Appendix | - analytical solution to the H:D in the stage/size structured model

Deduction

In order to deduce the analytical solution of thege/size structured model to the
H:D, an incomplete version of the conceptual maguekented in Figure 1 was first
created, where the sporophyte state variableshendonal growth rates of the ramets
are not considered. In addition, fecundity and isaihof settled spores (which takes
two projection times) were replaced by their praddertility (which only takes one

projection time). However, these will be solvectat

Figure 1- incomplete version of the
stage/size structured model of a biphasic
life-cycle: (1, 2 and 3) gametophyte fronds

size classes and (4, 5 and 6) tetrasporophyte

fronds size classes. (F) fertility, (G) growth,

(St) stasis and (B) breakage.

From this life-cycle graph (or from its matrix) tdeminant eigenvector was deduced,

scaling to 1 one of its components:

1
= Gl + SZ'WZ + 823.W3)./1_1
(G2.W2 + Ss.Ws).A_l

(eqn.l)
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then:
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Solving for w, replacing w:

Solving for w:

weq G h-ser]
h‘Sts )h SpA ) BpaGp A2

GGA?
(1 33/1‘1)(1 srle) By3G, A 2

W=

(egn.2)

(eqn.3)

(eqn.4)

In order to solve for w the equation was first solved foswand v as a function of

Wy

e = Gy A 2h- 5617
b Se i S - B G2

G5 Gy A2
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(egn.5)

(egn.6)
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Now solving for w:

w, = ( Gl/l—llpth S+ Fy Gyl J]/]_l 5

(1 33/1_1)(1 Stz/rl) BysGp A (egn.7)
[ —SeA )(1 Ss51 )556(35/‘]
l(l S _1)(1 S‘~5/‘_l Bs6Gs A ZJ(l SyA )‘1545@4 (1 36/‘_1)“L By6Gs G- _3]
Solving for w:
" = {H G IR, - s, Y+ Ry G x J]
(1 Stz A )(1 S A 1) B3 Gy A7 (egn.8)
G4(1 36/1‘1)/\‘
B W e W EW MW W WY
And solving for wg:
W = [Fﬁ Gl/‘_ll_Fz(l Sz )+F3G2/‘ 1Jj
- S - 8,07 - By Gy (eqn.9)

x 1 y G4 Gs A2
b= serh- s g 21 sw‘l) R e e

Solving for (W+wy+ws)/(Watws+Wwe), noting that w, ws and w share part of their

expressions, a provisory solution to the H:D isaoied:

W1+W2+W3 —
W, W, W,
(-9,47)0-9,.4%)-B,,.G, A2 +G A I- 2,47 +G, A
“Rli-s /1'1)(1 s /1'1) B,,.G, A% +G AR, [1- 9, /]'1)+F G
lo- 516./1'1).(1 S, A% )- B, G, 42— 514./1'1) [B,.G,.A2 .(1 36./1'1)+ B.sGs G, A7)
(- S A7)~ A7) =By Gy A2 + G, A [1- S AT +G A7)

(eqn.10)
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This is not the desired solution as some paramateraot accounted for becausgwas
scaled to 1. The H:D was determined by the foll@maguation, were ws determined

with wy scaled to 1 while wis determined with wscaled to 1:

H: D= \/(VWV\Q +V‘éjx(V‘i+V\é+V‘éj (eqn.11)
VWtV HWS )\ VSTV

Solving for the second quotient of Equation 1linsilar to the procedures in equations 1

to 10. Once this done, Equation 11 can then be=dolv

H:D=

_@ )@ SpA ) BysGpA 2+ G A” (1 Sty A+ Gy A )x
- 36/11 (- S )~ By G A 2+ Gy - Sp 4™ + G A7)

[F4[(1 . :1)(1 Ss. _) 8‘5665/1_ +G, /]_I (- 4 2)+ FoGot ‘H]yz
Fll.b‘ S3.A 1)& S, A 1) Bys Gy A2 +GA 1[F2(1 Vs )+F3G2 1”

([ ~ S A )(l SsA- )BSGGS ],(1 SyA )LB45G4/I (18[6 )+|346(35(34 ]]%
- 9347 - A7 )= Bro Gy A2l Sud ) [Bi Gy A7 (- 9347+ Bs G, G

(eqn.12)

Once again, this is not the final solution as twansformations need yet to be done: i)
clonal growth has to be introduced. This is donesioyply adding Céto the parameter
in the same matrix entry; aand ii) Fertilities have to be decomposed intufelities and

spore survival. In the life-cycle graph, this cepends to change:

GO " @EDu

Where G represents any gametophyte size class. syhmemetrical is done to the

tetrasporophytes. Algebrically this change meaas th

F.A" =Fec xS

(spore)

XA (eqn.13)
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Introducing these changes in equation (12) yidldsanalytical solution to the H:D of the
life-cycle in Figure 1 of the bulk article (equati@4).

H:D=

_0-S5 .04 ~BpG A 24 G A A= A + G
(A~ S A™). 0~ S5 A™) = BGsA 2 + Gy A (L= S A + G A

o | FeqSatt0-SAY).0- S50 - Big Gy 2)|+ Gy H|Fes S A .0 - S6A™) + Feg S G A 2]
Feq. SarpA {1~ Se A ). 0~ Sp A7) = ByyGpd 2)|+ G |Fegy S - S 4™ + Fegy Sy God 2|

) \/ |- 8670~ 354 ~ By G 2l (S + 0G) A ~|(Bus + 0G) G d 0= S A™) + (Buo+ CGp) GGl )
|0~ S54).0- 47 - By Gy 1 )L~ (S + CG) A |(B1o +CGy) G 2.1~ S A ) + (Bl + CGy) G, Gl )|

(eqn.14)

After introducing those changes in equation (14)isit still possible to simplify.
Multiplying the first quotient by/A% and the second and third quotientsABi®, gives

the analytical solution to the H:D in the stablg@plation structure (equation 15).
(A=) A=) =BG +G. A =S5+ Gy)
(A= S).(A ~S5) ~BsgGs +G4.(A - Ste+Gs)

y J FeG.Set [(4 ~ S6)- (4 — Sis) ~ Bs.Go)] + Ga|Fes. Se- (A ~ S) + FeG S G
FoqSarpl(1 ~ 22)-U - ) ~ Bp3.Gy)] + Gy [Fe0y Srp U — o) + FeasSearp o)

\/[(/1 Sg). (A — Ss) — BsGs)|[A - (S + CG,)| —[(Bys + CG5) Gy.(A — ) + (B + CG5) G5.Gy)]
[(1 - Sa).00 - S,) = B3 Gy - (S +CGY)] - [(B12+CG,) Gy (A - S3) + (By 3+ CG3) G, Gy )

H:D=

(eqn.15)
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Interpretation

The expression 3G,.A™ represents the probability of a gametophytic rameeach the
third size class (“3”) starting from the first (ILTn the absence of ploidy self-looping.
Multiplying it by w; it is obtained w.G;.G,.A? estimating the total number of individuals

reaching “3”. In the deduction was establishaeiytherefore:

Gl.Gz./‘_z = Wl.Gl.Gz.A_Z =W3 (eqn.16
wich represents the abundance of “3” relative tbwhen everything a ramet may due is

either grow or die. From equation 2:

o 1) (G +Byzwg)a?
@ o1 )—( 1722373 Az (eqn.17)
@-SSA‘1)=GZ'W2"'7 (eqn.18)
W3

The expression  1-St. AY).A™ refers to the second size class of the gametaphyti

ramets as, from equations (16) and (18):

-2
Gl(l— SSA—l)/l—l — Gl.Gz.Wz./i A?J - W2.W%v3 =W, (eqn.19)

wich represents the abundance of “2” relative tbwhen everything a ramet may due is
either grow or die. The expression (k:3t).( 1-St. A™1)-B23.Go.A refers to the first size

class of the gametophytic ramets as, from equafibrsand (18):
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(Gl + 823.W3 )./1_1 .G2 W ./1_1

(1—3 /1‘1).(1—51 /1‘1)—5 GpA 2= ~Bp3Gp A =
2 3 2362 T 2362
(eqn.20)
G1.G)Wp. A2 + Byg Go. Wy Wg A2 _ Gy A2
_GGowp 23C2 W WA = 5 5 2 _G1Gy M gy
Wo W3 W3 W3

wich represents the abundance of “1” relative tbwhen everything a ramet may due is
either grow or die. An equivalent deduction camizle for state variables “4”, “5” and
“6” refering to the tetrasporophytic ramets figtncond and third size classes.

In @ these haploid expressions appear isolated in tiieerator whereas the
diploid expressions appear in the denominator. fbee, the @ is estimating the
haploid-to-diploid ratio of the “grow or die” pathén Q, each of these expressions
appears related to the respective fecundity andesparvival. Therefore, the ;Qs
estimating the haploid-to-diploid ratio of the “reduce or die” paths that connect the
first size classes of each ploidy. The ploidiedérplaces in the quotient because through
these paths each ploidy phase is actually coningub the dominance of the opposite
ploidy phase. In @each of these expressions appears related tedpeative looping
vital rates. Therefore, thes@ estimating the haploid-to-diploid ratio of theop or die”
paths that keep individual in the same ploidy. AleoQ3 the ploidias trade places.
However, the expressions are all subtracted todltlaerefore work as if haploids were

actually in the numerator and the diploids in tkeaminator.
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