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We investigate the gravitational-wave background predicted by a two-scalar-field cosmological
model that aims to unify primordial inflation with the dark sector, namely late-time dark energy and
dark matter, in a single and self-consistent theoretical framework. The model is constructed from an
action inspired by several extensions of general relativity and string-inspired scenarios and features
a non-minimal interaction between the two scalar fields, while both remain minimally coupled to
gravity. In this context, we derive the gravitational-wave energy spectrum over wavelengths ranging
from today’s Hubble horizon to those at the end of inflation. We employ the continuous Bogoliubov
coefficient formalism, originally introduced to describe particle creation in an expanding Universe,
in analogy to the well-established mechanism of gravitational particle production and, in particular,
generalized to gravitons. Using this method, which enables an accurate description of graviton
creation across all cosmological epochs, we find that inflation provides the dominant gravitational-
wave contribution, while subdominant features arise at the inflation-radiation, radiation-matter, and
matter-dark energy transitions, i.e., epochs naturally encoded inside our scalar field picture. The
resulting energy density spectrum is thus compared with the sensitivity curves of the planned next-
generation ground- and space-based gravitational-wave observatories. The comparison identifies
frequency bands where the predicted signal could be probed, providing those windows associated
with potentially detectable signals, bounded by our analyses. Consequences of our recipe are thus
compared with numerical outcomes and the corresponding physical properties discussed in detail.
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I. INTRODUCTION

Gravitational waves, predicted by Einstein in 1916
[1], were only directly detected almost a hundred years
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later, in 2015, when the two Laser Interferometer
Gravitational-Wave Observatory (LIGO) detectors si-
multaneously observed a transient gravitational wave sig-
nal corresponding to the merger of two massive black
holes [2].

The importance of this breathtaking advance cannot
be underestimated, as it not only represents a new test
of the general theory of relativity regarding the existence
of gravitational waves and binary stellar-mass black hole
systems, but also opens a new window on the Universe,
inaugurating the era of gravitational-wave astronomy [3].

Among the multitude of possible sources of gravita-
tional waves, those of primordial origin appear particu-
larly important. These are produced across early stages
of the Universe’s evolution and, thus, may carry informa-
tion about the inflationary period and the transition to
the radiation-dominated epoch (for a recent review, see
e.g. Ref. [4]).

Considerable effort is being devoted to the creation of
the next generation of ground- and space-based gravita-
tional wave detectors, which, operating over a wide range
of frequencies with enhanced sensitivity, can reveal this
information, shedding light on the physics of the early
Universe [5].

Since the striking discovery that the Universe is
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presently undergoing a second period of accelerated ex-
pansion [6, 7], driven by a still unknown form of energy,
dubbed dark energy, several attempts have been made to
unify within a single theoretical framework both inflation
and this energy. If dark matter—whose nature remains
currently elusive—is also included, then one can imagine
that both the dark sector, composed of dark energy and
dark matter, plus inflation, may be framed in terms of a
triple unification cosmological scheme [8–15].

Among all possibilities, a relevant unification scheme
was proposed by virtue of a two-scalar-field cosmological
model [16, 17], whose action was inspired by a variety of
gravity theories, such as the generalized hybrid metric-
Palatini, the Jordan-Brans-Dicke, Kaluza-Klein, f(R),
and string theories. The so-obtained unification scheme
depends on the non-minimal coupling between the two
scalar fields, which, however, are minimally coupled to
gravity. The model is defined by virtue of an unspecified
a priori potential, with one free kinetic energy term and
another coupled with the other scalar field.

Motivated by the above considerations, in this work,
we calculate the full gravitational wave energy spectrum
arising within this cosmological model. To do so, we
compute the spectrum from the minimum to the maxi-
mum allowed frequencies, corresponding to wavelengths
equal to the Hubble distance today and at the end of
the inflationary period, respectively. We start by pos-
tulating the effective potential of one of the two scalar
fields, then proceed to compute the equations of motion
and the corresponding Bogoliubov coefficients, used as a
formalism toward the gravitational wave determination.
In particular, adopting the continuous Bogoliubov coeffi-
cients method is motivated and preferred since, once the
dynamics of the Universe is known, it provides a straight-
forward way to compute the full spectrum of gravita-
tional waves within a single framework, naturally avoid-
ing issues related to the overproduction of gravitons at
high frequencies and without imposing any cut-off ansatz.
Accordingly, our findings are compared with the sensi-
tivity curves of the planned next-generation ground- and
space-based gravitational-wave detectors, showing those
frequency windows in which our predictions are expected
to be significant.

This article is organized as follows. In Sec. II, we
briefly describe the two-scalar-field cosmological model
unifying inflation, dark matter, and dark energy, while
in Sec. III we outline the formalism of continuous Bo-
goliubov coefficients used to calculate the correspond-
ing gravitational-wave spectral energy density parame-
ter as a function of frequency. In Sec. IV, we present
the spectrum and compare it with the sensitivity curves
of the planned next-generation gravitational-wave detec-
tors. We also compare the spectra obtained for different
values of the model’s parameters. Finally, in Sec. V, we
present our conclusions and perspectives.

II. TWO-SCALAR-FIELD COSMOLOGICAL
MODEL

As shown in Ref. [17], a triple unification of inflation,
dark energy, and dark matter can be achieved within a
two-scalar-field model given by the action

S =

∫
d4x

√
−g

[
R

2κ2
− 1

2
(∇ϕ)2

− 1

2
e−ακϕ(∇ξ)2 − e−βκϕV (ξ)

]
. (1)

In the above expression, g is the determinant of the met-
ric gµν , R is the Ricci scalar, ϕ and ξ are scalar fields,
and α and β are dimensionless parameters1.
The potential V (ξ) is, in principle, unspecified; the

simplest choice providing such a triple unification has
the form [17]

V (ξ) = Va +
1

2
m2ξ2, (2)

where Va and m are constants. Choosing the above form
of V (ξ) is motivated by the simplest quadratic potential
that does not alter the underlying physics, for example,
inducing a phase transition, but rather introduces a bare
mass term, associated with the scalar field. This choice
resembles the chaotic inflationary paradigm, where a sim-
ple massive scalar field is introduced.
A detailed analysis of this cosmological model has been

performed and can be found in Refs. [17, 18]; here, we
outline its main features, as follows below.
Inflation is assumed to be of the warm type [19–21],

with the scalar field ξ playing the role of the inflaton.
A preexisting radiation bath, with energy density ρR, is
not diluted during the inflationary period due to a con-
stant influx of energy from the inflaton (and also from
the scalar field ϕ). The dissipation coefficients, which
mediate this energy transfer, are chosen to depend on
the temperature.
At a certain point, the energy density of radiation be-

comes greater than the energy density of the inflaton
field, marking the end of the inflationary period. During
the smooth transition to a radiation-dominated era, the
dissipation coefficients are exponentially suppressed and
quickly become negligible.
At the beginning of the radiation-dominated era, the

inflaton ξ, now free from interaction with radiation,
begins to oscillate rapidly around the minimum of its
quadratic potential, thus behaving on average as a non-
relativistic pressureless fluid, i.e., as cold dark matter.
After the radiation-dominated era, which includes the

primordial nucleosynthesis period, cold dark matter,

1 Here, and in what follows, we use the notation κ ≡
√
8πG =√

8π/mP, where G is the gravitational constant and mP = 1.22×
1019 GeV is the Planck mass.
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along with ordinary baryonic matter, begins to domi-
nate the Universe’s dynamics. This leads to a matter-
dominated era, which is long enough to allow for the for-
mation of the observed large-scale structure of the Uni-
verse.

Finally, the scalar field ϕ, which plays the role of dark
energy, emerges as the dominant component of the Uni-
verse, giving rise to the current era of accelerated expan-
sion.

In order to describe the Universe dynamics within a
single framework, we assume a flat Friedmann-Lemâıtre-
Robertson-Walker metric

ds2 = −dt2 + a2(t)dΣ2, (3)

where a(t) is the scale factor, t is the cosmic time, and
dΣ2 is the metric of the three-dimensional Euclidean
space. In this way, the equations of motion during the
first stage of evolution (inflation and smooth transition
to a radiation-dominated era) are

ξuu = −
{[

ä

a
+ 2

(
ȧ

a

)2

+
ȧ

a
Γξe

ακϕ

]
ξu

− ακ

(
ȧ

a

)2

ϕuξu +m2ξe(α−β)κϕ

}(
ȧ

a

)−2

, (4a)

ϕuu = −
{[

ä

a
+ 2

(
ȧ

a

)2

+
ȧ

a
Γϕ

]
ϕu +

ακ

2

(
ȧ

a

)2

ξ2ue
−ακϕ

− βκ

(
Va +

1

2
m2ξ2

)
e−βκϕ

}(
ȧ

a

)−2

, (4b)

ρRu = −4ρR +
ȧ

a

(
Γξξ

2
u + Γϕϕ

2
u

)
, (4c)

where the subscript u denotes a derivative with respect
to u = − ln(a0/a) and a0 ≡ a(u0) represents the value of
the scale factor at present u0 = 0.

The quantities ȧ/a and ä/a, where an overdot denotes
a derivative with respect to time t, are functions of u, ξ,
ξu, ϕ, ϕu, and ρR given by(

ȧ

a

)2

≡ H2 = 2κ2

(
Va +

1
2m

2ξ2
)
e−βκϕ + ρR

6− κ2ϕ2
u − κ2ξ2ue

−ακϕ
, (5)

and, using ä/a = Ḣ +H2,

ä

a
=

κ2

3

{
2κ2

[(
Va +

1
2m

2ξ2
)
e−βκϕ + ρR

]
(ϕ2

u + ξ2ue
−ακϕ)

κ2ϕ2
u + κ2ξ2ue

−ακϕ − 6

+

(
Va +

1

2
m2ξ2

)
e−βκϕ − ρR

}
, (6)

where H denotes the Hubble parameter.
The dissipation coefficients Γξ and Γϕ are given by

Γξ,ϕ = fξ,ϕ ×


T p, T ≥ TE,

T p exp

[
1−

(
TE
T

)q]
, T ≤ TE,

(7)

where TE is the temperature of the radiation bath at the
end of the inflationary period, fξ and fϕ are positive con-
stants with dimension (mass)1−p, and q > 0 and p are
parameters, determining the temperature dependence of
these coefficients. Within this definition, we are not pos-
tulating any phenomenological or microscopic quantum
field theory model, e.g. [22–24]. Rather, it represents a
model-independent approach with a generic temperature
dependence, leading to an exponential suppression of the
coefficients after the inflationary epoch.
To characterize the intensity of the energy transfer

from the inflaton field to the radiation bath during the
inflationary period, it is common to introduce the dis-
sipation ratio Q, defined as Q ≡ Γ/(3H). Depending
on the value of Q, two regimes of warm inflation can be
defined: the weak dissipative regime (Q < 1) and the
strong dissipative regime (Q > 1). The two-scalar-field
cosmological model under consideration can accommo-
date both regimes, as shown in Ref. [17]. In this paper,
we choose a set of values for the model’s parameters and
initial conditions (see below), yielding a strong dissipa-
tive regime.
At the end of the inflationary period, the dissipation

coefficients Γξ and Γϕ are exponentially suppressed and,
soon afterward, become negligible. This marks the end
of the first stage of evolution. During the second stage, in
the absence of dissipation, radiation decouples from the
scalar field ξ, which begins to oscillate rapidly around
the minimum of its quadratic potential2, behaving like a
nonrelativistic dark-matter fluid with equation of state
pξ = 0 and energy density given by [17]

ρξ = Ce−3ue
(α−β)

a ϕ, (8)

where C is a constant whose value is fixed by current
cosmological measurements. The previous expression re-
veals that in the presence of a direct coupling between
the scalar fields ξ and ϕ, dark matter does not evolve
like usual baryonic matter (e−3u, or a−3 in terms of the
scale factor). There is now an explicit dependence on the
dark energy field ϕ, requiring dark matter and baryonic
matter to be treated separately.
Accordingly, during the second stage of evolution

(radiation-, matter-, and dark energy-dominated eras),
the evolution equations are

ϕuu = −
{[

ä

a
+ 2

(
ȧ

a

)2]
ϕu − βκVae

−βκϕ

+
(α− β)κC

2
e

(α−β)κ
2 ϕe−3u

}(
ȧ

a

)−2

, (9)

2 The oscillatory regime is ensured by the condition Mξ(ϕ) ≫ H,

where M2
ξ (ϕ) ≡ m2e−βκϕ is the effective mass of the inflaton

field.
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with(
ȧ

a

)2

= 2κ2

[
Vae

−βκϕ +
(
ρBM0 + Ce

(α−β)κ
2 ϕ

)
e−3u

+ ρR0e
−4u

] (
6− κ2ϕ2

u

)−1
, (10)

and

ä

a
=

κ2

6

{
4κ2

[
Vae

−βκϕ +
(
ρBM0 + Ce

(α−β)κ
2 ϕ

)
e−3u

+ ρR0e
−4u

]
ϕ2
u

(
κ2ϕ2

u − 6
)−1

+ 2Vae
−βκϕ

−
(
ρBM0 + Ce

(α−β)κ
2 ϕ

)
e−3u − 2ρR0e

−4u

}
, (11)

where ordinary baryonic matter is described as a perfect
fluid with pressure pBM = 0 and energy density ρBM =
ρBM0 e

−3u.
For the present values of the various Universe’s compo-

nents we consider some of the latest observational con-
straints [25], hence we adopt ρR0 = 9.02 × 10−128 m4

P,
ρBM0 = 8.19 × 10−125 m4

P, ρDE0 = 1.13 × 10−123 m4
P, and

ρDM0 = 4.25×10−124 m4
P, yielding for the Hubble constant

the value H0 = 1.17×10−61 mP or, in more familiar units,
H0 = 67 km s−1Mpc−1.
As a benchmark for our numerical constraints over the

free parameters, we can follow Ref. [26], where the two-
scalar-field cosmological framework has been investigated
by means of a Monte Carlo Markov chain (MCMC) anal-
ysis against low-redshift datasets, deriving constraints on
the free parameters and comparing the model’s perfor-
mance to the standard ΛCDM scenario.

Accordingly, it has been found that the condition
|α − β| ≲ 1, turns out to be essential observationally
and clearly introduces a limitation over the choice of the
parameter space3.

Hence, taking the bounds from the MCMC computa-
tion for granted, we employ

α = 0.36+0.18
−0.26, (12)

β = 0.01+0.34
−0.24, (13)

selecting for our base scenario the mean values, namely
choosing α = 0.36 and β = 0.01, with H0 = 1.17 ×
10−61 mP, as well as p = 1, q = 2, fξ = fϕ = 2,
Va = 1.1× 10−123 m4

P and m = 10−5 mP. In addition, the
initial conditions have been selected to be ξi = 0.75mP,
ϕi = 10−3 mP, ξu,i = 10−2 mP, ϕu,i = 10−5 mP, and
ρR,i = 0.25 × 10−12 m4

P. At the transition between the
first and second stages of evolution, the different physi-
cal quantities are continuous.

3 The MCMC computation has been also explored adopting model
selection criteria, such as the Akaike and Deviance information
criteria, both indicating that our approach achieves a statistical
fit comparable to the standard ΛCDM model.
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Figure 1. Evolution of the dissipation ratio Q during the infla-
tionary period, which extends from u ≈ −135.3 to u ≈ −65.3
(70 e-folds of expansion), and the transition from inflation to
the radiation-dominated era, which extends from u ≈ −65.3
to u ≈ −64.3. Throughout the entire inflationary period, a
strong dissipative regime is maintained. At the end of this
period, the dissipation coefficients Γξ = Γϕ are exponentially
suppressed, resulting in a sharp decrease of Q.
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Figure 2. Evolution of the ratios T/H, ρR/ρξ, and ρR/ρϕ
during the inflationary period. The end of inflation occurs
when ρR/ρξ = 1. From then on, radiation dominates the
Universe’s evolution.

The above choice of parameters and initial conditions
corresponds to a strong dissipative regime (Q > 1). In
Fig. 1, the evolution of Q is shown for the entire inflation-
ary period, as well as for the smooth transition from in-
flation to the radiation-dominated era, while Fig. 2 shows
the evolution of the ratios T/H, ρR/ρξ, and ρR/ρϕ during
inflation.
Finally, it is noteworthy to focus on the cosmologi-

cal perturbations induced by such a model. During the
inflationary epoch, scalar and tensor perturbations are
expected to be relevant and detectable. The latter are
studied in this article. As for the former, they will be
analyzed in detail in a future publication; here, we will
limit our comments to some general observations. Scalar
perturbations are fundamental to validate cosmological
models by comparing their predictions with the observa-
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tional constraints provided by the Planck mission [27].
The two-scalar-field model under consideration presents
a complex scenario in this regard; indeed, considering
warm inflation within a multi-field approach leads to an
unknown picture for describing scalar perturbations (as
far as we know). In warm inflation, the source of den-
sity fluctuations is the thermal fluctuations in the radia-
tion bath, and this is a physically different scenario with
respect to cold inflation, where the source is the quan-
tum fluctuations of the inflaton field [20, 23]. On the
other hand, multi-field approaches provide a more com-
plex framework, where the interaction among the fields
generally generates scalar perturbations that are super-
positions of several contributions, such as entropic and
adiabatic ones [28]. Since both warm inflation and multi-
field inflation have proven to be suitable frameworks, as
shown in Refs. [29–34], it is expected that the two-scalar-
field cosmological model can be successfully constrained
as well. In particular, for the choice of parameters in the
base scenario, since ρϕ ≪ ρξ (see Fig. 2), standard single-
field warm inflation results should provide a good approx-
imation. Thus, as shown in Refs. [22, 30], considering
a strong dissipation regime should lead to observational
consistency, with a reduced tensor-to-scalar ratio and a
more blue-tilted spectrum as compared to cold inflation.
Nevertheless, to properly account for the predictions of
the two-scalar-field cosmological model and to rigorously
test its consistency, the generalization of the aforemen-
tioned approaches should be considered. However, this is
not straightforward and, as mentioned above, is left for
future work.

III. FORMALISM OF CONTINUOUS
BOGOLIUBOV COEFFICIENTS

It is a consolidated fact that primordial gravitational
waves can be generated along the Universe’s expansion,
resulting in a spectrum spanning a wide range of frequen-
cies [35–38]. These waves, being potentially detectable,
open new avenues toward the cosmological early phases.

To calculate the corresponding gravitational wave
spectrum, within the two-scalar-field cosmological model
described in the previous section, we employ the for-
malism of continuous Bogoliubov coefficients, quite well-
established in the framework of field theories, in relation
to different vacuum connections.

According to this formalism, the changes in the gravi-
ton creation and annihilation operators as the Universe
evolves can be found by using Bogoliubov coefficients,
defined as continuous functions of time4. In this case,

4 The continuous Bogoliubov coefficients differ from the well-
known discrete Bogoliubov coefficients [39], since it is not neces-
sary to assume any sudden transition between cosmological eras.
Further, in cases where the two approaches can be both used,
the results are found to agree.

the gravitons—the associated and so far hypothetical
particles that constitute gravitational waves—are given
in terms of these continuous coefficients, for any given
epoch.
The original formulation that makes use of continuous

Bogoliubov coefficients was first applied in Ref. [40] with
the aim of inferring particle production in an expanding
Universe5 and, afterwards, extended to the case of gravi-
tons [43–45]. Several applications of this formalism have
been developed within precise cosmological models, see
e.g. Refs. [11, 46–53].
We now introduce gravitational waves in our pre-

scription. Thus, we take into account perturbations in
the metric defined by Eq. (3), specifically tensor per-
turbations. The tensor perturbations hij to the flat
Friedmann-Lemâıtre-Robertson-Walker metric

ds2 = a2(η){−dη2 + [δij + hij(η,x)]dx
idxj}, (14)

where η is the conformal time6, can be expanded in terms
of plane waves,

hij(η,x) = κ

2∑
p=1

∫
d3k

(2π)3/2a(η)
√
2k

[ap(η,k)

×εij(k, p)e
ik·xχ(η,k) + h. c.

] (15)

In the previous expression, x is the spatial-coordinates
three-vector, k is the comoving wave-number three-
vector, such that k = |k| = aω, ω is the angular fre-
quency, p runs over the two polarizations of the gravi-
tational waves, ap is the annihilation operator, εij is the
polarization tensor, and the mode function χ satisfies the
equation of a parametric oscillator

χ′′ +

(
k2 − a′′

a

)
χ = 0, (16)

where a prime denotes a derivative with respect to the
conformal time η.
In an expanding Universe, the annihilation ap(η,k)

and creation a†p(η,k) operators change over time, and
such change is codified in terms of the time-fixed annihi-
lation Ap(k) and creation A†

p(k) operators through the
Bogoliubov transformation

ap(η,k) = αk(η, k)Ap(k) + β∗
k(η, k)A

†
p(k), (17)

where the Bogoliubov coefficients αk and βk satisfy the
condition |αk|2 − |βk|2 = 1 and the number of gravi-
tons created is given by ⟨Nk(η)⟩ = |βk|2. For a well-
defined framework and a proper introduction of the Bo-
goliubov transformations, the initial and final vacuum

5 Cosmological particle production is a widely studied phe-
nomenon. In particular, this mechanism directly involves Bo-
goliubov transformations. For examples of particle production
in different cosmological scenarios, see Refs. [41, 42].

6 In this section, conformal time is adopted as the temporal co-
ordinate in order to simplify the presentation. At the end, the
results are reformulated in terms of the variable u, used in the
evolution equations of the two-scalar-field cosmological model.
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states for the graviton must be specified. We take the
Bunch–Davies vacuum [54] as the initial state, while at
the end of its evolution the graviton satisfies the adia-
batic conditions [43].

To compute the Bogoliubov coefficients, one solves the
system of ordinary differential equations

α′
k =

i

2k

[
αk + βke

2ik(η−ηi)
] a′′

a
, (18a)

β′
k = − i

2k

[
βk + αke

−2ik(η−ηi)
] a′′

a
, (18b)

with initial conditions αk = 1 and βk = 0, correspond-
ing to the absence of gravitons at the beginning of the
Universe’s evolution. Under appropriate circumstances,
this system of equations may admit exponentially grow-
ing solutions corresponding to graviton production.

Upon the redefinition αk = 1
2 (X + Y ) exp{ik(η − ηi)}

and βk = 1
2 (X − Y ) exp{−ik(η − ηi)}, the above system

of equations becomes

X ′ = −ikY, (19a)

Y ′ = − i

k

(
k2 − a′′

a

)
X, (19b)

with initial conditions Xi = Yi = 1. The number of
gravitons created is now given by ⟨Nk(η)⟩ = |βk|2 =
(X − Y )(X∗ − Y ∗)/4. Of course, to solve this system of
equations, it is necessary to specify a model of evolution
of the Universe for the entire period under consideration
in order to determine a′′/a.
For k2 ≲ a′′/a, the system of ordinary differential

equations (19) describes the production of gravitational
waves with angular frequency ω = k/a, while for k2 ≫
a′′/a, it describes a harmonic oscillator, implying that no
gravitational waves are produced. This circumstance will
be utilized in our numerical calculations (see Sect. IV) to
reduce the computation time of gravitational wave spec-
tra substantially.

The gravitational-wave spectral energy density param-
eter ΩGW is defined as

ΩGW(ω0) =
8ℏG

3πc5H2
0

ω4
0 (|βk|2)0, (20)

where ℏ is the reduced Planck constant, c is the speed of
light, and the subscript zero denotes quantities evaluated
at the present time7.
To apply the above described formalism of continuous

Bogoliubov coefficients to the two-scalar-field cosmologi-
cal model under consideration, we rewrite the system of

7 We use the natural system of units (ℏ = c = 1) to study the
evolution of the Universe within the two-scalar-field cosmological
model described in the previous section. However, following a
common practice, we present ΩGW in units of the International
System.

equations (19) in terms of the variable u introduced in
the previous section, namely,

Xu = −iω0e
−u Y

ȧ/a
, (21a)

Yu = − i

ω0
eu

[
ω2
0e

−2u − ä

a
−

(
ȧ

a

)2
]

X

ȧ/a
, (21b)

where ä/a and ȧ/a are given by Eqs. (5) and (6) for the
first stage of evolution, and Eqs. (10) and (11) for the
second stage.

IV. GRAVITATIONAL-WAVE SPECTRUM

Using the formalism of continuous Bogoliubov coeffi-
cients, we now calculate the full energy spectrum of the
gravitational waves generated within the two-scalar-field
cosmological model described in Sect. II.
To this end, we numerically solve the system of equa-

tions (21) for a specific value of ω0, with initial condi-
tions corresponding to the absence of gravitational waves
(Xi = Yi = 1). In this system of equations, the values
of ȧ/a and ä/a as functions of u are known from the be-
ginning of inflation to the present moment (see Sect. II).
In this way, we obtain X and Y as functions of u, which,
in turn, allows us to obtain |βk|2 as a function of u, and,
in particular, its value at the present moment, (|βk|2)0.
Finally, using Eq. (19), we calculate ΩGW for the value
of ω0 under consideration. Repeating this procedure for
multiple values of ω0 between ωmin and ωmax, we obtain
the full energy spectrum of gravitational waves.
The angular frequency takes values ranging from about

10−17 rad/s to about 109 rad/s. These frequencies corre-
spond to wavelengths equal to the Hubble distance today
and at the end of the inflationary period, respectively (see
Fig. 3).
The procedure described above to obtain the energy

spectrum of gravitational waves can be greatly simplified
by considering that, in Eq. (21b), when the term ω2

0e
−2u

is much larger than the term |ä/a+(ȧ/a)2|, gravitational
waves are not produced [see discussion after Eq. (18)].
In other words, the equations describing the Bogoliubov
coefficients lead to two regimes: a harmonic oscillating
regime without graviton production, and another with
graviton production. Thus, in practice, before starting
the computation of X and Y , we first compare the above
terms for each value of ω0, identify the intervals of u for
which gravitational waves are not produced, and exclude
these intervals from the numerical computation.
Adopting this simplified procedure, in the base sce-

nario, in the angular frequency range between ωmin =
10−16.86 rad/s and ω0 ≈ 10−15 rad/s, the numerical cal-
culation is performed for the entire range of u, from the
beginning of the inflationary period to the present time.
However, for frequencies above 10−15 rad/s and up to the
maximum frequency ωmax = 109.20 rad/s, numerical com-
putations begin later, shortly before the harmonic oscil-
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Figure 3. The minimum angular frequency of a gravitational
wave corresponds to a wavelength equal, today, to the Hubble
distance, ωmin = 2πc/dHub(u0)e

u0 ≈ 2πH0 = 10−16.86 rad/s,
where the present value of the Hubble parameter H0 ≡
H(u0 = 0) is taken to be 2.17 × 10−18 s−1 in our base sce-
nario. The maximum angular frequency corresponds to a
wavelength equal to the Hubble distance at the end of the
inflationary period uinf, afterwards redshifted by the expan-
sion of the Universe, ωmax ≈ 2πH(uinf)e

uinf = 109.20 rad/s for
the base scenario.

lation regime ends, and, at the final stages of evolution,
they end earlier, shortly after this regime starts again.
That is, the higher the frequency value considered, the
higher the value of u for which computations begin and
the lower the value of u for which they end. To further
reduce computation time, for frequencies greater than
approximately 10−10 rad/s, noting that the generation
of gravitational waves in all late eras of the Universe’s
evolution is utterly negligible, numerical computations
are stopped shortly after the beginning of the radiation-
dominant era.

Our numerical computations reveal that most gravi-
tational waves are produced during the primordial infla-
tionary period. Additional gravitational waves are gener-
ated during the transition from inflation to the radiation-
dominated era and, for low frequencies, also during the
transition from the latter to the matter- and dark energy-
dominated eras. However, the amount of gravitational
waves produced during these transitions is incomparably
less than those generated during inflation (see Fig. 4).

In Fig. 5, we present the full gravitational-wave energy
spectrum for the base scenario of the two-scalar-field cos-
mological model, whose parameter values and initial con-
ditions were specified at the end of Sect. II. The gravita-
tional wave density parameter ΩGW is presented as a func-
tion of the frequency f , related to the angular frequency
ω0 by the relation ω0 = 2πf . The sensitivity curves
of planned ground- and space-based gravitational-wave
detectors—Laser Interferometer Space Antenna (LISA),
Big Bang Observer (BBO), Cosmic Explorer (CE), Ein-
stein Telescope (ET), Square Kilometre Array (SKA),
International Pulsar Timing Array (IPTA), and Deci-
Hertz Interferometer Gravitational Wave Observatory
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Figure 4. Evolution of |βk|2 as a function of u for the base
scenario and ω0 = 10−16 rad/s. During inflation, which lasts
from u = −135.3 to u = −65.3, gravitational waves are gen-
erated copiously. During the transition from inflation to the
radiation-dominated era (lower inset) and, as well as, during
the transition to a matter-dominated and then dark energy-
dominated eras (upper inset), more gravitational waves are
produced, but incomparably fewer than during the inflation-
ary period. During the radiation-dominated era, no gravita-
tional waves are produced.

(DECIGO)—are superimposed on the spectrum8.
From this figure, we can readily conclude that, within

the two-scalar-field cosmological model, there is a promis-
ing frequency range for the detection of primordial grav-
itational waves by future detectors, specifically between
10−2 and 1 Hz, which will be accessible to BBO and DE-
CIGO. At lower frequencies, around 10−9 to 10−8 Hz,
the prospects are less favorable, as the SKA sensitivity
curve only marginally intersects the energy spectrum.
These conclusions are reinforced by an analysis of the

gravitational-wave energy spectra obtained for various
values of the relevant model parameters, α, β, p, and
q (see Fig. 6). Across the entire frequency range, these
spectra are qualitatively similar to the spectrum obtained
in the base scenario and, quantitatively, differ by less
than about an order of magnitude in ΩGW . Specifically,
as the spectrum is mainly due to the inflationary expan-
sion, the parameters that significantly affect the magni-
tude of ΩGW are β and p. Indeed, they directly influence
inflation, since the former characterizes the dressed mass
of the inflaton, while the latter determines the rate of
energy transfer from the inflaton to the radiation bath.
On the other hand, α is a kinetic coupling strength and
q governs the transition from inflation to the radiation-
dominated era, and as a consequence, they have virtu-
ally no effect on the production of gravitational waves.
Figure 6 (bottom right plot) also displays the envelope
containing all the spectra corresponding to the different

8 For further details regarding the sensitivity curves and charac-
terization of the detectors, see Refs. [55, 56]
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Figure 5. Full gravitational-wave energy spectrum for the base scenario of the two-scalar-field cosmological model, superimposed
on the sensitivity curves of planned next-generation ground- and space-based gravitational-wave detectors, LISA, BBO, CE,
ET, SKA, IPTA, and DECIGO [57] (for the repository with the sensitivity curves see Ref. [58]). While the main plot displays
the energy spectrum obtained for the values of α and β adopted in the base scenario, the inset shows the envelope containing
the spectra generated when the error bars for these parameters are taken into account (see Eqs. (12) and (13)).

sets of parameters considered, superimposed on the sensi-
tivity curves of the planned gravitational wave detectors
BBO, DECIGO, and SKA.

Notably, it should be emphasized that, although we
adopted for the present value of the Hubble parameter
H0 = 67 km s−1Mpc−1, our physical results are general.
Considering different surveys and, as a consequence, as-
suming for example H0 = 73 km s−1Mpc−1, would lead
to a final gravitational-wave spectrum differing from the
initial one by a few percentage points, but not signifi-
cantly enough to affect the physical interpretation.

As a general remark, the detectability of gravitational
waves in two-scalar-field cosmological models, in contrast
to single-field inflation, where tensor modes are dom-
inantly vacuum fluctuations, introduces additional dy-
namical degrees of freedom, enabling new gravitational
wave production channels such as parametric resonance
during reheating [59], isocurvature-to-curvature conver-
sion [60], and nonlinear emission derived from quasi-
particles, such as oscillons and solitons [61], geometric
particles [62–65] and so on.

Hence, although predictions are computationally de-
manding and constrained by other cosmological data, the
diversity of spectral features and possible multi-band de-

tections has been simplified here in order to make reason-
able predictions on the most viable bounds expected by
the presence of such a non-minimal coupled Lagrangian.
Future attempts will clearly shed light on refinements

and more accurate constraints to clarify the role of the
fields under examination, even tuning different bands for
the free parameters involved in our computation.

V. FINAL OUTLOOKS

In this work, we studied the gravitational-wave back-
ground predicted within a two-scalar-field cosmological
framework, initially proposed to unify the mechanism of
inflation, with the existence of dark matter and dark en-
ergy, under the same standards.
The underlying model we studied originated from an

action inspired by a variety of extended theories of grav-
ity, including, among all, hybrid metric-Palatini gravity,
Jordan-Brans-Dicke theory, Kaluza-Klein compactifica-
tions, f(R) gravity, and low-energy string-inspired for-
mulations.
The formal scheme consists of non-minimally coupling

two scalar fields and recovering, at different energy scales,
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Figure 6. Full gravitational-wave energy spectra for different parameter choices. In the upper row, the plots show the spectra
for the two-scalar-field cosmological model with free parameters α and β: (i) equal, (ii) α fixed, and (iii) β fixed. In the lower
row, we present the spectra obtained for different choices of the temperature dependence in the dissipation coefficients, where
the parameters p and q are varied. Finally, the envelope of all the spectra corresponding to the considered set of parameters is
shown, superimposed on the sensitivity curves of BBO, SKA, and DECIGO.

the effects either due to inflation or to the dark sector.
The paradigm is thus characterized by a non-minimal
scalar sector, while both fields are minimally coupled to
the Ricci scalar, providing a flexible yet robust structure
to capture both early- and late-time cosmic dynamics,
without altering the gravitational constant.

We postulated a motivated effective potential for one
of the scalar fields, ensuring a contribution provided by a
bare mass term, and derived the full set of cosmological
equations of motion, from which we tracked the back-
ground evolution across all cosmological epochs. Based
on these equations, we computed the gravitational-wave
spectrum spanning wavelengths from the present Hubble
radius down to scales associated with the end of inflation.

To do so, we performed a computation, using the for-
malism of continuous Bogoliubov coefficients, in analogy
to the works of gravitational particle productions, where
quantum particle production in the expanding Universe
was presented and, here, in particular, extended to the
case of graviton production.

Indeed, through this formalism, we were able to fol-
low the creation and annihilation of gravitons throughout
cosmic history, thus capturing the continuous evolution
of the gravitational-wave background across different cos-
mic eras.

Our results demonstrate that the inflationary epoch
was responsible for producing the dominant fraction of
the gravitational-wave background, with additional but
significantly weaker contributions generated during the
transitions between inflation and radiation domination,
radiation and matter domination, and finally the onset
of the dark-energy-dominated epoch.

Nevertheless, these subdominant contributions, while
relatively suppressed, offer potential observational signa-
tures of post-inflationary processes.

Hence, we presented the energy density spectrum of
gravitational waves, ΩGW(f), as a function of frequency
and systematically compared it with the projected sen-
sitivities of future ground- and space-based detectors,
including LISA, BBO, Cosmic Explorer, Einstein Tele-
scope, SKA, IPTA, and DECIGO.

This comparison highlighted promising frequency re-
gions and bounds in which the predictions of the two-
scalar-field cosmological model could, in principle, be
tested. Such comparisons emphasized that primordial
gravitational-wave signals could serve as a powerful ob-
servational channel to test extensions of general relativity
and multi-field inflationary scenarios.

The results strengthened the case for multi-field ap-
proaches to gravitational waves whose signature, derived
here, highlighted the potential role of next-generation
gravitational-wave detectors in discriminating between
competing models of the early Universe and constraining
the mechanisms of inflation and those behind the dark
sector existence.

Future works may extend the present investigation,
noticing the role played by our scalar field in predict-
ing small perturbations and, accordingly, the large-scale
structures. Moreover, we intend to explore even broader
classes of potentials and couplings between the scalar
fields, incorporating reheating dynamics in more de-
tail, and performing parameter-space analyses via cos-
mological data. Further improvements could also in-
volve the inclusion of higher-order quantum corrections
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and non-Gaussian signatures in the gravitational-wave
spectrum, thus shedding light on the connection between
gravitational-wave astronomy and multi-field cosmology.
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[52] M. Bouhmadi-López, João Morais, and A. B. Henriques,
Smoking guns of a bounce in modified theories of gravity
through the spectrum of gravitational waves, Phys. Rev.
D 87, 103528 (2013).

[53] J. Morais, M. Bouhmadi-López, and A. B. Henriques, En-
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