2 0 0 DZGCZ 0 0
B5152 B6252 0 D6152 DGZS2 0 0 0
0 0 0 0 0 0 0 Agps?
0 0 0 0 0 0 Agpd 0 |
(10¢)
) 0 A 0 0  Ags® 0 0 ]
0 0 Axs® 0 0 By 0 0
AGICZ A52C2 0 B51C2 B62C2 0 0 0
Bl = 0 0  Bps? 0 0 Dps> 0 0
0 0 Bys? 0 0 Dys> 0 0
Bsic>? Bgc®? 0 Dgc® Dpc? 0 0 0
0 0 0 0 0 0 0 Apd
| 0 0 0 0 0 0 Ays® 0 |
(10d)

For the case of composite or hybrid laminates with lay-
ups yielding Ay =0,Bs =0,Djs =0 with i=1,2, in the
constitutive matrix (D] (Eq. (5)), there is no coupling
between symmetric and antisymmetric parts of displace-
ments. For lay-ups yielding Aj # 0,Bis # 0,Dj6 # 0, cou-
pling exists, and acts on the element stiffness matrix of each
harmonic through the constitutive matrix.

However, in general, it is difficult to predict, even for the
particular cases mentioned above, if there is coupling or not.
For the case of axisymmetric shells under axisymmetric
load, and the composite laminated with fiber orientations
not equal to 0 or 90 degrees, the symmetry to the middle
plan could be not enough. But if the lay-up is symmetric
and balanced, then no coupling exists.

4.2. Interior pressure load

The pressure vector is expanded in Fourier series, for cir-
cumferentional direction 0, as
NH
p= Z (p,cos nb + p,sin no)

n=0

(11)

and following the development presented in Moita et al.
[11], it becomes:

—=ext 2n 2 Ni 0 0 ﬁfiC:2
F, :J 1o N o p, S ¢ | L do
o \= Lo 0o N |p,C

(12a)
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e e [ N0 p,S’
o :J o N0 p,C* ¢ | rLedo
0 =10 0 N; p,S

(12b)

After assembling all the elements, the static problem takes
the following form:

[Kal{q,} = {F"'} (13)

{9} = {0} +{D} T+ {d} (14)

In the present work, static analysis of axisymmetric shells
is performed. The case of a horizontal cylinder full of water,
for example, cannot be modeled with zero harmonics. To
model the nonsymmetrical load, we need to consider the
harmonic n=0 and the harmonic n=1. In this case, the
radial deformation is obtained as follows:

[Kol{qp} = {F§"}
[Kil{q,} = {F{"}
{9} = {0} + {0}

(15)

4.3. Static geometrically nonlinear analysis for
axisymmetric loads

For shells of revolution with uniform circumferential prop-
erties, the thickness with lay-up symmetric and balanced,
the response to axisymmetric loading, is axisymmetric. The
governing equations are obtained by setting the Fourier har-
monic n=0, i.e. all the antisymmetric terms vanish in the
displacement vector, resultant forces and moments, and
external load vector. It means that from Eq. (5), the terms
A, Bis, Dig,, with i=1,2, in matrix [IA)O] are equal to zero
and also zero in matrix [Dy]. All other terms in the stiffness
matrix (Eq. (9a)) containing [Dy), [Doland [Do], are zero.
Thus, there is no coupling and the antisymmetric terms van-
ish. Thus, we have the following global displacement vector
d; = {do, Voiﬁozﬁsi Bo.}. The strain-displacement vector is
that given by Eq. (6) and the constitutive matrix is:

A C? ARC? 0 BjiC? BpCt oo 0 0
AyC? ARC? 0 ByC? BpC: 0 0 0
0 0 0 0 0 0 0 0
| ByC* BpC* 0 DC2 DRCt 0 0 0
T | By C? BpC?t 0 Dy C? DpCtoo 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 A5, C> 0
0 0 0 0 0 0 0 0
(16)

and finally, the linear stiffness matrix can be represented as:
B, D B, B, D B,

K| = |B.DB DB (17)
[Ko] B,,)DB, B, DB,

To account for nonlinear response, nonlinear strains &N =
3 d" GG d have to be considered in the Virtual Work
Principle, that is U, [ ,0 é""'6¢ dA. Following the develop-
ment of Moita et al. [11], for the particular case of axisym-
metric composite or hybrid structures, under axisymmetric
loading (i.e. n=0), and symmetric material to the middle
surface of thickness, results the matrices for G and @.
The nonlinear strain vector is then given by:

(du/ds)* + (dv/ds)* + (dw/ds)*

1
et = (du/rdf)* + (dv/rdf)* + (dw/rd6)>
(du/ds)(du/rd0) + (dv/ds)(dv/rd0) + (dw/ds)(dw/rd6)
(18a)
2 1 _1[6]T[-G]= =
ot => (G, [9] [0] Gi.d;,) (18b)
i=1
with
cC 00 0 0 O
0 S 0 0 0 O
[5 ] {0 0 S 0 0 0],
“7 1o 00 C o0 0
0 0 0 0 C O
0 0 0 0 0 S
[ ON; ON; ]
aIS\ICOSd) 0 815\] sing 0 0
—nTlcos ¢ 0 —-n—sin¢ 0 0
ON;
. 0 s 0 0 0
G, = N (19)
0 n— 0 0 0
_I\?S sin ¢ 0 aIS\]cosqS 0 0
n— sin ¢ 0 -n—-cos ¢ 0 0
L r r J
and
— TA — .
[0G11] o [()Gn] = [O-n];
Ns Ny 0 0 0 0
Nso Ny 0 0 0 0
L 0 0 Ns Ngy 0 0
]l 0 0o Ny Ny 0 0 (20)
0 0 0 0 Ns Ngp
0 0 0 0 Ny Ny
—T—=T,_  — —
Us, :J 0d G [6,)G d dA (21)
A

where @ is given in Moita et al (11), resulting for the geo-
metric stiffness matrix

GG, 0 G"6G, 0
0 G,T6G, 0 G,T6G,

Kol= |~ o - L 22

K, ] G,'6G, 0 G,'6G, 0 (22)



For the referred cases of linear stiffness matrix, and being
n=0, the antisymmetric terms vanish in the displacement
vector, and the nonlinear strain energy in Virtual Work
Principle is given by:

_ 3 3 Gln — ra I alo
U(fo *J A5 {dlo dZO}{GZO}[GO]{Glo G2o}{d20 }dA
(23)

resulting, finally, for the geometric stiffness matrix or stiff-
ness matrix of initial stresses:

(24)

The virtual work principle is used in conjugation with an
updated Lagrangian formulation. The system of equilibrium
equations is given by:

(Ko +Ka,) '™ Aq = M Eg — TR

t+AL (25)

with

Fint :J B' 7 dA. (26)

Using the Newton-Raphson incremental-iterative method,
the incremental equilibrium path is obtained.

It should be noted that only for vibrations and buckling
analysis, and for unsymmetric static loading, like a hydro-
static pressure, for example, it is necessary to use a number
of harmonics greater than zero.

5. Applications

5.1. Nonlinear analysis of circular composite plate
under uniform pressure load

A composite circular plate, subjected to a uniform pressure
load, as represented in Figure 4, is analyzed. The dimensions
of the plate are radius R=0.4 and thickness 4= 0.01 m, and
the mechanical properties of graphite-epoxy are given by:
E,/E; =40, (G, = Gy3)/E; = 0.5, vy, = 0.25. Three cases
of lamination lay-ups are considered: single layer [0°], three
layers [0°/90°/0°], and nine layers [0°/90°/0°/90°/0°/90°/0°/
90°/0°] where, in this case, 0° is the circumferential direc-
tion and 90° is the radial direction. Defining the nondimen-
sional load and displacement at the center of the plate by
p* =p, a*/E; h* and W* = w,/h, respectively, in Figure 5
are represented the load-displacement paths obtained with
the present model (PM), and those obtained by Nath and
Kumar [3], where a very good agreement is observed.

Figure 4. Composite clamped circular plate subjected to uniform pressure.
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700
600 = Single layer (PM)
—Three layers (PM)
500 =——Nine layers (PM)
400 ® Single layer [3 ]
% e Three layers [3]
300

@ Nine layers [3 ]
200

100

0

0 02 04 06 08 1
W*

1.2 14 16 1.8 2 22

Figure 5. Effect of the number of layers on deflections of a clamped circular
plate.

r - coordinate

12.5 12.501 12.502 12.503
0 e — '
I 2
5 p
10 7
g 15 3 —e—Initial shape
Q
s
£ 20 5
o —e— Deformed shape
o 0/()° o
S 25 4 [90°/0°/90°)
N 30 § —*—Deformed shape
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5.2. Linear analysis of a clamped laminated cylinder
under internal uniform pressure

A three-layered composite cylinder, clamped at both ends is
subjected to an internal uniform pressure. The fiber orienta-
tion is [90°/2/90°] measured from the meridional direction.
The geometry is defined by the radius R=12.5 in, the
length L =50.0 in, and the thickness & =0.25 in. The mater-
ial is Boron-Epoxy with the following material data:
E,=32.5 x 10°psi, E,=1.84 x 10°psi, G,= G5 = 0.642 x
10°psi, v1, = 0.256. Considering the uniform pressure load
qo=100.0 psi, the deformed shape for the lamination
sequence [90°/0°/90°] is shown in Figure 6. In Figures 7
and 8(a), the deformed shape and circumferential stresses,
o9 = ol + a4, respectively, obtained with present model
(PM) are validated with an alternative solution obtained
with Abaqus [14] quadrangular shell finite element model,
S4R and the degenerated triangle S3 model, by using a mesh
of 7140 elements resulting in a problem with 131,040
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Figure 8. Circumferential stresses validated with an alternative solution.

equations. The meridional stresses are shown in Figure 9(a)
and the transverse shear stresses oy, along any meridian,
are shown in Figure 9(b).

Next, the effect of the fiber angle of the middle layer on
the deflections of the cylinder is analyzed. The results are
shown in Figure 10, where it can be observed that the angle
of 90° leads to the lowest deflection.

If we consider the same clamped cylinder, but fabricated
with three composite layers with the lay-up [30°/0°/—60°],
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Figure 9. a. Meridional stresses. b. Transverse shear stress.
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Figure 10. Effect of fiber angle of the middle layer on the centre
deflection.

and the layer thicknesses of h;=h,=h;=0.083334 in, repre-
senting a non-symmetric lay-up, we need to consider the
symmetric and anti-symmetric parts of the displacement
vector. By using a number of harmonics, nh = 0, Figure
11(a) shows the radial displacements for the composite [30°/
0°/—60°] cylinder, considering coupling and no-coupling,
where it can be observed that both curves are coincident.
The anti-symmetric displacements are not captured with
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Figure 11. a. Radial displacements for composite [30°/0°/—60°] cylinder, con-
sidering nh = 0. b. Radial displacements for composite [30°/0°/—60°] cylinder,
considering nh = 4.

nh = 0. In this case, we must use nh > 0. In Figure
11(b), the displacement curves obtained using nh = 4,
comparing the effect of coupling considered and no-
coupling or coupling disregarded. It can be observed that
when coupling is considered, a more flexible structure is
obtained.

5.3. Nonlinear analyses of a hybrid spherical cap

A hybrid composite having lower and upper FGM skins (F/
C/F), spherical cap, with the geometry represented in Figure
12, is now addressed. The cap has a curvature radius of
R=2.286 m, half-opening angle ¢, = 35° and a total thick-
ness of h=0.04 m. The thickness of the four-layered com-
posite material is 4xhc = 0.005m, k=1,2,34. The FGM is
made of Zirconia (c) and Aluminum (m), with the following
material data for ceramic and metal: E.=151.0 GPa, E,, =
70.0GPa, v. = 0.3, v, = 0.3. The material data for the
composite layers are: E;;=413.71GPa, E,, =10.343 GPa,
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Figure 12. Clamped spherical cap.
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Figure 13. Load-displacement paths for spherical cap.
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Figure 14. Load-displacement paths for different hi/h¢c and lay-up [F/90°/90°/
90°/90°/F].

Ggs=G44=Gs5= 6.206 GPa and v,,=0.28. Four different lay-
ups are considered, [F/0°/90°/90°/0°/F], [F/90°/0°/0°/90°/F],
[F/0°/0°/0°/0°/F] and [F/90°/90°/90°/90°/F], and the gradi-
ent index p=1.0 is used. The nonlinear responses of the
spherical caps under a central point load are shown in
Figure 13. It is observed that the stiffer cap has the lay-up
[F/0°/90°/90°/0°/F].

For lay-up [F/90°/90°/90°/90°/F], three different cases of
hg/h¢ ratios are considered: case 1, hg = 0.0075 m and hc¢
= 0.025 m; case 2, hy = 0.01 m and h¢e = 0.02 m; case 3,
hg = 0.015 m and hc = 0.01 m. In Figure 14, the load dis-
placement paths for these cases are shown, where it can be
observed that case 3 corresponds to the stiffer spher-
ical cap.



6180 C. A. MOTA SOARES ET AL.

0.02
0.015

0.01

Ur (mm)

0.005

0.1905 0.254 0.3175 0‘3/81
Z (m)

—e— 90°/0°/90°

= = =60°0°60° uncoupled

60°/0°/60° coupled

0.127

0 0.0635

—o— (0°/0°/0°
= = =30°0°30° uncoupled
—e—30°/0°/30° coupled

Figure 15. Radial deflections versus axial coordinate for composite [¢/0°/] cylinder.

0.015 4

0.01 4

ur (mm)

0.005 A

0 0.2 0.4 0.6 0.8 1
z/L
ceramic —@—p=0.5 —@&—p=1 —@—p=2 —@—metal
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5.4. Clamped laminated cylindrical shell subjected to
hydrostatic pressure

A numerical application consisting of a horizontal cylin-
drical shell, with both edges clamped, having a composite
laminate sequence [0/0°/«] is now considered. The material
and geometric data are the following: E; = 206.9 GPa, E, =
18.62GPa, G|, = G;3 = Gy3 = 448GPa and v, = v;3 =
v3 = 028, R=0.1905m (radius), L=0.381m (length)
h=0.000501 m. A finite element mesh with 28 elements was
used. The cylindrical shell is under an internal surface load
p(0) = —p,y(1 + cos 0) with p, = 1000 Pa. Figure 15 shows
the radial displacements with respect to the Z coordinate.
The computed values are obtained considering coupling and
for the uncoupled condition, so it becomes visible the influ-
ence of the coupling terms, leading to more flexible behav-
ior. Also, it is observed a great coincidence of results with
those obtained by Pinto Correia et al. [6] and Santos et al.
[7] in both cases by using more sophisticated finite element
formulations. Next, the case of an FGM cylinder filled of
water, with p(0) = —p g R (1 4 cos 0). The water density
and acceleration of gravity are respectively p and g. The
constituents are Zirconia and Aluminum, and the geometry
is defined by R=0.3 m, L=1 m, and h=5mm. The results
obtained are shown in Figure 16.

5.5. Clamped hybrid cylindrical shell subjected to
hydrostatic pressure

A hybrid horizontal cylindrical shell, with both edges
clamped, and lay-up [F/a/0°/a/F] is now analyzed. The
material and geometric properties are: E; = 206.9 GPa, E, =
18.62GPa, G, = G;3 = G,3 = 448GPa and v, = v;3 =
vy3 = 0.28, radius R=0.1905m, length L=0.381m total
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Figure 17. Radial deflections versus axial coordinate for a hybrid cylinder.
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Figure 18. Toroidal shell.

thickness H=0.00049 m. The thickness of each functionally
graded layer is hg = 0.000125 m, and the thickness of each
of the 3 layers of composite material is hg,= 0.00008 m. The
constituents of the FGM layers are the Zirconia and
Aluminum with the following material properties E. =
380.0 GPa, E,, = 70.0 GPa, v. =0.3, v, = 0.3 for the ceramic
and the metal, respectively. The gradient index is p = 1.0.

The present model uses a finite element mesh with 28
elements. The cylindrical shell is under an internal surface
load p(0) = —po(1 + cos 0) with p, = 1000 Pa. Figure 17
shows the radial displacements along the length. The com-
puted values are obtained considering the coupling and cou-
pling disregarded, by imposing B=0. The radial
displacements, in this case, unlike the example in section
5.4, are almost coincident, which is due to the stiffness dom-
inance of the FGM skins, making the terms of sub-matrix B
of the constitutive matrix almost zero, B~0.

5.6. Analysis of a hybrid toroidal shell, subjected to an
internal pressure

The last numerical application consists in a hybrid toroidal
shell as shown in Figure 18. The geometry is defined by r =
254 mm, R = 381 mm and thickness t = 12.7 mm. The thick-
ness of the FGM and the composite layers are, respectively: hg
=0.00405 m; 4 X hc=0.00115 m. The constituents of the FGM
layers are the Zirconia, for ceramic (c) and Aluminum, for
metal (m), having the following materials data: E. =
151.0 GPa, E,, = 70.0 GPa, v. =0.3, v, = 0.3. The material
data for the composite layers are: E,;=224.079 GPa, E,,
=12.687 GPa, Gg=G44=Gs5= 4.426 GPa and v, =0.256.

The hybrid toroidal shell is subjected to an interior radial
pressure load as schematically represented in Figure 18. The
circular section is modeled by using 24 elements and 24
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Table 1. Radial displacements at ¢ = —15° for different lay-up and gradient
index p=1.

Lay-up Radial displacement (mm)
F/0°/90°/90°/0°/F 0.872
F/90°/0°/0°/90°/F 0.874
F/0°/0°/0°/0°/F 0.408
F/90°/90°/90°/90°/F 1.542
F/F 0.903
0°/90°/90°/0° 0.860
0.8

—eo—Initial shape

—8— Composite shape
FGM1/FGM2 shape

—e— Hybrid shape

Figure 20. Initial and deformed shapes of a hybrid toroidal shell for
index p=1.0.

nodal nodes. Both linear and nonlinear analyses are per-
formed, and the results for the displacement w (see Eq.
(4a)), at ¢p=-15°, are shown in Figure 19, for the lay-up [F/
0°/90°/90°/0°/F] and the gradient index p=1. The angle ¢
is measured clockwise from point A. The radial displace-
ment as a function of the lay-up, for ¢=-15° is given in
Table 1. In this table, it is shown the influence of fiber
angles and the stiffer structure corresponds to the lay-up [F/
0°/0°/0°/0°/F].

The initial and the deformed shapes for FGM and hybrid
toroidal shells are shown in Figure 20. In Figure 21, for
hybrid shell, are shown the total meridional and
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Figure 21. Meridional and circumferential total stresses in the inner layer of
the toroidal shell.

circumferential stresses at the inner layer, for the load level
qo=10 MPa. From this figure, it is observed that the merid-
ional stresses are maximum at the inner circle and min-
imum at the outer circle. On other hand, the circumferential
stresses have little change.

6. Conclusions

A finite element model for the static analysis of hybrid axisym-
shells structures under axisymmetric and non-
axisymmetric loads is presented. The static study includes the
linear and geometrically nonlinear analyses subjected to mech-
anical loading. The model used the first order shear deform-
ation theory, and it is based on separating the variables in
Fourier series in the circumferential direction with a very sim-
ple conical frustum finite element in the meridional direction,
which have two nodes and 5 or 10 degrees of freedom per
node, depending on the analysis to be performed: 5 for the
uncoupled case and 10 for the coupled case. From the pre-
sented numerical examples, it is important to note that the geo-
metric nonlinear analysis does not play an important role,
unless for the case of the spherical cap: the solutions when large
displacements are accounted - nonlinear analysis solutions are
very similar to the solutions obtained in linear analysis.

The influence of variation of the gradient index of FGM
layers and the fiber angles of composite layers on static dis-
placements was analyzed. Also, the coupling between sym-
metric and antissymmetric displacement amplitudes has
been analyzed. An important conclusion is about the exist-
ence of coupling in the presence of composite laminates
with nonsymmetric lay-up and functionally graded materi-
als, or whenever there is a nonsymmetric loading.

The present model is very simple, and as shown with the
suitable set of numerical applications presented in this work,
a very good accuracy is found as the results obtained with
the present model compare very well with the alternative
solutions available. Those characteristics made it a good
numerical model to integrate a multi-objective optimization
tool dedicated to axisymmetric structures made of composite
and functionally graded materials.

metric
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