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Abstract. Let (o, 3) C R denote the maximal interval of existence of
solution for the initial-value problem

Z—f = f(t,z), f: E — R™ E is an open subset of R™"*
z(to) = xo, with (to,z0) € E.

We show that («, ) is r.e. (recursively enumerable) open and the solution
z(t) defined on (o, B) is computable, provided that (a) f is computable
and effectively locally Lipschitz, and (b) (to, o) is a computable point.
We also prove that this result is the best in the sense that, for some
initial-value problems satisfying (a) and (b), their maximal intervals of
existence are non-recursive.

1 Introduction

Differential equations are fundamental in modeling physical processes, including
nonlinear systems of ordinary differential equations (ODEs for short) & = f(¢t, z),
where f : E — R", E is an open subset of R"™! z = z(¢) is a function of
t, and & denotes the derivative of z with respect to ¢t. The well-posedness of
such systems has long been established in the fundamental existence-uniqueness
theorem [CL55], which states that, under appropriate regularity conditions for
f, the initial value problem

T = f(t,.’b(t))7 x(tO) = Zo (1)

(for short, we sometimes write f(¢,x) instead of f(¢,z(t))) has a unique solution
x(t) defined on a maximal interval of existence («, 3) C R. In general, however,
it is not possible to solve the above nonlinear system analytically with an explicit
solution formula. Many of those nonlinear systems can only be solved numerically
on computers and indeed computers are playing an ever larger role in studying



differential equations. Numerical methods are usually tailor-made for individual
problems and often depend on certain assumptions, for example, the existence of
some time interval where the solution is defined. This requirement is crucial but
in general hard to verify. In practice, there are several approaches to deal with
this problem. One possible approach is to take some insight from the physical
counterpart of the ODE. For example, if an ODE is intended to model the orbit
of the Earth around the Sun, then we may assume that the solution is defined
for t € [tg, 00). However, from a mathematical point of view, this certainly is not
a very satisfactory solution.

The satisfactory solution of course is to have an “automated method” that
determines the maximal interval (o, /) and computes the solution on (a, ()
from the data defining the IVP (1). Thus, it becomes useful to know whether
it is possible to derive such “automated method”? In this note, we present a
negative answer to the question. We show that the maximal interval where the
solution of the IVP (1) is defined may not be recursive, even when the function
f is computable and of class C*°. In such circumstances, there is no algorithm to
decide whether or not [tg, t] is contained in (o, 3) from the information that to €
(a, B) for arbitrary t > tg. The undecidability indicates that the limit behavior
of the IVP (1) may not be determined by “general numerical recipes”. In other
words, such undecidability suggests possible limitations concerning numerical
methods for solving ODEs.

There are other noncomputability results related to the initial value problems
of differential equations. For example, Pour-El and Richards [PER79] showed
that the IVP (1) defined with computable data may have noncomputable so-
lutions. In [PER81], [WZ02] it is shown that there is a three-dimensional wave
equation, defined with computable data, such that the unique solution is nowhere
computable. However, in these examples, noncomputability is not “genuine” in
the sense that the problems in the study are ill-posed: either the solution is
not unique or the solution is not stable. In other words, ill-posedness generated
noncomputability in those examples. In contrast, all IVPs studied in this note
are classically well-posed. For reference we also mention the existence of other
results about computability of ODEs that can be found in [Abe70], [Abe71],
[BB85], [Ko91], [Ruo96].

The computational model used in this paper is the Turing machine-based
“bit” model [PER9], [Ko91], [Wei00]. This approach is based on the classical
theory of computability, where an approximation of the output with arbitrary
precision is computed from a suitable approximation of the input.

The paper is organized as follows. Section 2 introduces necessary concepts
and results from computable analysis and the theory of ODEs. Section 3 presents
a theorem stating that the maximal interval (o, 3) C R of (1), where the solution
is defined, is recursively enumerable and the solution is computable there, if
the data defining the initial value problem is computable. Section 4 provides a
counterexample showing that («, 3) is r.e. but non-computable. Due to the page
limit, proofs are either sketchy or omitted.



2 Preliminaries

This section introduces necessary concepts and results from computable analysis
and from the theory of ODEs. For more details the reader is referred to [PER89],
[Ko91], [Wei00] for computable analysis and [CL55], [Lef65] for ODEs. The idea
underlying these definitions is as follows. Consider the number 7. This should be
a “computable number” from an intuitive point of view, since we can design an
algorithm that gives us any number of digits of its decimal expansion. This was
the idea of Turing in his seminal paper [Tur36]. However, as he soon recognized,
the decimal expansion is not adequate to define computable real functions (for
instance, it can be shown [Wei00] that the function x — 3z is not computable in
this framework). Instead, we need a different approach. The classical procedure
is based on the following idea. It is known that the set Q of rational numbers
is dense in R. Hence, each real can be approximated by a sequence of rational
numbers. Therefore, if one can find an algorithm that, given some precision 27"
as input (i.e. we want the output to have n significant bits), gives a rational ¢
satisfying |¢ — x| < 27", one says that € R is computable. We now precise this
and other notions.

Definition 1. 1. A sequence {r,} of rational numbers is called a p-name of
a real number x if there are four functions a,b,c,d from N to N, where N
denotes the set of natural numbers including 0, such that for all n € N,

rp = (—1)*™ (brgﬁl and

1
j>dm) = fry—al 5 2)

2. A real number x is called computable if a,b,c and d are computable (recur-
siwe) functions.

3. A sequence {xy}ren of real numbers is computable if there are four com-
putable functions a,b,c,d from N? to N such that, for all k,n € N,

(_1)a(j,k) b(]v k)

i > d(k, - - < —.
Szl = GR+1

Similarly, we can define computable points and sequences over R™, m > 1,
by assuming that each component is computable. Next we present a notion of
computability for open and closed subsets of R, which can be found in [Wei00].

Definition 2. 1. An open set E C R™ is called recursively enumerable (r.e. for
short) open if there are computable sequences {an} and {r,}, a, € ENQ™
and r, € Q such that

E =U;2 B(an,ry)

and for any n € N, the closure of B(an,r,), denoted as B(an,my), is con-
tained in E, where B(ap,r,) = {x € R™ : |z — a,| < rp}.

2. A closed subset K C R™ is called r.e. closed if there exist computable se-
quences {b,} and {s,}, b, € Q™ and s, € Q, such that {B(bn, $n)}nen lists
all rational balls intersecting K.



3. An open set E C R™ is call computable (or recursive) if E is r.e. open and
its complement is r.e. closed.

It is well known that a bounded open interval (o, 3) C R is computable if
and only if @ and 8 are computable real numbers. Throughout the paper we
assume that £ C R™*! is r.e. open, {a,}, {r,} and B(a,,r,) are defined as
above. Let C*(E) denote the set of all continuously differentiable, up to order
k, functions defined on F.

Definition 3. A function f : E — R™ is computable if there is a Type-2 Turing
machine which translates any input p-name of x € E to a p-name of f(z). Or
equivalently, there is an oracle Turing machine such that for any input n € N
(accuracy) and any p-name of © € E given as an oracle, the machine will output
a rational number r satisfying |r — x| < 27",

We recall that a Type-2 Turing machine is an ordinary Turing machine that
allows infinite sequences of symbols from a finite alphabet as input as well as
output (see, for example, [Wei00] for more details). It can be proved that if f is
computable on F, then there exists a computable modulus function e : N x N —
N which is locally effective in the sense that |f(x) — f(y)| < 27% whenever z,y €
Ui_oB(aj,r;) and |z —y| < 2—¢(kn) Tn particular, this implies that f must be
continuous.

Recall that a function f : E — R™ is said to be locally Lipschitz if f satisfies
a Lipschitz condition on every compact set V' C E. The following definition gives
a computable analysis analog of the Lipschitz condition.

Definition 4. Let E = U2 B(ap, ) be a r.e. open set. A function f : E —
R™ s called effectively locally Lipschitz on E if there exists a computable se-
quence {K,} of positive integers such that

[f(2) = F(y)| < Kn |z —y| whenever z,y € B(an,rn).

Definition 5. Let E = UX (B(an, ) be a r.e. open set. A function f : E —
R™, with E C RI*! is effectively locally Lipschitz on the last j variables if there
exists a computable sequence {K,} of positive integers such that if t denotes the
first variable of f, then

|f(t,x) — f(t,y)| < Ky |y — x| whenever (t,x), (t,y) € Blan, ).

Notice that an effectively locally Lipschitz function f : E — R™, where
E C R™t! g also effectively locally Lipschitz on the m last variables. Also it
is clear that if f € C1(E) then it is locally Lipschitz on E, so that continuous
differentiability is a strictly stronger condition than being locally Lipschitz. This
fact extends to computable functions in the following way.

Theorem 1. Assume that E is r.e. open and that f : R™ — RF is a computable
function in CY(E) (meaning that both f and its derivative f' are computable).
Then f is effectively locally Lipschitz on E.



Proof. Let K, be an integer greater or equal to max, go— |f'(z)|. Since

f',an,r, are computable, the real number max ﬁ|f’(x)| is also com-

rEB

putable (notice that, because f’ is computable, it has a modulus of continu-
ity that can be used to get the maximum over B(a,,r,) within any preas-
signed precision). Moreover, since f’ has a locally effective modulus of conti-
nuity, subsequently we may assume that the sequence {K,} is a computable
sequence of positive integers. Now, for any z,y € B(ay,, ), let w =y — x. Then
x + su € B(ap,ry,) for 0 < s < 1 because B(ay,ry,) is a convex set. Define
F:[0,1] — R™ by F(s) = f(x + su). Then by the chain rule,

F(s) = f'(a+su) - u = f'(z+su) - (y — ).

/01 F'(s)ds

Next we turn our attention to some results concerning initial value problems
defined with ODEs. Let us consider the following initial value problem

{:i: = f(t, ), 3)

ZL’(to) = Xy,

Therefore,

F@)—F ()] = |[F(1)—F(0)] = < / | (atsu)-(y—2)|ds < Knla—y|.

where (tg,79) € E C R™™! and f : E — R™ is a continuous function and
satisfies a local Lipschitz condition in the second variable. The following is an
immediate consequence of the fundamental existence-uniqueness theory for the
initial value problem (3) [CL55], [Lef65].

Theorem 2 (Maximal interval of existence). Let E be an open subset of
R™t! and assume that f : E — R™ 4s continuous and locally Lipschitz in the
second argqument. Then for each (tg,xo) € E, the problem (3) has a unique
solution x(t) defined on a mazimal interval (o, 3) with the following property: if
B < oo, either (t,z(t)) approaches the boundary of E, or x(t) is unbounded as
t — B~ (similar conditions hold for «).

3 Computability of the maximal interval

Theorem 3. Let E C R™t! be a r.e open set and f : E — R™ be a computable
function that is also effectively locally Lipschitz on the last m wvariables. Let
(o, B) be the mazimal interval of existence of the solution x(t) of the initial-
value problem (3) where (to, xo) is a computable point in E. Then (o, B) is a 1.e.
open interval and x is a computable function on (a, ).

Proof. (Sketch) We consider the right maximal interval (¢o, 3) and prove (o, 5)
is r.e. open and x is computable on it. The same argument applies to the left
maximal interval (a,t). For simplicity, we assume that E is an open subset of
2-dimensional Euclidean space R2.



Since {a,} and {r,} are computable sequences and f is a computable func-
tion on E, both sequences {M,}, M, = max, pr— f(2)|, and {K,}, as
defined in Def. 5 are computable. Then, using the classical proof of the existence
of the solution of a given ODE (cf. [CL55], [Lef65]), one can use the following
algorithm to compute the maximal interval

1. Set n=20

2. Compute an index I, such that z,, € B(ay,,,71,)

3. Compute a time interval [¢,, t,+1] where the solution of & = f(t, z), z(t,) =
., is defined

4. Set €11 = 2(tn+1) and increment n

5. Go to step 2

Notice that the time interval [t,,t,11] referred to in step 3 can be obtained
from the proof of the existence of the solution of a given ODE. For instance, one
can take t, 11 = t, +min{2 K /M, 27K} [CL55], [Lef65]. Then it is possible
to show, by a contradiction argument, that the maximal interval is given by
(to, B) = U2 y(to, tn), i.e. that ¢, — [ as n — oo. The idea is the following. If ¢,,
does not converge to (3, it must converge to some v < 3. Then, for some index
J €N, one has (v, z(y)) € B(aj,7;). Since t,, converges increasingly to v and it
is known classically that « : [tg, 3) — E is continuous, one can find a sufficiently
large ng such that (t,,,(tn,)) € B(a;,r;) and t,, + min{2~ % /M; 275Ki} > .
But, by construction, t,,+1 = tn, + min{27%i /M;, 27K}, Thus t,,41 > 7. We
have a contradiction.

The solution z is computable because, given ¢t € (tg,3), we can: (i) get an
index n € N such that ¢ < t,, (ii) compute numerically the solution over [tg,t,]
to get the value of x(t).

4 Non-recursiveness of the maximal interval

In this section, we present some undecidability results concerning ODEs. In
particular, for the initial-value problem (3), we show that the maximal interval
can be non-computable. Although our result is for the case where f is continuous
(more precisely, f is piecewise linear), nevertheless, the construction can be
“smoothed” so that f becomes C'°°. Moreover, an explicit expression can be
written for such an f. The construction depends on the following lemma, which
can also be used to prove other results concerning undecidability.

Lemma 1. Let a : N — N be a computable function. Then there exists a com-
putable and effectively locally Lipschitz function f: R — R such that the unique
solution of the problem

&= f(x), (0)=0 (4)
is defined on a mazimal interval (—a, ) with
(o)
1
=Y 5w



1+h

Fig. 1. Sketch of the function f on the interval [i,¢ + 1], for ¢ € N.

Proof. (Sketch) The idea is as follows: f is constructed piecewisely on intervals
of the form [4,7 + 1], ¢ € N (for negative values, we take f(z) = f(]z|)) in such
a way that the solution of the initial-value problem

&= f(x), (0) =1 ()

satisfies 2(27%()) = i4+1, which implies that the solution of the problem & = f(z)
and 2(0) = 0 will satisfy z(27%) = 1, 2(27%9 4 27¢()) = 2 or more

generally
z (Z 2““’)) =n+1, forallneN.
=0

Notice that f does not depend on t and therefore the solution is invariant under
time translations. If we take o = >°°° 279 then x(t) — oo as t — a~. For
t < 0, we require that 2:(—27%(%) = —(i + 1), then z(t) — —oco as t — —a™.
Therefore the maximal interval must be (—a, «).

The function f is defined on each interval [i,7 + 1] as suggested by Fig. 1.
Since f must be continuous, we need to glue the values of f at the endpoints of
these intervals. This is achieved by assuming that f(¢) = 1 for ¢ € N. It can be
shown that if we define the function f on the interval [i, + 1] as follows:

1+ (. —14)2°0) /(2; —4) if x € [i, ;)
flz) =< 14200 if x € [z, y5),
14290 — (2 —y)200 /(i + 1 —y;)  if @ € [y;,i + 1),
where
. 1-— A, . 1+ Ai
T =1+ 2 ’ Yi =1 + 2 ’
and

27a() — 27a() In(20() 4 1)
0< A; = - - . <1,
(14 20())=1 —2-a() In(20() 4 1)

the solution of (5) satisfies #(27*")) = i + 1 as requested. Moreover, this f is
easily seen to be computable and effectively locally Lipschitz.



Theorem 4. There exists an effectively locally Lipschitz computable function
f R — R such that the unique solution of the problem

&= f(z), z(0)=0
1s defined on a non-computable mazximal interval.

Proof. In [PERR&9, Sec. 0.2], it is shown that if ¢ : N — N is a one to one re-
cursive function generating a recursively enumerable nonrecursive set A, then
a = Zfio 2-9() is a non computable real number. Consequently, the open in-

terval (—a, a) is non-computable. The theorem now follows immediately from
the previous lemma.

The function f in Theorem 4 can be constructed so that f is of class C*> and
all its derivatives are computable functions, and hence f is also effectively locally
Lipschitz. This condition matches the assumption set down in Theorem 3. Thus,
Theorem 3 gives rise to the best possible result concerning computability of a
maximal interval.

5 Conclusion

In this paper we studied some computational issues regarding Initial Value Prob-
lems defined with ODEs. In particular we showed that IVPs (1), where f and
(to, xo) are recursive can have a nonrecursive maximal interval, thus suggesting
some fundamental limitations on the design of numerical methods for solving
ODEs. Note that this result is valid for the case when f is of class C'*°, but we
didn’t cover the case where f is analytic. It would be interesting to know what
happens in this case.
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