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Abstract
In this work, we consider the incompressible generalized Navier-Stokes-Voigt equations in a
bounded domainO ⊂ R

d , d ≥ 2, driven by a multiplicative Gaussian noise. The considered
momentum equation is given by:

d(u − κ�u) = [
f + div

(−πI + ν|D(u)|p−2D(u) − u ⊗ u
)]
dt + �(u)dW(t).

In the case of d = 2, 3, u accounts for the velocity field, π is the pressure, f is a body force
and the final term represents the stochastic forces. Here, κ and ν are given positive constants
that account for the kinematic viscosity and relaxation time, and the power-law index p is
another constant (assumed p > 1) that characterizes the flow. We use the usual notation I
for the unit tensor andD(u) := 1

2

(∇u + (∇u)�
)
for the symmetric part of velocity gradient.

For p ∈ ( 2d
d+2 ,∞

)
, we first prove the existence of a martingale solution. Then we show

the pathwise uniqueness of solutions. We employ the classical Yamada-Watanabe theorem
to ensure the existence of a unique probabilistic strong solution.
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1 Introduction

1.1 TheModel

We study flows of incompressible fluids with elastic properties governed by the incom-
pressible generalized Navier-Stokes-Voigt (NSV) equations in a bounded domain O ⊂ R

d ,
d = 2, 3, with its boundary denoted by ∂O, during the time interval [0, T ], with 0 < T < ∞.
Themomentum equation is assumed here to be perturbed by a stochastic term, that is, infinite-
dimensionalmultiplicativeGaussian noisewhich is the product of�(u) and aWiener process
W(·). The problem under consideration is posed by the following system of equations:

d(u − κ�u) = [
f + div

(−πI + ν|D(u)|p−2D(u) − u ⊗ u
)]
dt + �(u)dW(t), in OT ,

(1.1)

div u = 0, in OT , (1.2)

u = u0, in O × {0}, (1.3)

u = 0, on �T , (1.4)

where OT := O × (0, T ) and �T := ∂O × [0, T ]. Here, u = (u1, . . . , ud) and f =
( f1, . . . , fd) are vector-valued functions, π is a scalar-valued function, whereas ν and κ are
positive constants. In real-world applications, space dimensions of interest are d = 2 and
d = 3, and in that case u accounts for the velocity field, π is the pressure, f represents an
external forcing field. Greek letters ν and κ stay for positive constants that, in the dimensions
of physical interest, account for the kinematics viscosity and for the relaxation time, that is,
the time required for a viscoelastic fluid relax from a deformed state back to its equilibrium
configuration. The power-law index p is a constant that characterizes the flow and is assumed
to be such that 1 < p < ∞. In particular, for 1 < p < 2, the model describes shear-thinning
fluids, when p = 2,we recover themodel that governsNewtonian fluids, while for p > 2, the
model describes shear-thickening fluids. The capital letters stay for tensor-valued functions,
in particular I is the unit tensor andD(u) is the symmetric part of the velocity gradient, that is,
D(u) := 1

2

(∇u + (∇u)�
)
. The idea behind the presence of the noise �(u) is an interaction

between the solution u and the random perturbation caused by the Wiener process W(·), and
the product of these two terms represents the stochastic part in the momentum equation (1.1).
This stochastic part can be interpreted in different ways. It can be understood as a turbulence
in the fluid motion or it can be interpreted as a perturbation from the physical model. On the
other hand, apart from the forcing term f , there might be further quantities with influence
on the motion which can be characterized by this stochastic part as well.

1.2 Literature Review

We start with the physical significance of NSV equations, also named Kelvin-Voigt (KV)
equations, as we have considered the generalized stochastic NSV equations (1.1)-(1.4). KV
equations are used in the applications to model the response of materials that exhibit all
intermediate range of properties between an elastic solid and a viscous fluid, as, for instance,
polymers. These materials have some memory in the sense that they can come back to some
previous state when the shear stress is removed (see [10]). The deterministic KV equations
were extensively studied in the article [56], whose author coined the name Kelvin-Voigt for
the incompressibleNavier-Stokes equations perturbed by the relaxation term κ∂t�u (see [52]
also). However, and as observed in the work [68], neither Kelvin nor Voigt have suggested
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any stress-strain relation, or system of governing equations for viscoelastic fluids (see [37]).
Currently, the Navier-Stokes-Voigt name for the associated system of equations seems to be
the most accepted by the researchers in this field. Mathematically speaking, and was noticed
by Ladyzhenskaya (see [42]), the most important property of NSV equations is that the term
κ∂t�u works as a regularization of the 3D incompressible Navier-Stokes (NS) equations
ensuring the unique global solvability of the corresponding problem. The existence and
uniqueness of the weak and strong solutions of NSV equations have been established in the
work [56] (cf. [43]). A local in time existence and uniqueness result of an inverse problem for
NSV equations is established in [41]. Several other authors have also studied some variants
of the NSV equations, in many settings and under different assumptions, with respect to
the well-posedness and long time behavior. It is worth to mention that the works [40, 57]
established a connection between NSV and the Oldroyd models, and proved the existence of
classical global solutions for the models. Also, in the works [54, 68, 69], the authors proved
the existence and uniqueness of weak solutions in case of domain varying with time and with
the optimal control. The authors in [4–6, 8, 9] discussed the existence, uniqueness and some
qualitative properties of the solutions to some variants of NSV equations, more specifically
the case with power-laws and anisotropic diffusion and several other properties. In [3], the
authors considered the generalizedNSV equations for non-homogeneous and incompressible
fluid flows with the diffusion and relaxation terms described by two distinct power-laws
and proved the existence of weak solutions as well as large-time behavior of the solutions.
The works [20, 38, 46, 60] established a clear connection between NSV equations and the
turbulence modeling, to be more specific, with Bardina turbulence models. The same type of
connection was firstly studied in the work [44] and followed by the work [45]. The authors in
[1] connects NSV equations with the Prandtl-Smagorinsky and turbulent kinematic energy
models in order to compute the turbulent viscosity. Several questions on NSV equations as
a regularization of both NS and Euler equations have been tackled in [12, 13, 38]. Also, the
author in the work [25] considered generalized NS equations (NS equations with power-law)
with the presence of damping term in themomentumequationwhich governs isothermal flows
of incompressible and homogeneous non-Newtonian fluids and established the existence of
weak solutions using regularization techniques, themonotone theory, compactness arguments
and truncationmethod. In a recentwork [7], the authors considered the classicalNSVproblem
for incompressible fluids with unknown non-constant density and established the existence
of weak solutions (velocity and density), unique pressure and some regularity results of the
solutions on the smoothness of the given data.

We are interested in the generalized stochastic NSV equations (1.1)-(1.4). As mentioned
above, from several physical point of view it is important to have a stochastic part in the
equation of motion:

(1) It gives a clear understanding of turbulence in the fluid motion (see [51]).
(2) It could be viewed as a deviation from the physical model.
(3) We are seeing that there may be additional values, generally minor ones, that have an

impact on the motion in addition to the force f .

Several works are available in the literature dealing with the existence of weak solutions
of stochastic NS equations starting from the article [11]. One can see the work [28] for an
overview. However, only a few works are available dealing with the generalized (p 	= 2) NS
problem. In the article [21], the authors discussed the bipolar shear thinning fluid. In that
work, the presence of additional bi-Laplacian term�2umakes the computations easy. Since,
the additional term gives enough initial regularity which leads to the proof using monotone
operators without any truncation arguments.
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In [64, 66], the authors considered the stochastic power-law fluids and established the
existence and uniqueness of weak solutions and strong convergence of the Galerkin approx-
imation and energy equality, respectively. There were no interaction between the solution
and Brownian motion in [64, 66] (additive noise). Further, in [14], the author extended the
existence theory of the stochastic power-law fluids and improved the results of [64, 66].
He proved the existence of weak solutions (in both analytic and probabilistic sense), using
the standard procedure as the pressure term disappear in the weak formulation and later it
reconstructed into the formulation. He borrowed the idea from [65] (for deterministic set-
ting), which relates each term in the equation a pressure part. Moreover, he stabilized the
auxiliary equations by adding a large power of u and the approach was based on Galekin
method. Later, he extended the deterministic approach of the work [65] to the stochastic case
and combined the techniques from nonlinear partial differential equations with stochastic
calculus for martingales. Since the author cannot apply test functions in this situation, he
instead employed Itô’s formula to obtain energy estimates and other stochastic tools. Finally,
in order to justify the limit in the nonlinear terms, he used the monotone operator theory
together with the L∞–truncation.

Let us mention some works available for stochastic NSV equations. In [48], the authors
considered 3D stochastic NSV equations in bounded domains perturbed by a finite-
dimensional Brownian motion and established an large deviation principle for the solution
using weak convergence approach. The existence and long-time behavior of the solutions
(more specifically mean square exponentially stability and the almost sure exponential sta-
blility of the stationary solutions) to 3D stochastic NSV equations in bounded domains
perturbed by infinite-dimensional Wiener process obtained in [2]. In a recent work [67], the
author studied the stability of pullback random attractors for 3D stochastic NSV equations
with delays.

1.3 Objectives and Novelties of the Paper

The main aim of this work is to prove the existence of martingale solution and unique
probabilistic strong solution of generalized stochastic NSV equations perturbed by infinite-
dimensional Wiener process. There seems to be a very scarce knowledge about the model
presented in this work, and to the authors best knowledge the analysis presented here has not
yet been investigated in the available literature.

• Aswe havementioned above, there are only a fewworks available in the literature dealing
with stochastic power-law fluids [14, 64, 66]. In the first work [14], the author proved
the existence theory for stochastic power-law fluids driven by an infinite-dimensional
multiplicative Gaussian noise. The latter two works [64, 66] discussed the existence
and uniqueness of weak solutions for stochastic power-law fluids driven by a finite-
dimensional Brownian motion.

• In this work, we are following the stochastic approach considered in the work [14], which
in turn was an extension to the stochastic case of the deterministic problem studied
in the work [65]. We are also considering the perturbation by an infinite-dimensional
multiplicative Gaussian noise.

In addition to the stochastic situation, themain conclusion of thiswork is that theVoigt term
κ∂t�u regularizes the power-law model of the NS equations in such a way that the existence
result can be proven up to the smallest possible value (in the sense that the Gelfand triple can
still be used) of the power-law exponent p (p > 2d

d+2 ), (see Theorem 2.6 below). The NS
power-law model, which corresponds to considering κ = 0 in the momentum equation (1.1),
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was considered in [14]. But there the author used the L∞–truncation method, and obtained
the existence result for values of p >

2(d+1)
d+2 .

1.4 Organization

This article is organized as follows: We start with the basic formulation of the stochastic
background, as well as Definitions 2.3 and 2.4 of martingale solution and probabilistically
strong solution, respectively, and then we state our main Theorem 2.6 in Section 2. In Section
3,we discuss the decomposition of pressure terms.As in theweak formulation of the problem,
the pressure term disappears (see Definition 2.3), later it can be recovered by using a version
of de Rham’s theorem. The idea of decomposing the pressure term that we use in the sequel
is borrowed from the work [14], but its first application dates back to [65]. In Section 4,
we consider an approximate system with a stabilization term (a large power of u), and,
by using Galerkin approximations, we obtain the uniform energy estimate, followed by the
existence of martingale solution for this approximate system, and for which we still have to
use the Skorokhod representation theorem. Later, we reconstruct the pressure term and using
monotone operator theory leads to existence of martingale solution to the system (1.1)-(1.4).
We conclude by establishing the pathwise uniqueness of the solution to the system (1.1)-
(1.4) and hence the existence of a unique probabilistic strong solution by an application of
the classical Yamada-Watanabe theorem.

2 Auxiliary Results

2.1 Function Spaces

Let us introduce the functions spaces used to characterize the solutions of Fluid Dynamics
problems. LetO be a domain inRd , that is, an open and connected subset ofRd . By C∞

0 (O)d ,

wedenote the space of all infinitely differentiableRd−valued functionswith compact support
inO. For 1 ≤ p ≤ ∞, we denote byLp(O)d , theLebesgue space consisting of allRd−valued
measurable (equivalence classes of) functions that are p−summable over O. By |O|, we
denote the d–Lebesgue measure of O. The corresponding Sobolev spaces are represented
by Wk,p(O)d , where k ∈ N. When p = 2, Wk,2(O)d are Hilbert spaces that we denote by
Hk(O)d . We define

V := {
u ∈ C∞

0 (O)d : ∇ · u = 0
}
,

H := the closure of V in the Lebesgue space L2(O)d ,

Lp
σ (O)d := the closure of V in the Lebesgue space Lp(O)d ,

Wp,k
σ (O)d := the closure of V in the Sobolev space Wk,p(O)d ,

for 1 ≤ p < ∞ and k ∈ N. In the particular case of p = 2, we denote the space Wp,k
σ (O)d

by Vk , and if k = 1, we denote it by Vp . If both p = 2 and k = 1, we denote Wp,k
σ (O)d

solely by V. Let (·, ·) stand for the inner product of the Hilbert space L2(O)d , and we denote
by 〈·, ·〉, the induced duality product between the space W1,p

0 (O)d and its dual W−1,p′
(O)d ,

as well as between Lp(O)d and its dual Lp′
(O)d , where 1

p + 1
p′ = 1. In the sequel, the Lp ,

Wk,p and W−k,p′
norms will be denoted in short by ‖ · ‖p , ‖ · ‖k,p and ‖ · ‖−k,p′ . On V, we

consider the equivalent norm ‖u‖V := ‖∇u‖2, u ∈ V.
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2.2 Stochastic Setting

In this subsection, we start by recalling some notions of stochastic processes necessary to
study stochastic partial differential equations. We consider the scalar-valued case, being the
vectorial case a straightforward generalization. Let (
,F ,P) be a probability space, where

 denotes the set of all possible outcomes ω, F is the set of events and P : F −→ [0, 1]
accounts for the probability measure function. We assume that (
,F ,P) is equipped with a
filtration {Ft }t∈[0,T ], that is, with a nondecreasing family of sub-sigma fields ofF (Fs ⊂ Ft

whenever s < t), such thatF0 contains all the null elements (elements A ∈ F withP(A) = 0)
and {Ft }t∈[0,T ] is right-continuous (Ft = Ft+ = ∩s>tFs for all t ∈ [0, T ]). In this case, we
denote a filtered probability space by (
,F , {Ft }t∈[0,T ],P). Letting 1 ≤ p ≤ ∞ and given
a Banach space B, we denote by Lp(
,F ,P;B), the space of all measurable mappings
v : (
,F ) −→ (B,B(B)), where B(B) denotes the Borel σ−algebra on B, such that

E
[‖v‖p

B

]
< ∞,

where the expectation E is taken with respect to (
,F ,P). A B−valued stochastic process
can be interpreted as a mapping X : [0, T ] × 
 −→ (B,B(B)), denoted by X(t, ω). For
a fixed ω ∈ 
, the mapping t �→ X(t, ω) is called the path or trajectory of X . We say that
a B−valued stochastic process X is adapted to a filtration {Ft }t∈[0,T ], or just Ft−adapted,
if the mapping X(t) : 
 −→ (B,B(B)), defined by ω �→ X(t, ω), is measurable for all
t ∈ [0, T ]. TheB−valued stochastic process X is progressivelymeasurable on the probability
space (
,F ,P), with respect to the filtration {Ft }t∈[0,T ], that is, is {Ft }t∈[0,T ]−measurable,
if the mapping (s, ω) �−→ X(s, ω) is measurable on B([0, t]) ⊗ Ft for all t ∈ [0, T ]. Note
that every progressively measurable stochastic process is Ft−adapted.

We are now ready to define the notion of integral of a stochastic process with values in
specific Hilbert spaces. To this end, we first consider a bounded linear operator Q ∈ L(U,U),
whereU is a separable Hilbert space with the inner product denoted by (·, ·)U and the associ-
ated norm by ‖ · ‖U. In fluid dynamics, U typically represents the space of velocity fields. To
model the effect of randomexternal influences, such as thermal fluctuations, unresolved turbu-
lence, or stochastic forcing from wind or pressure variations, one uses stochastic processes
defined over infinite-dimensional function spaces. The covariance operator Q ∈ L(U,U)

describes the spatial structure of the noise. It determines how random energy is distributed
across different spatial modes. For example, the eigenvectors {ek}k∈N of Q correspond to
spatial modes, and the associated eigenvalues {λk}k∈N represent the intensity (or variance)
of the noise in each mode. If Q is nonnegative, symmetric, and has finite trace, then there
exists an orthonormal basis {ek}k∈N of U such that

Qek = λkek, λk ≥ 0 for all k ∈ N,

with 0 as the only accumulation point of {λk}k∈N. Moreover, Q is called a trace-class operator
if it has finite trace, that is, ∑

k∈N
λk < ∞.

The condition that Q is nonnegative, symmetric, and of finite trace ensures that the total
energy injected by the noise is finite, which is essential for the well-posedness of the stochas-
tic Navier-Stokes-Voigt equations. If Q is of trace-class, then the resulting noise is spatially
smooth and the stochastic process remains regular. For a fixed Q ∈ L(U,U) that is non-
negative, symmetric, and trace-class, a U-valued stochastic process {W(t)}t∈[0,T ] on the
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probability space (
,F ,P) is a standard Q-Wiener process if and only if

W(t) =
∑

k∈N

√
λkβk(t)ek, t ∈ [0, T ],

where βk , with k ∈ {n ∈ N : λn > 0}, are independent real-valued Brownian motions on
(
,F ,P) ([24, Proposition 4.3]). A Q-Wiener process {W(t)}t∈[0,T ] is said to be adapted
to a filtration {Ft }t∈[0,T ] if W(t) ∈ Ft for every t ∈ [0, T ] and W(t) −W(s) is independent
of Fs for all 0 ≤ s ≤ t ≤ T (for more details one can see [24]).

When the covariance operator Q ∈ L(U,U) is not of trace-class, the above series does
not converge in the Hilbert space U. This implies that the noise is too rough to be interpreted
as taking values in U. To overcome this, we define the space U0 := Q1/2U, equipped with
the inner product

(u, v)0 := (
Q−1/2u,Q−1/2v

)
U, u, v ∈ U0,

whereQ−1/2 denotes the pseudo-inverse of Q1/2. The norm associatedwith this inner product
is denoted by ‖ · ‖0 and the square root of the operator Q is defined via

Q1/2ek = √
λkek .

The space U0 contains U, that is, U ⊂ U0, and is strictly larger when Q is not a trace-
class operator. Intuitively, U0 allows for functions with less regularity than those in U, and
is thus better suited to accommodate rougher noise. In this setting, the stochastic process
{W(t)}t∈[0,T ] is well-defined as a U-valued process in L2(
,F,P;U) because the inclusion
U0 ↪→ U is a Hilbert-Schmidt embedding. This guarantees that the series converges in
L2(
,F,P;U) even though it may not converge inU itself pointwise. In this case,L2(U0,U)

denotes the space of Hilbert-Schmidt operators from U0 to U. That is, for any orthonormal
basis {e0k }k∈N of U0, an operator T belongs to L2(U0,U) if

∑

k∈N
‖Te0k‖2U < ∞.

Despite the previous construction, in situations commonly encountered when modeling
rougher noise ormore realistic physical scenarios,Q is not a trace-class operator. For instance,
in turbulent flows, forcing terms often simulate energy input from a broad spectrum of scales.
If forcing is not strongly localized in frequency, the covariance operator Q does not decay fast
enough to be trace-class. Another example, is theDirac forcing that models impulses at points
and leads to highly singular (non-trace-class) noise. In such cases, the process {W(t)}t∈[0,T ]
defined above may not converge in U. To address this, we introduce an auxiliary Hilbert
space U1 and a Hilbert-Schmidt embedding J : U0 → U1 that smooths the process just
enough to regain convergence. Denoting by J∗, the adjoint operator of J, we then define a
new covariance operator

Q1 := JJ∗ ∈ L(U1,U1),

which is symmetric, nonnegative, and of finite trace. In this setting, we define a new Q1-
Wiener process on U1 by

W(t) =
∑

k∈N
βk(t)Je0k , t ∈ [0, T ], (2.1)

which converges in L2(
,F,P;U1) ([49, Proposition 2.5.2]). This lifting of the noise process
allows us to model the Navier-Stokes-Voigt equations with lower regularity while preserving

well-posedness. Moreover, we have that Q
1
2
1 (U1) = J(U0) and J : U0 −→ Q

1
2
1 (U1) is an
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isometry. Since the Hilbert spaceU1 and the Hilbert-Schmidt embedding J considered above
always exist, (2.1) defines aWiener process, even thoughQ is not of finite trace. The stochastic
process defined this way is usually referred to as a cylindrical Wiener process in U. In this
case, we say that a process φ(t), t ∈ [0, T ], is integrable with respect to W(t), if it takes

values in L2(Q
1
2 (U1),U), is predictable and if

P

(∫ T

0
‖φ(s)‖2

L2(Q
1
2 (U1),U)

ds < ∞
)

= 1,

where L2(Q
1
2 (U1),U) denotes the set of all Hilbert-Schmidt operators from Q

1
2 (U1) to U.

Hence, we can define the stochastic integral
∫ t

0
φ(s)dW(s) =

∫ t

0
φ(s) ◦ J−1dW(s) =

∑

k∈N

∫ t

0
φ(s)ekdβk(s),

which is independent of the choice of U1 and J. For more details on stochastic integration,
we are referring to [24, 49, 59].

Next, we define some probabilistic spaces of time-dependent functions that we deal
throughout this work. Given 1 ≤ q ≤ ∞ and a separable Banach space B, we consider the
Bochner space Lq(0, T ;B) formed by all the B−valued measurable functions u on [0, T ]
such that

‖u‖Lq (0,T ;B) =
(∫ T

0
‖u(t)‖qBdt

) 1
q

< ∞.

In the particular case of B = Lq(O)d , we shall denote Lq(0, T ;B) in short by Lq(OT ). Let
Lq
w(0, T ;B) denote a space Lq(0, T ;B) with the weak topology w.
The spaceC([0, T ];B) represents theBanach space of all continuous functions from [0, T ]

to B with the norm
‖u‖C([0,T ];B) = sup

t∈[0,T ]
‖u(t)‖B.

Also, Cw([0, T ];B) denotes the subspace of L∞(0, T ;B) formed by weakly continuous
functions from [0, T ] into B.

For 1 ≤ p < ∞, 1 ≤ q ≤ ∞ and a separable Banach space B, we denote
by Lp(
,F ,P;Lq(0, T ;B)), the space of all functions u = u(x, t, ω) defined on
O × [0, T ] × 
 and with values in B such that u is measurable with respect to (t, ω)

and u is Ft−measurable for a.e. t , and

‖u‖Lp(
,F ,P;Lq (0,T ;B)) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎧
⎨

⎩
E

⎡

⎣
(∫ T

0
‖u(t)‖qBdt

) p
q

⎤

⎦

⎫
⎬

⎭

1
p

< ∞, 1 ≤ q < ∞,

{

E

[

ess sup
t∈[0,T ]

‖u(t)‖p
B

]} 1
p

< ∞, q = ∞.

By Lp(
,F ,P;C([0, T ];B)), with 1 ≤ p < ∞, we denote the space of all continuous
and progressively {Ft }t∈[0,T ]−measurable B−valued stochastic processes u such that

‖u‖Lp(
,F ,P;C([0,T ];B)) =
{

E

[

sup
t∈[0,T ]

‖u(t)‖p
B

]} 1
p

< ∞.
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We recall an important result on stochastic ordinary differential equations in finite-
dimensions, where we denote by Md×d(R), the vector space of all real d × d−matrices.

Lemma 2.1 Let the mapM : [0, T ] ×R
d × 
 −→ Md×d(R), defined by (t, x, ω) �→ M =

M(t, x, ω), and b : [0, T ]×R
d ×
 −→ R

d , defined by (t, x, ω) �→ b = b(t, x, ω) be both
continuous in x ∈ R

d for t ∈ [0, T ] and ω ∈ 
, and be progressively measurable on the
probability space (
,F ,P) with respect to the filtration {Ft }t∈[0,T ]. Assume the following
conditions are verified for all R ∈ (0,∞):

(1)
∫ T

0
sup

|x |≤R

(|b(t, x)| + |M(t, x)|2)dt < ∞;

(2) 2
(
x − y

) · (b(t, x) − b(t, y)
)+ ∣

∣M(t, x) − M(t, y)
∣
∣2 ≤ Kt (R), ∀ t ∈ [0, T ], ∀ x, y ∈

R
d : |x |, |y| ≤ R;

(3) 2x · b(t, x) + ∣
∣M(t, x)

∣
∣2 ≤ Kt (1)

(
1 + |x |2), ∀ t ∈ [0, T ], ∀ x ∈ R

d : |x | ≤ R;

where Kt (R) is anR+−valued process adapted to the filtration {Ft }t∈[0,T ] and such that

αS(R) :=
∫ S

0
Kt (R)dt < ∞, ∀ S ∈ [0, T ].

Then for any F0−measurable map X0 : 
 −→ R
d , there exists a unique solution to the

stochastic differential equation

dX(t) = b
(
t, X(t)

)
dt + M

(
t, X(t)

)
dW(t).

Proof See [59, Theorem 3.1.1]. ��

We recall also the following inequalities which are classical in the theory of p-Laplace
equations.

Lemma 2.2 For allM, N ∈ R
d×d , the following assertions hold true:

2 ≤ p < ∞ ⇒ 1

2p−1 |M − N|p ≤ (|M|p−2M − |N|p−2N
) : (M − N

); (2.2)

1 < p < 2 ⇒ (p − 1)|M − N|2 ≤ (|M|p−2M − |N|p−2N
) : (M − N)

(|M|p + |N|p)
2−p
p .

(2.3)

Proof The proof combines [32, Lemmas 5.1 and 5.2].

From (2.2) and (2.3), one easily gets

(|D(u)|p−2D(u) − |D(v)|p−2D(v)
) : (D(u) − D(v)

) ≥ 0, ∀ u, v ∈ W1,p
0 (O)d , (2.4)

and whenever 1 < p < ∞. As a consequence of (2.4), the operator

A(u) := |D(u)|p−2D(u) (2.5)

is said to be monotone for any p such that 1 < p < ∞.
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2.3 ProbabilisticWeak Formulation

We are interested in martingale solutions, that is, weak solutions in the probabilistic sense,
to the stochastic problem (1.1)-(1.4). This means that when seeking martingale solutions of
(1.1)-(1.4), constructing a filtered probability space (
,F , {Ft }t∈[0,T ],P) and a cylindrical
Wiener processW on it are both part of the problem.We shall prove that a martingale solution
typically exists for given Borel measures �0 and � f that account for initial and forcing laws
as follows,

�0 = P ◦ u−1
0 , that is, P

(
u0 ∈ U

) = �0(U), ∀ U ∈ B(V), (2.6)

� f = P ◦ f−1, that is, P
(
f ∈ U

) = � f (U), ∀ U ∈ B(L2(OT )). (2.7)

It should be noted that even if the initial datum u0 and the forcing term f are given, they
might live on different probability spaces, and therefore u0 and u(0) from one hand, and k(t)
and f (t) on the other, can only coincide in law. In particular, the underlying probability space
is not a priori known but becomes part of the solution. Next, we define martingale solutions
for the stochastic problem (1.1)-(1.4) starting with an initial law defined on V and a forcing
law defined on L2(OT ).

Definition 2.3 Let �0, � f be Borel probability measures on V and L2(OT ), respectively.
We say that (

(
,F , {Ft }t∈[0,T ],P), u, u0, f ,W
)

is a martingale solution to the stochastic problem (1.1)-(1.4), with initial datum �0 and
forcing term � f , if:

(1)
(

,F ,P) is a stochastic basis with a complete right-continuous filtration {Ft }t∈[0,T ];

(2) W is a cylindrical {Ft }t∈[0,T ]−adapted Wiener process;
(3) u is a progressively {Ft }t∈[0,T ]−measurable stochastic processwith paths t �→ u(t, ω) ∈

L∞(0, T ;V) ∩ Lp(0, T ;W1,p
0 (O)d), P−a.s. with a continuous modification having

P−a.s. paths in C([0, T ];V);
(4) u(0) (:= u0) is progressively {Ft }t∈[0,T ]−measurable on the probability space

(
,F ,P), with P−a.s. paths u(0, ω) ∈ V and �0 = P ◦ u−1
0 in the sense of (2.6);

(5) f is an {Ft }t∈[0,T ]−adapted stochastic process P−a.s. paths f (t, ω) ∈ L2(OT ) and
� f = P ◦ f−1 in the sense of (2.7);

(6) for every ϕ ∈ C∞
0 (O)d with divϕ = 0 and all t ∈ [0, T ], the following identity holds

P−a.s.

∫

O
u(t) · ϕ dx + κ

∫

O
∇u(t) : ∇ϕ dx −

∫ t

0

∫

O
u ⊗ u : ∇ϕ dxds

+ ν

∫ t

0

∫

O
|D(u)|p−2D(u) : Dϕ dxds

=
∫

O
u0 · ϕ dx + κ

∫

O
∇u0 : ∇ϕ dx +

∫ t

0

∫

O
f · ϕ dxds +

∫ t

0

∫

O
�(u)dW(s) · ϕ dx.

(2.8)

We are now interested to know whether it is possible to find a probabilistically strong
solution for the problem (1.1)-(1.4), for a given initial velocity u0 and forcing f (which are
random variables rather than probability laws) on a given probability space.

123



Existence and Uniqueness of Weak Solutions… Page 11 of 52   118 

Definition 2.4 (Probabilistically strong solution) We are given a stochastic basis (
,F ,

{Ft }t≥0,P), initial datum u0 and a forcing term f . Then, the problem (1.1)-(1.4) has a
pathwise strong probabilistic solution if and only if there exists a u : [0, T ] × 
 → V with
P−a.s., paths

u(·, ω) ∈ L∞(0, T ;V) ∩ Lp(0, T ;W1,p
0 (O)d),

with a continuous modification having P−a.s. paths in C([0, T ];V), and (2.8) holds for all
φ ∈ V.

Definition 2.5 (Pathwise uniqueness) For i = 1, 2, let ui be any solution on the stochastic
basis (
,F , {Ft }t≥0,P) to the system (1.1)-(1.4) with initial datum u0 and forcing term f .
Then, the solutions of the system (1.1)-(1.4) are pathwise unique if and only if

P
{
u1(t) = u2(t), ∀ t ≥ 0

} = 1.

2.4 Assumptions andMain Result

The existence of martingale solutions to the stochastic problem (1.1)-(1.4) shall be carried
out in the forthcoming pages under suitable assumptions on the initial datum u0, forcing term
f and on the noise coefficient �(u), and for a suitable range of the summability Lebesgue
exponent p. On the initial and forcing laws, we assume that for some constant γ = γ (p, d)

(to be determined further on)
∫

V
‖z‖γ

Vd�0(z) < ∞, (2.9)
∫

L2(OT )

‖g‖γ

L2(OT )
d� f (g) < ∞. (2.10)

Let U be a Hilbert space with orthonormal basis {ek}k∈N and let L2(U,L2(O)d) be the
space of Hilbert-Schmidt operators form U to L2(O)d (to simplify writing, in the sequel we
denote the operator norm ‖·‖L2(U,L2(O)d ) solely by ‖·‖L2 ). Moreover, we define an auxiliary
space U0 ⊃ U as

U0 :=
{
v =

∑

k∈N
αkek :

∑

k∈N

α2
k

k2
< ∞

}

equipped with the norm

‖v‖2U0
:=

∑

k∈N

α2
k

k2
, v =

∑

k∈N
αkek .

Throughout the sequel, we consider a cylindrical {Ft }−Wiener process W = {W(t)}t≥0

which has the form

W(t) =
∑

k∈N
ekβk(t),

where {βk}k∈N are independent real-valued Brownian motions. The embedding U ↪→ U0 is
Hilbert-Schmidt and trajectories ofW areP-a.s. continuouswith values inU0 (see Subsection
2.2). In this article, we suppose that the noise coefficient �(u) satisfies linear growth and
Lipschitz conditions.More precisely, we assume that for eachw ∈ L2(O)d there is amapping

�(w) :U −→ L2(O)d
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ek �−→ �(w)ek = φk(w),

where {ek}k∈N is an orthonormal basis of U, such that φk ∈ C(Rd) and the following condi-
tions hold for some constants K , L > 0:

∑

k∈N
|φk(ξ)| ≤ K (1 + |ξ |), and

∑

k∈N
|φk(ξ) − φk(ζ )| ≤ L|ξ − ζ |, ξ , ζ ∈ R

d . (2.11)

Moreover, we are assuming that the following condition holds for some constant C > 0,

sup
k∈N

k2|φk(ξ)|2 ≤ C(1 + |ξ |2), ξ ∈ R
d . (2.12)

Theorem 2.6 Let O ⊂ R
d be a bounded domain with a smooth boundary ∂O of class C2,

and assume that conditions (2.9) and (2.10) hold for

γ ≥ max

{
pd

d − 2
, 2 + 2p

d − 2
,

2d

d − 2

}
(d 	= 2) and γ ≥ 2 (d = 2), (2.13)

and (2.11), (2.12) are fulfilled. If 2 ≤ d ≤ 4 and

p >
2d

d + 2
, (2.14)

then there exists, at least, a martingale solution
(
(
,F , {F t }t∈[0,T ],P), u, u0, f ,W

)

in the sense of Definition 2.3 to the stochastic problem (1.1)-(1.4).

Theorem 2.7 Under the assumptions of Theorem 2.6, there exists a unique probabilistically
strong solution of the system (1.1)-(1.4) in the sense of Definition 2.4.

The proof of the above theorems are presented in the subsequent sections.

3 Pressure Decomposition

In this section, our focus will be on the pressure term coming in our model and we decompose
it in such a way that each part of the pressure term corresponds to one term in the equation.
The following theorem generalizes the idea of [65, Theorem 2.6] to the stochastic case and
a similar result has been established in [14, Section 3] for the stochastic case.

Theorem 3.1 Let us consider a stochastic basis (
,F , {Ft }t≥0,P), u ∈ L2

(
,F ,P;L∞(0, T ;V)),H ∈ Lr (OT ) for some r > 1, both adapted to {Ft }t≥0. Moreover,
if the initial data u0 ∈ L2(
,F ,P;V) and � ∈ L2(
,F ,P;L∞(0, T ;L2(U,L2(O)d)))

progressively measurable such that
∫

O
u(t) · φ dx + κ

∫

O
∇u(t) : ∇φ dx +

∫ t

0

∫

O
H : ∇φ dxds

=
∫

O
u0 · φ dx + κ

∫

O
∇u0 : ∇φ dx +

∫ t

0

∫

O
�(u)dW(s) · φ dx, (3.1)

for all φ ∈ V and all t ∈ [0, T ]. Then there are functions πH, π� and πh adapted to {Ft }t≥0

such that
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(1) We have �πh = 0 and there holds for m := min{2, r}

E

[ ∫ T

0
‖πH(t)‖rrdt

]
≤ CE

[ ∫ T

0
‖H(t)‖rrdt

]
,

E

[
sup

t∈[0,T ]
‖π�(t)‖22

]
≤ CE

[
sup

t∈[0,T ]
‖�(u(t))‖2L2

]
,

E

[
sup

t∈[0,T ]
‖πh(t)‖mm

]
≤ CE

[
1 + sup

t∈[0,T ]

{
‖u(t)‖22 + κ‖∇u(t)‖22

}

+ ‖u0‖22 + κ‖∇u0‖22 + sup
t∈[0,T ]

‖�(u(t))‖2L2
+
∫ T

0
‖H(t)‖rrdt

]
.

(2) There holds
∫

O

(
u(t)+∇πh(t)

) · φ dx + κ

∫

O
∇u(t) : ∇φ dx +

∫ t

0

∫

O
H : ∇φ dxds

−
∫ t

0

∫

O
πH divφ dxds

=
∫

O
u0 · φ dx + κ

∫

O
∇u0 : ∇φ dx+

∫

O
π�(t) divφ dx +

∫ t

0

∫

O
�(u)dW(s) · φ dx,

for all φ ∈ C∞
0 (O)d . Moreover πh(0) = πH(0) = π�(0) = 0, P−a.s.

Remark 3.2 If we place all the decomposed terms of pressure together, we have

π(t) = πh(t) + π�(t) +
∫ t

0
πH(s)ds,

then there holds π ∈ Lm(
,F ,P;L∞(0, T ;Lm(O))).

Before proceeding with the proof of Theorem 3.1, let us recall some important auxiliary
results. The following lemma is a variant of the well-known de Rham’s theorem.

Lemma 3.3 Assume 1 < m < ∞.

(1) For each v∗ ∈ W−1,m(O)d such that
〈
v∗, v

〉 = 0, ∀ v ∈ Vm′ ,

there exists a unique π ∈ Lm(O), with
∫
O π dx = 0, such that

〈
v∗, v

〉 =
∫

O
π div v dx, ∀ v ∈ W1,m′

0 (O)d .

Moreover, there exists a positive constant C such that

‖π‖m ≤ C‖v∗‖−1,m .

(2) For each ξ ∈ Lm(
)with
∫



ξ dx = 0, there exists, at least, one solutionw ∈ W1,m
0 (O)d

to the problem
divw = ξ in O,

and such that for some positive constant C,

‖∇w‖m ≤ C‖ξ‖m .
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Proof The proof is due to Bogovskiı̌ [18] (see also [31, Theorems III.3.1 and III.5.3] and
[63, Proposition I.1.1]).

Proof Step 1: Define a bilinear form S with the domain D(S) ⊆ L2(O)d by setting D(S) =
W1,2

0 (O)d and

S(u, v) =
∫

O
u · v dx + κ

∫

O
∇u : ∇v dx.

Since W1,2
0 (O)d is complete with respect to the norm

S(u, u)
1
2 = (‖u‖22 + κ‖∇u‖22

) 1
2 ,

the form S is closed. As κ > 0, it is easy to see that S is positive and symmetric. Therefore
by [61, Lemma II.3.2.1], there exists a uniquely determined positive self-adjoint operator
A : D(A) −→ L2(O)d , with dense domain D(A) ⊆ W1,2

0 (O)d , such that
∫

O
A(u) · v dx = S(u, v) =

∫

O
u · v dx + κ

∫

O
∇u : ∇v dx.

Setting v ∈ C∞
0 (O)d , we can see that A(u) = (I − κ�)(u) = (I − κ div∇)(u) holds in the

distribution sense, and so we can set A = I − κ�, where I denotes the identity operator. In
this way, the operator I − κ� : D(I − κ�) −→ L2(O)d is defined by

∫

O
(I − κ�)(u) · v dx = S(u, v) =

∫

O
u · v dx + κ

∫

O
∇u : ∇v dx, (3.2)

for u ∈ D(I − κ�), v ∈ W1,2
0 (O)d , and

D(I − κ�) =
{
u ∈ W1,2

0 (O)d : v �−→ S(u, v) is continuous in the L2-norm
}
.

Given the above, and observing thatm ≤ min{r , 2}, we can write (3.1) in the following form:
∫

O
(I − κ�)(u(t)) · φ dx +

∫ t

0

∫

O
H : ∇φ dxds

=
∫

O
(I − κ�)(u0) · φ dx +

∫ t

0

∫

O
�(u)dW(s) · φ dx, (3.3)

for all φ ∈ W1,m′
0 (O)d with divφ = 0 in O, and all t ∈ [0, T ].

Step 2: Using (3.3) and Lemma 3.3-(1), we can argue as in the proof of [65, Theorem 2.6]
to prove the existence of a unique pressure π ∈ Cw([0, T ];Lm(O)), with

∫

O
π(t) dx = 0, ∀ t ∈ [0, T ], (3.4)

such that

∫

O
u(t) · (I − κ�)(φ) dx +

∫ t

0

∫

O
H : ∇φ dxds

=
∫

O
u0 · (I − κ�)(φ) dx+

∫

O
π(t) divφ dx +

∫ t

0

∫

O
�(u)dW(s) · φ dx, (3.5)

for all φ ∈ W1,m′
0 (O)d (note that m = min{2, r}), and all t ∈ [0, T ].
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Now, we will prove that

π ∈ Lm(
,F ,P;L∞(0, T ;Lm(O))). (3.6)

From (3.5), we can say that π is a progressively measurable process, since all other terms in
this equation are. By Lemma 3.3-(2), with m′ in the place of m, given ψ ∈ Lm′

(O), there

exists φ ∈ W1,m′
0 (O)d such that

divφ = ψ − ψO, ψO := 1

|O|
∫

O
ψ dx. (3.7)

Combining (3.4) and (3.7) with (3.5), one has
∫

O
π(t)ψ dx =

∫

O
π(t)(ψ − ψO) dx

=
∫

O
(u(t) − u0) · (I − κ�)B(ψ) dx+

∫ t

0

∫

O
H : ∇B(ψ) dxds

−
∫ t

0

∫

O
�(u)dW(s) · B(ψ) dx,

for all ψ ∈ Lm′
(O), and where B : Lm′

(O) −→ W1,m′
0 (O)d is the Bogovskiı̆ operator

(see [58, Appendix 4.2]). Denoting by B∗ : W1,m′
0 (O)d −→ Lm′

(O), the Bogovskiı̆ adjoint
operator, this implies

π(t) = (
(I − κ�)B)∗(u(t) − u0) +

∫ t

0
(∇B)∗Hds −

∫ t

0
B∗�(u)dW(s), (3.8)

with respect to the L2(O)–inner product. From (3.8), one immediately has π(0) = 0. Aver-
aging (3.8) in the Lm(O)–norm, we get

E

[
sup

t∈[0,T ]
‖π(t)‖mm

]
= E

[
sup

t∈[0,T ]

∥∥∥∥
(
(I − κ�)B)∗(u(t) − u0) −

∫ t

0
(∇B)∗H(u(s)) ds

+
∫ t

0
B∗�(u(s))dW(s)

∥∥∥∥

m

m

]

≤ C

(
1 + E

[
sup

t∈[0,T ]
‖((I − κ�)B)∗(u(t) − u0)‖22

]

+ E

[ ∫ T

0
‖(∇B)∗H(u(t))‖mmdt

]

+ E

[
sup

t∈[0,T ]

∥∥∥∥

∫ t

0
B∗�(u(s))dW(s)

∥∥∥∥

2

2

])
=: C

(
1 +

3∑

i=1

Ii

)
, (3.9)

where we have used the Minkowski, Hölder and Young inequalities, together with the fact
that m ≤ 2. Using the continuity of the operator B∗ from L2(O)d to L2(O), observing first
that (I− κ�) is self-adjoint and therefore

(
(I− κ�)B)∗ = B∗(I− κ�), and still using (3.2)

and Minkowski’s inequality, we have

I1 ≤ CE

[
sup

t∈[0,T ]
‖(I − κ�)(u(t) − u0)‖22

]

= CE

[
sup

t∈[0,T ]
‖u(t) − u0‖22 + κ‖∇(u(t) − u0)‖22

]
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≤ CE

[
sup

t∈[0,T ]

{
‖u(t)‖22 + κ sup

t∈[0,T ]
‖∇u(t)‖22

}
+ ‖u0‖22 + κ‖∇u0‖22

]
.

Since H ∈ Lr (OT ), m = min{2, r} and still using the fact that (∇B)∗ is a continuous
operator from Lr (O)d×d to Lr (O), a similar calculation yields

I2 ≤ CE

[
1 +

∫ T

0
‖H(t)‖rrdt

]
.

The stochastic integral term I3 appearing in (3.9) can be handled with the help of Burkholder-
Davis-Gundy (BDG) inequality, using also here the continuity of B∗ from L2(O)d to L2(O),

I3 ≤ CE

[ ∫ T

0
‖�(u(t))‖2L2

dt

]
.

Combining the above estimates in (3.9), we obtain

E

[
sup

t∈[0,T ]
‖π(t)‖mm

]
≤ E

[
1 + sup

t∈[0,T ]

{
‖u(t)‖22 + κ‖∇u(t)‖22

}
+ ‖u0‖22 + κ‖∇u0‖22

+
∫ T

0
‖H(t)‖rrdt +

∫ T

0
‖�(u(t))‖2L2

dt

]
. (3.10)

On the other hand, by [65, Corollary 2.5], there exist unique functions

π0 ∈ Cw([0, T ];�W2,m
0 (O)), �W2,m

0 (O) :=
{
�v : v ∈ W2,m

0 (O)
}
,

πh ∈ Cw([0, T ];Lm
�(O)), Lm

�(O) :=
{
v ∈ Lm(O) : �v = 0,

∫

O
v dx = 0

}
,

such that

π := π0 + πh in OT ,

sup
t∈[0,T ]

‖π0(t)‖m + sup
t∈[0,T ]

‖πh(t)‖m ≤ C sup
t∈[0,T ]

‖π(t)‖m, (3.11)

for some positive constant C . Therefore, we can decompose the pressure term pointwise on
OT as follows:

π := π0 + πh, π0 := ��−2
O �π, πh := π − π0,

where �−2
O denotes the solution operator to the bi-Laplace equation with respect to zero

boundary values for the function and gradient. As a consequence of (3.11), inequality (3.10)
holds true for π0 and πh as well. Into (3.5), replacing π by π0 + πh , inserting φ = ∇ψ ,
ψ ∈ W2,m′

0 (O), and observing that div u = 0, div u0 = 0 and �πh = 0, one has
∫

O
π0(t)�ψ dx =

∫ t

0

∫

O
H : ∇2ψ dxds −

∫ t

0

∫

O
�(u)dW(s) · ∇ψ dx, (3.12)

for all ψ ∈ W2,m′
0 (O). From (3.12), it is clear that π0(0) = 0. And once that π(0) = 0, we

also have πh(0) = 0. As div2 H = div(divH) ∈ W−2,m(O), by [65, Lemma 2.4], there
exists a function πH(t) ∈ �W2,m

0 (O) such that
∫

O
πH(t)�ψ dx =

∫

O
H(t) : ∇2ψ dx,
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for all ψ ∈ C∞
0 (O). The measurability of πH follows from the measurability of the right

hand side. On account of the solvability of the bi-Laplace equation, one has

‖πH(t)‖mm ≤ C‖H(t)‖mm P ⊗ λ − a.e.,

for some positive constant C , where λ is the Lebesgue measure on (0, T ). For more details,
see [53], or [65, Lemma 2.1] and [15, Lemma 2.2]. This in turn gives

∫


×OT

‖πH(t)‖mmdtdP ≤ C
∫


×OT

‖H(t)‖mmdtdP.

Next, we define

π�(t) := π0(t) +
∫ t

0
πH(s)ds,

as the unique solution to the following integral equation
∫

O
π�(t)�ψ dx =

∫ t

0

∫

O
�(u(s))dW(s) · ∇ψ dx, ψ ∈ C∞

0 (O). (3.13)

Since π�(t) ∈ �W2,m
0 (O), (3.13) can be written as follows

∫

O
π�(t)ψ dx =

∫ t

0

∫

O
�(u)dW(s) · ∇(�−2

O �ψ) dx, ψ ∈ C∞
0 (O). (3.14)

From here, one immediately has π�(0) = 0. Defining the operator D := ∇�−2
O � :

W2,m
0 (O) −→ W1,m

0 (O)d , we can write (3.13) as
∫

O
π�(t)ψ dx =

∫ t

0

∫

O
D∗�(u)dW(s)ψ dx, ψ ∈ C∞

0 (O),

and hence

π�(t) =
∫ t

0
D∗�(u(s))dW(s), P × λd+1-a.e.,

where λd+1 is the Lebesgue measure onO×(0, T ). Using the BDG inequality, together with
the fact that D∗ is a continuous operator from L2(O)d to L2(O), we can show that

E

[
sup

t∈[0,T ]
‖π�(t)‖22

]
= E

[
sup

t∈[0,T ]

∥∥∥∥

∫ t

0
D∗�(u(s))dW(s)

∥∥∥∥

2

2

]
≤ CE

[ ∫ T

0
‖�(u(t))‖2L2

dt

]
.

Finally, we can see that

π̄0(t) := π�(t) +
∫ t

0
πH(s)ds

solves (3.12), and π̄0(t) ∈ �W2,m
0 (O). This implies

π0(t) = π�(t) +
∫ t

0
πH(s) ds,

and hence we obtained the required result. ��
For the following result, it is worth keeping in mind that we are assuming a smooth

boundary ∂O, in fact of class C2. See [22, Section 2.2] and [23, Section 2.2] in the case of
non-smooth boundary ∂O.
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Corollary 3.4 Assume the conditions of Theorem 3.1 are satisfied. Then there exists �π ∈
L2(
,F ,P;L∞(0, T ;L2(U,L2(O)))) progressively measurable such that

∫

O
π�(t) divφ dx =

∫ t

0

∫

O
�πdW(s) · φ dx, ∀ φ ∈ C∞

0 (O). (3.15)

and ‖�πe j‖2 ≤ C(O)‖�e j‖2, for all j , that is, we have P ⊗ λ, a.e.

‖�π‖L2 ≤ C(O)‖�‖L2 .

Furthermore, if � satisfies (2.11), then there holds

‖�π(u1) − �π(u2)‖L2 ≤ C(L,O)‖u1 − u2‖2,
for all u1, u2 ∈ L2(O)d .

Proof From (3.14) of the proof of Theorem 3.1, we have for any φ ∈ C∞
0 (O)d

∫

O
π�(t) divφ dx =

∫ t

0

∫

O
�(u)dW(s) · ∇(�−2

O � divφ) dx

=
∑

j

∫ t

0

∫

O
�(u)e jdβ j (s) · ∇(�−2

O � divφ) dx

=
∑

j

∫ t

0

∫

O
∇��−2

O div�(u)e jdβ j (s) · φ dx

=
∫ t

0

∫

O
∇��−2

O div�(u)dW(s) · φ dx,

which proves (3.15) by setting �π = ∇��−2
O div�. For the second part, we use the local

regularity theory for the bi-Laplace equation in the following manner:
∣∣(�πek,ψ)

∣∣ =∣∣(∇��−2
O div�ek,ψ)

∣∣ ≤ ‖∇��−2
O div�ek‖2‖ψ‖2

≤C(O)‖��−2
O div�ek‖−1,2‖ψ‖2 ≤ C(O)‖�−2

O div�ek‖3,2‖ψ‖2
≤C(O)‖ div�ek‖−1,2‖ψ‖2 ≤ C(O)‖�ek‖2‖ψ‖2 ≤ C(O)‖�ek‖2‖ψ‖2,

for ψ ∈ L2(O)d . Similarly, we can conclude the final part as follows:

‖(�π(u1) − �π(u2))ek‖2 = ‖∇��−2
O div(�(u1) − �(u2))ek‖2

≤ C(O)‖(�(u1) − �(u2))ek‖2 = C(O)‖φk(u1) − φk(u2)‖2
≤ C(L,O)‖u1 − u2‖2,

where we have used (2.11). ��
Corollary 3.5 Let the conditions of Theorem 3.1 be satisfied. Then, for all γ ∈ [1,∞)

E

[
sup

t∈[0,T ]
‖πh(t)‖mm

]γ

≤ CE

[
sup

t∈[0,T ]
{‖u(t)‖22 + κ‖∇u(t)‖22

} + sup
t∈[0,T ]

‖�(t)‖2L2

]γ

+ CE

[
1 + ‖u0‖22 + κ‖∇u0‖22 +

∫ T

0
‖H(t)‖rrdt

]γ

,

provided the right hand side of above inequality is finite.

Proof The proof of this corollary is straightforward from Theorem 3.1-(1). ��
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Corollary 3.6 Let the conditions of Theorem 3.1 be satisfied, and assume that the following
decomposition holds:

H = H1 + H2,

whereH1 ∈ Lr1(
,F ,P;Lr1(0, T ;Lr1(O)d×d)),H2 ∈ Lr2(
,F ,P;Lr2(0, T ;Lr2(O)d×d))

and divH2 ∈ Lr2(
,F ,P;Lr2(0, T ;Lr2(O)d)). Then, we have

πH = π1 + π2,

and there holds for all γ ∈ [1,∞),

E

[ ∫ T

0
‖π1(t)‖r1r1dt

]γ

≤ CE

[ ∫ T

0
‖H1(t)‖r1r1dt

]γ

,

E

[ ∫ T

0
‖π2(t)‖r2r2dt

]γ

≤ CE

[ ∫ T

0
‖H2(t)‖r2r2dt

]γ

,

E

[ ∫ T

0
‖∇π2(t)‖r2r2dt

]γ

≤ CE

[ ∫ T

0

{‖H2(t)‖r2r2 + ‖ divH2(t)‖r2r2
}
dt

]γ

.

Proof Here π1 and π2 are the unique solutions of the following equations defined on P⊗ λ,
a.e.:

∫

O
π1(t)�ψ dx = −

∫

O
H1(t) : ∇2ψ dx, π1 ∈ �W2,r1

0 (O),

∫

O
π2(t)�ψ dx = −

∫

O
H2(t) : ∇2ψ dx, π2 ∈ �W2,r2

0 (O).

By [65, Lemma 2.3], and once that H1 ∈ Lr1(
,F ,P;Lr1(0, T ;Lr1(O)d×d)), H2 ∈
Lr2(
,F ,P;Lr2(0, T ;Lr2(O)d×d)) and divH2 ∈ Lr2(
,F ,P;Lr2(0, T ;Lr2(O)d)), the
estimates are straightforward. ��

4 Solvability of The Approximate System

In this section,we establish the solvability of an auxiliary problem that regularizes the problem
(1.1)-(1.4) with the following stabilization term in the momentum equation:

αa(u), a(u) := |u|q−2u, α > 0, 1 < q < ∞. (4.1)

Given α > 0, we consider the problem
{
d(I − κ�)u = {

divA(u) − div(u ⊗ u) + ∇π − αa(u) + f
}
dt + �(u)dW(t),

u(0) = u0,
(4.2)

depending on the initial �0 and forcing � f laws in the conditions of (2.9) and (2.10),
respectively, and for the operator A(u) defined in (2.5). The exponent q in (4.1) is chosen in
such a way that the convective term becomes a compact perturbation (see (4.24) below). For
that purpose, we choose

q ≥ max{2p′, 3}, (4.3)

and thus a solution u is expected in the following space:

Vp,q := L2(
,F ,P;L∞(0, T ;V)) ∩ Lp(
,F ,P;Lp(0, T ;W1,p
0 (O)d)

∩ Lq(
,F ,P;Lq(0, T ;Lq(O)d)).
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4.1 Approximate Solutions

We construct a solution to the problem (4.2) as a limit of suitable Galerkin approximations.

Let s be the smallest positive integer such that Ws,2
0 (O)d ↪→ W1,∞

0 (O)
d
, for s > 1 + d

2 ,

and let us consider the space Vs associated to Ws,2
0 (O)d defined in Section 2. By means of

separability, there exists a basis
{
ψk

}
k∈N of Vs , formed by the eigenfunctions of a suitable

spectral problem, that is, orthogonal inL2(O)d and that can bemadeorthonormal inWs,2
0 (O)d

(see [50, Theorem A.4.11]). Given n ∈ N, let us consider the n−dimensional space Xn =
span{ψ1, . . . ,ψn}.

For each n ∈ N, we search for approximate solutions of the form

un(x, t) =
n∑

k=1

cnk (t)ψk(x), ψk ∈ Xn, (4.4)

where the coefficients cn1(t), . . . , c
n
n(t) are solutions of the following n stochastic ordinary

differential equations

d
[(
un(t),ψk

) + κ
(∇un(t),∇ψk

)]

=
[(
un(t) ⊗ un(t) : ∇ψk

) − ν
〈|D(un(t))|p−2D(un(t)) : D(ψk)

〉 + (
f (t),ψk

)]
dt

− α
(
a(un(t)),ψ l

) + �(un(t))dWn(t),ψk

)
, k = 1, . . . , n, (4.5)

supplemented with the initial conditions

un(0) = un0, in O, (4.6)

where un0 = Pn(u0), with Pn denoting the orthogonal projection Pn : V −→ Xn so that

un(0, x) =
n∑

k=1

cnk (0)ψk(x), cnk (0) = cnk,0 := (u0,ψk), k = 1, . . . , n.

In (4.5), we assume that the approximate cylindrical Wiener process
{
Wn(·)

}
has the form

Wn(t) =
n∑

k=1

ekβk(t),

and note that (4.5) is to be understood P−a.s., and for all t ∈ (0, T ]. Observe that the
stochastic system (4.5)-(4.6) can be written in the matrix form as follows,

Cdc(t) = b(t)dt + G(t)dβ(t), c(0) = cn,0, (4.7)

where C = {
anlm

}n
l,m=1, b(t) = {bnl (t)}nl=1, c(t) = {cnm(t)}nm=1, G(t) = {

gnlm(t)
}n
l,m=1 and

β(t) = {βn
m(t)}nm=1, with

anlm := (
ψ l ,ψm

) + κ
(∇ψ l ,∇ψm

)
,

bnl (t) := (
f (t),ψ l

) + (
unn(t) ⊗ unn(t) : ∇ψ l

) − ν
〈|D(un(t))|p−2D(un(t)) : D(ψ l)

〉

− α
(
a(un(t)),ψ l

)
,

c(t) := (cn1(t), . . . , c
n
n(t)) and c0 = (cn1,0, . . . , c

n
n,0),

gnlm(t) := (
�(un(t))el ,ψm

)
,

β(t) := (βn
1 (t), . . . , βn

n (t)).
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Taking into account that the family
{
ψk

}
k∈N is linearly independent in V,

(
Cξ , ξ

)
> 0 for

all ξ ∈ R
n \ {0}, we can write (4.7) in the form

dc(t) = b(t)dt + G(t)dβ(t), c(0) = cn,0, (4.8)

where b(t) = C−1b(t) and G(t) = C−1G(t).
If both the coefficients b(·) and G(·) are globally Lipschitz-continuous, one can use the

classical existence results for stochastic differential equations. Our case does not fall in that
category, so we have to use themonotonicitymethod and verify the conditions of the vectorial
version of Lemma 2.1 as follows:

〈b(·, un) − b(·, vn), un − vn〉
= (

un ⊗ un − vn ⊗ vn : ∇(un − vn)
)

− ν〈|D(un)|p−2D(un) − |D(vn)|p−2D(vn) : D(un − vn)〉
− α

(|un |q−2un − |vn |q−2vn, un − vn
)

≤ (
un ⊗ un − vn ⊗ vn : ∇(un − vn)

)
,

where we have used (2.4). If ‖un‖2 ≤ R and ‖vn‖2 ≤ R, there exists a constantC(R, n) > 0
such that

〈b(t, un) − b(t, vn), un − vn〉 ≤ C(R, n)‖un − vn‖22.
This, together with the Lipschitz-continuity ofG (cf. (2.11)), gives us the weak monotonicity
property in the sense of Lemma 2.1-(2). Using the fact 〈un ⊗ un : ∇un〉 = 0, we find

〈b(·, un), un〉 = −ν〈|D(un)|p−2D(un) : D(un)〉 − α
(|un |q−2un, un

) + (
f , un

)

≤ C(1 + ‖ f ‖2‖un‖2) ≤ C(1 + ‖ f ‖2)(1 + ‖un‖22).
Using the linear growth of G cf. (2.11), we find

〈b(t, un), un〉 + ‖G‖2L2
≤ C(1 + ‖ f ‖2)(1 + ‖un‖22).

Since the term
∫ T
0 (1 + ‖ f ‖2)dt is finite, P−a.s., this yields the weak coercivity property

in the sense of Lemma 2.1-(3). By Lemma 2.1, we obtain the existence of a unique strong
solution Cc ∈ L2(
,F ,P;C([0, T ∗];Rn)) to the stochastic system (4.7), which implies

sup
t∈[0,T ∗]

‖Cc(t)‖Rn < +∞.

Our aim is to show that sup
t∈[0,T ∗]

‖c(t)‖Rn < +∞, which we obtain as follows:

sup
t∈[0,T ∗]

‖c(t)‖Rn = sup
t∈[0,T ∗]

‖C−1Cc(t)‖Rn ≤ ‖C−1‖L(Rn;Rn) sup
t∈[0,T ∗]

‖Cc(t)‖Rn < +∞,

since C−1 is a bounded operator. Thus, we obtain the existence of a unique strong solution
to the stochastic system (4.6).

4.2 Uniform Estimates

In this subsection, we establish the uniform energy estimate for the solution of the finite-
dimensional approximate system corresponding to the system (4.2).
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Theorem 4.1 Let p ∈ (1,∞) and assume that (2.11) and (4.3) are verified. Assume, in
addition, that (2.9) and (2.10) hold with γ = 2. Then there exists a positive constant C,

neither depending on n nor on α such that

E

[

sup
t∈(0,T )

{
‖un(t)‖22 + 2κ‖∇un(t)‖22

}
+ 4C(p,O)ν

∫ T

0
‖∇un(t)‖ppdt + 2α

∫ T

0
‖un(t)‖qqdt

]

≤ C(κ)

{(
1

η1
+ κ

)∫

V
‖z‖2Vd�0(z) +

∫

L2(OT )
‖g‖2L2(OT )

d� f (g) + C(K )T

}
e
C(K )T

η1 ,

(4.9)

where C is independent of α and η1 is the first eigenvalue of the Dirichlet Laplacian.

Proof Define a sequence of stopping times {τ nN }N∈N as follows:

τ nN := inf
t∈[0,T ]{t : ‖∇un(t)‖2 ≥ N }. (4.10)

Applying finite-dimensional Itô’s formula to the process ‖(I − κ�)
1
2 un(·)‖22, we obtain,

P−a.s.,

‖un(t ∧ τ nN )‖22 + κ‖∇un(t ∧ τ nN )‖22
= ‖un(0)‖22 + κ‖∇un(0)‖22 − 2ν

∫ t∧τ nN

0

∫

O
A(un) : D(un) dxds

− 2α
∫ t∧τ nN

0

∫

O
a(un) · un dxds + 2

∫ t∧τ nN

0

∫

O
�(un)dWn(s) · un dx

+
∫ t∧τ nN

0

∫

O
d

〈 ∫ ·

0
�(un)dWn

〉

s
dx

≤
(

1

η1
+ κ

)
‖∇un(0)‖22 − 2ν

∫ t

0
‖D(un(s))‖p

pds − 2α
∫ t∧τ nN

0
‖un(s)‖qqds

+ 2
∫ t∧τ nN

0

∫

O
f · un dxds + 2

∫ t∧τ nN

0

∫

O
�(un)dWn(s) · undx

+
∫ t∧τ nN

0

∫

O
d

〈 ∫ ·

0
�(un)dWn

〉

s
dx, (4.11)

where we have used Poincaré’s inequality. Taking expectation on both sides and then using
Korn’s inequality (cf. [39] or [3, Lemma 2.1]), we find

E

[
‖un(t ∧ τnN )‖22 + κ‖∇un(t ∧ τnN )‖22

+ 2C(p,O)ν

∫ t∧τ nN

0
‖∇un(s)‖ppds + 2α

∫ t∧τ nN

0
‖un(s)‖qqds

]

≤ E

[(
1

η1
+ κ

)
‖∇un(0)‖22 + 2

∫ t∧τ nN

0

∫

O
f · un dxds

︸ ︷︷ ︸
:=I1(t∧τ nN )

+
∫ t∧τ nN

0

∫

O
d

〈 ∫ ·
0

�(un)dWn

〉

s
dx

︸ ︷︷ ︸
:=I2(t∧τ nN )

+ 2
∫ t∧τ nN

0

∫

O
�(un)dWn(s) · undx

︸ ︷︷ ︸
:=I3(t∧τ nN )

]
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≤
(

1

η1
+ κ

)
E
[‖∇un(0)‖22

] + 2E
[
I1(t ∧ τnN )

] + E
[
I2(t ∧ τnN )

] + 2E
[
I3(t ∧ τnN )

]
.

We estimate E
[|I1(t ∧ τ nN )|] using Young’s and Poincaré’s inequalities as follows:

E
[|I1(t ∧ τ nN )|] ≤ εE

[ ∫ t∧τ nN

0
‖un(s)‖22ds

]
+ C(ε)E

[ ∫ t∧τ nN

0
‖ f (s)‖22ds

]

≤ ε

η1
E

[ ∫ t∧τ nN

0
‖∇un(s)‖22ds

]
+ C(ε)E

[ ∫ t∧τ nN

0
‖ f (s)‖22ds

]
.

We know that E
[
I3(t ∧ τ nN )

] = 0, since the term I3(t ∧ τ nN ) is a martingale with zero
expectation. Now, we consider the term E

[
I2(t ∧ τ nN )

]
and estimate it with the help of Itô’s

isometry, (2.11) and Poincaré’s inequality as,

E
[
I2(t ∧ τ nN )

] = E

[ n∑

k=1

∫ t∧τ nN

0

∫

O

∣
∣�(un)ek

∣
∣2dxds

]
≤ E

[∑

k∈N

∫ t∧τ nN

0

∫

O
|φk(un)|2 dxds

]

≤ C(K )E

[
T + 1

η1

∫ t∧τ nN

0
‖∇un(s)‖22ds

]
.

Combining the above estimates and using it in (4.11), we find

E

[
‖un(t ∧ τ nN )‖22 + κ‖∇un(t ∧ τ nN )‖22 + 2C(p,O)ν

∫ t∧τ nN

0
‖∇un(s)‖p

pds + 2α
∫ t∧τ nN

0
‖un(s)‖qqds

]

≤
(

1

η1
+ κ

)
E
[‖∇un(0)‖22

] + C(K , T ) + 1

η1
(C(K ) + ε)E

[ ∫ t∧τ nN

0
‖∇un(s)‖22ds

]

+ C(ε)E

[ ∫ t∧τ nN

0
‖ f (s)‖22ds

]
.

An application of Gronwall’s inequality with a proper choice of ε in the above inequality
yields

E

[
‖∇un(t ∧ τ nN )‖22

]
≤ C(κ)

{(
1

η1
+ κ

)
E
[‖∇un(0)‖22

]

+ CE

[ ∫ T

0
‖ f (s)‖22ds

]
+ C(K , T )

}
e
C(K )T

η1 . (4.12)

Taking limit N → ∞ in (4.12) and using the monotone convergence theorem, we get

E

[
‖∇un(t)‖22

]
≤ C(κ)

{(
1

η1
+ κ

)
E
[‖∇u0‖22

] + CE

[ ∫ T

0
‖ f (s)‖22ds

]
+ C(K , T )

}
e
C(K )T

η1 ,

(4.13)

for all t ∈ [0, T ].
Taking supremum from 0 to T ∧ τ nN and then expectation in (4.11), we find

E

[
sup

t∈[0,T∧τ nN ]
{‖un(t)‖22 + κ‖∇un(t)‖22

} + 2C(p,O)ν

∫ T∧τ nN

0
‖∇un(s)‖p

pds
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+ 2α
∫ T∧τ nN

0
‖un(s)‖qqds

]

≤
(

1

η1
+ κ

)
E
[‖∇u0‖22

] + C(ε)E

[ ∫ T

0
‖ f (s)‖22ds

]
+ C(K )T

+ 1

η1
(C(K ) + ε)E

[ ∫ T∧τ nN

0
‖∇un(s)‖22ds

]
+ 2E

[
sup

t∈[0,T∧τ nN ]
I3(t)

]
. (4.14)

We estimate the final term from the right hand side of (4.14) using the BDG (see [19, Theorem
1.1]), Hölder’s and Young’s inequalities as follows:

E

[
sup

t∈[0,T∧τ nN ]
|I3(t)|

]
= E

[
sup

t∈[0,T∧τ nN ]

∣
∣
∣
∣

∫ t

0

∫

O
�(un)dWn(s) · un(s) dx

∣
∣
∣
∣

]

= E

[
sup

t∈[0,T∧τ nN ]

∣
∣
∣
∣

∫ t

0

n∑

k=1

∫

O
�(un)ekdβk(s) · un dx

∣
∣
∣
∣

]

= E

[
sup

t∈[0,T∧τ nN ]

∣
∣
∣
∣

∫ t

0

n∑

k=1

∫

O
φk(un)dβk(s) · un dx

∣
∣
∣
∣

]

≤ CE

[ ∫ T∧τ nN

0

n∑

k=1

(∫

O
φk(un) · un dx

)2

ds

] 1
2

≤ CE

[ ∫ T∧τ nN

0

n∑

k=1

(∫

O
|un |2dx

∫

O
|φk(un)|2dx

)
ds

] 1
2

≤ C(K )E

[
1 +

∫ T∧τ nN

0

(∫

O
|un |2dx

)2

ds

] 1
2

≤ εE

[
sup

t∈[0,T∧τ nN ]
‖un(s)‖22

]
+ C(ε, K )E

[
T +

∫ T∧τ nN

0
‖un(s)‖22ds

]
.

(4.15)

Substituting the above estimate in (4.14) with a proper choice of ε, and an application of
Gronwall’s inequality yields

E

[
sup

t∈[0,T∧τ nN ]
{‖un(t)‖22 + 2κ‖∇un(t)‖22

} + 4C(p,O)ν

∫ T∧τ nN

0
‖∇un(t)‖p

pdt

+ 2α
∫ T∧τ nN

0
‖un(t)‖qqdt

]

≤ C(κ)

{(
1

η1
+ κ

)∫

V
‖z‖2Vd�0(z) + 2C

∫

L2(OT )

‖g‖2L2(OT )
d� f (g) + C(K , T )

}
e
C(K )T

η1 .

Finally, passing N → ∞ in the above inequality, we arrive at

E

[
sup

t∈[0,T ]

{
‖un(t)‖22 + 2κ‖∇un(t)‖22

}
+ 4C(p,O)ν

∫ T

0
‖∇un(t)‖ppdt + 2α

∫ T

0
‖un(t)‖qqdt

]

≤ C(κ)

{(
1

η1
+ κ

)∫

V
‖z‖2Vd�0(z) +

∫

L2(OT )
‖g‖2L2(OT )

d� f (g) + C(K , T )

}
e
C(K )T

η1 ,

by assuming the right-hand side is finite, which is true due to (2.9) and (2.10). ��
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Theorem 4.2 Let p ∈ (2d/d+2,∞) and assume the conditions (2.11) and (4.3) are satisfied.
Assume, in addition, that (2.9) and (2.10) hold with γ = 2. Then there exists a martingale
solution to the approximate system (4.2),

((
,F , {F t }t∈[0,T ],P), u, u0, f ,W),

in the following sense:

(1) (
,F , {F t }t∈[0,T ],P) is a stochastic basis, with a complete right-continuous filtration
{F t }t∈[0,T ];

(2) W is a cylindrical {F t }t∈[0,T ]−adapted Wiener process;
(3) u is a progressively {F t }t∈[0,T ]−measurable stochastic process with paths t �→

u(t, ω) ∈ L∞(0, T ;V) ∩Lp(0, T ;W1,p
0 (O)d) ∩Lq(0, T ;Lq(O)d), P−a.s. with a con-

tinuous modification having P−a.s. paths in C([0, T ];V);
(4) u0 is progressively {F t }t∈[0,T ]−measurable on the probability space (
,F ,P), with

P−a.s. paths u0(ω) ∈ V and �0 = P ◦ u−1
0 in the sense of (2.6);

(5) f is a {F t }t∈[0,T ]−adapted stochastic process, with P−a.s. paths f (t, ω) ∈ L2(OT )

and � f = P ◦ f
−1

in the sense of (2.7);

(6) for every ϕ ∈ C∞
0 (O)d , with divϕ = 0 in OT , and for all t ∈ [0, T ], the following

identity holds P−a.s.:
∫

O
u(t) · ϕ dx + κ

∫

O
∇u(t) : ∇ϕ dx −

∫ t

0

∫

O
u ⊗ u : ∇ϕ dxds

+ α

∫ t

0

∫

O
|u|q−2u · ϕ dxds (4.16)

+ ν

∫ t

0

∫

O
|D(u)|p−2D(u) : Dϕ dxds

=
∫

O
u0 · ϕ dx + κ

∫

O
∇u0 : ∇ϕ dx +

∫ t

0

∫

O
f · ϕ dxds +

∫ t

0

∫

O
�(u)dW(s) · ϕ dx.

(4.17)

In addition, there exists a positive constant C, not depending on α, such that

E

[

sup
t∈[0,T ]

{‖u(t)‖22 + 2κ‖∇u(t)‖22
} + 4ν

∫ T

0
‖∇u(t)‖p

pdt + 2α
∫ T

0
‖u(t)‖qqdt

]

≤ C

{(
1

λ1
+ κ

)∫

V
‖z‖2Vd�0(z) +

∫

L2(OT )

‖g‖2L2(OT )
d� f (g) + C(K , T )

}
. (4.18)

Proof For the sake of better comprehension, the proof of Theorem 4.2 shall be split through
the following sections:

4.3 Weak Convergence

In view of (4.9), the Banach-Alaoglu theorem gives the existence of functions u, w, S and
� such that, for some subsequences still labeled by the same subscript,

un
∗−−−⇀

n→∞ u, in L2(
,F ,P;L∞(0, T ;V)
)
, (4.19)

un −−−⇀
n→∞ u, in Lp(
,F ,P;Lp(0, T ;W1,p

0 (O)d
)
, (4.20)
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un −−−⇀
n→∞ u, in Lq(
,F ,P;Lq(0, T ;Lq(O)d)

)
, (4.21)

a(un) −−−⇀
n→∞ s, in Lq ′(


,F ,P;Lq ′
(0, T ;Lq ′

(O)d)
)
, (4.22)

un ⊗ un −−−⇀
n→∞ w, in L

q
2
(

,F ,P;L q

2 (0, T ;L q
2 (O)d×d)), (4.23)

A(un) −−−⇀
n→∞ S, in Lp′(


,F ,P;Lp′
(0, T ;Lp′

(O)d×d)
)
, (4.24)

A(un) −−−⇀
n→∞ S, in Lp′(


,F ,P;Lp′
(0, T ;W−1,p′

(O)d×d)
)
, (4.25)

�(un) −−−⇀
n→∞ �, in L2(
,F ,P;L2(0, T ;L2(U,L2(O)d))

)
. (4.26)

Our aim is to establish that

s = a(u), w = u ⊗ u, S = A(u), and � = �(u).

4.4 Compactness

From the Subsection 4.3, we have the weak convergence results (4.19)-(4.26), which are not
enough to pass to the limit in the nonlinear terms and in the noise coefficient appearing in
our model. In order to pass these terms to the limit, we need some compactness arguments.

We test (4.5) with φ ∈ V, so that P−a.s.,
∫

O
un(t) · φ dx + κ

∫

O
∇un(t) : ∇φ dx ≡

∫

O
un(t) · Pn

s (φ) dx + κ

∫

O
∇un(t) : ∇Pn

s (φ) dx

=
∫

O
u0 · Pn

s (φ) dx + κ

∫

O
∇u0(t) : ∇Pn

s (φ) dx +
∫ t

0

∫

O
Gn : ∇Pn

s (φ) dxds

+
∫ t

0

∫

O
�(un)dWn(s) · Pn

s (φ) dx, (4.27)

where Pn
s denotes the projection into the n−dimensional space Xn with respect to the Vs

inner product, and

Gn := un ⊗ un + ∇�−1a(un) − νA(un) + F, (4.28)

with F chosen in L2(0, T ;W1,2(O)d×d) in such a way that divF = − f in the weak sense.

Claim 1 w = u ⊗ u and � = �(u).

Proof of Claim 1 Using the energy estimate obtained in (4.9) and the definitions of A and a
(see (2.5) and (4.1)), and observing (4.3), we find

Gn ∈ Lq0(
,F ,P;Lq0(0, T ;Lq0(O)d×d)), q0 := min
{
p′, q ′} > 1, (4.29)

uniformly in n. Note that in fact it should be q0 := min
{
p′, q ′, q

2

}
> 1, but once that q ≥ 3

(see assumption (4.3)), we have q0 = min
{
p′, q ′}. Let us define the functional

H(t,φ) :=
∫ t

0

∫

O
Gn : ∇Pn

s (φ) dxds, φ ∈ V.

As 1 + 2
q0

> 1
q0

− 1
2 implies the embedding Ws̃,q0(O) ↪→ Ws,2(O) for s̃ ≥ s + d

(
1 + 2

q0

)
,

we can use (4.29) to show that

E

[
‖H‖

W1,q0 (0,T ;W−s̃,q0
σ (O))

]
≤ C . (4.30)
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The above estimate can be justified as follows (cf. [16, Section 4]):
∥
∥
∥
∥
d

dt
H(t, ·)

∥
∥
∥
∥
Lq0 (0,T ;W−s̃,q0

σ (O))

=
∥
∥
∥
∥ sup

‖φ‖s̃,q′
0
≤1

d

dt
H(t,φ)

∥
∥
∥
∥
Lq0 (0,T )

=
∥
∥
∥
∥ sup

‖φ‖s̃,q′
0
≤1

∫

O
Gn(t) : ∇Pn

s̃ (φ) dx

∥
∥
∥
∥
Lq0 (0,T )

≤
∥
∥
∥
∥ sup

‖φ‖s̃,q′
0
≤1

‖Gn(t)‖q0‖∇Pn
s̃ (φ)‖q ′

0

∥
∥
∥
∥
Lq0 (0,T )

≤ C

(∫ T

0
‖Gn(t)‖q0q0dt

) 1
q0

.

For all 0 ≤ s < t ≤ T , we have

E

[∥∥
∥
∥

∫ t

0
�(un(�))dWn(�) −

∫ s

0
�(un(�))dWn(�)

∥
∥
∥
∥

q

2

]

= E

[∥∥∥∥

∫ t

s
�(un(�))dWn(�)

∥
∥∥∥

q

2

]
= E

[∥∥∥∥

∫ t

s

∞∑

j=1

�(un(�))eidβn
j

∥
∥∥∥

q

2

]

≤ CE

[(∫ t

s

∞∑

j=1

‖φk(un(�))‖22d�
) q

2
]

≤ C |t − s| q2
{
E

[
sup

�∈[0,T ]
{
1 + ‖un(�)‖22

}]}
q
2

≤ C |t − s| q2 ,

where we have used the BDG and Young’s inequalities and the energy estimate (4.9). By
the Kolmogorov continuity criterion, there exists a modification which has P−a.s. Hölder
continuous paths such that

E

[∥∥∥∥

∫ t

0
�(un(s))dWn(s)

∥∥∥∥
Cμ([0,T ];L2(O)d )

]
≤ C, μ := θ − 1

q
, (4.31)

for 1
q < θ < 1

2 if q > 2, which is the case due to assumption (4.3). Observing that

W
s̃,q ′

0
0 (O)d ↪→ W1,2

0 (O)d ↪→ L2(O)d , 1 < q0 < ∞, implies L2(O)d ↪→ W−s̃,q0(O)d , by
the above inequality, we have

E

[∥∥∥∥

∫ t

0
�(un(s))dWn(s)

∥∥∥∥
Cμ([0,T ];W−s̃,q0

0 (O)d )

]
≤ C . (4.32)

Collecting the information from (4.30) and (4.32) in (4.27), and still using (2.9), we arrive at

E

[
‖(I − κ�)un‖Cμ([0,T ];W−s̃,q0

σ (O)d )

]
≤ C,

for some positive constant C that does not depend on n. This in turn implies for some η > 0
that

E

[
‖(I − κ�)un‖Wη,q0 (0,T ;W−s̃,q0

σ (O)d )

]
≤ C . (4.33)

From (4.33), we conclude that

E

[
‖un‖Wη,q0 (0,T ;W2−s̃,q0

σ (O)d )

]
≤ C . (4.34)

123



  118 Page 28 of 52 A. Kumar et al.

Observing that s̃ ≥ s + d
(
1 + 2

q0

)
implies 2 − s̃ < 0.

Let
Zp,q := L∞(0, T ;V) ∩ Lp(0, T ;W1,p

0 (O)d) ∩ Lq(0, T ;Lq(O)d).

By the Sobolev embedding theorem, we infer

Zp,q ↪→ L∞(0, T ;Lρ
σ (O)d) ∩ Lp(0, T ;W1,p

0 (O)d), ρ ≤ min
{
2∗, q

}
.

By a version of the Aubin-Lions compactness lemma (see [29, Theorem 2.1]), we further
have

Wη,q0(0, T ;W2−s̃,q0
σ (O)d) ∩ L∞(0, T ;Lρ

σ (O)d) ∩ Lp(0, T ;W1,p
0 (O)d)

↪→↪→ Lρ(0, T ;Lρ
σ (O)d),

for q0 ≤ ρ < p∗. In view of this, and attending to the definition of q0 in (4.29), one has

Wη,q0(0, T ;W2−s̃,q0
σ (O)d) ∩ Zp,q ↪→↪→ Lρ(0, T ;Lρ

σ (O)d), (4.35)

for

min
{
p′, q ′} < ρ < min

{
2∗, p∗, q

}
, p >

2d

d + 2
. (4.36)

Now, we define the space

V := Lρ(0, T ;Lρ
σ (O)d) ⊗ C([0, T ];U0) ⊗ V ⊗ L2(OT ).

In the sequel, we use the following notations:

(1) �un denotes the law of un on Lρ(0, T ;Lρ
σ (O)d);

(2) �W denotes the law of W on C([0, T ];U0);
(3) �n denotes the joint law of un,W, u0 and f on the space V.

Let us consider a ball BN in the space Wη,q0([0, T ];W2−s̃,q0
σ (O)d) ∩ Zp,q and denote its

complement by Bc
N . Using the uniform estimates (4.9) and (4.34), we find

�un (B
c
N ) = P

(
‖un‖Wη,q0 (0,T ;W2−s̃,q0

σ (O)d )
+ ‖un‖Zp,q ≥ N

)

≤ 1

N
E

[
‖un‖Wη,q0 (0,T ;W2−s̃,q0

σ (O)d )
+ ‖un‖Zp,q

]
≤ C

N
.

For any fixed ξ > 0, we can find N (ξ) such that

�un (BN (ξ)) ≥ 1 − ξ

4
.

Since, the law �W is tight as being a Radon measure on the Polish space C([0, T ];U0), then
there exists a compact subset Kξ ⊂ C([0, T ];U0) such that �un (Kξ ) ≥ 1 − ξ

4 . By the same
reasoning, we are able to find compact subsets ofV andL2(OT ), such that their measures�0

and � f are greater than 1 − ξ
4 . Therefore, we can find a compact subset Vξ ⊂ V such that

�n(Vξ ) ≥ 1 − ξ . Hence, {�n}n∈N is tight in the same space. An application of Prokhorov’s
theorem (see [35, Theorem 2.6]) yields �n is relatively weakly compact, which implies that
�n has a weakly convergent subsequence with weak limit �.
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4.5 Existence of a Probability Space (Ä,F ,P)

Applying Skorohod’s representation theorem (see [35, Theorem 2.7]) to ensure the existence
of another probability space (
,F ,P), a random sequence (un,Wn, un0, f n) and a random
variable (u,W, u0, f ) on the probability space (
,F ,P), taking values in V such that the
following holds:

(1) The laws of sequence of random variables (un,Wn, un0, f n) and the random variable
(u,W, u0, f ) under the new probability measure P coincide with �n and � := lim

n→∞ �n ,

respectively;
(2) The following convergence results hold true

un −−−→
n→∞ u, in Lρ(0, T ;Lρ

σ (O)d), (4.37)

Wn −−−→
n→∞ W, in C([0, T ];U0),

un0 −−−→
n→∞ u0, in V,

f n −−−→
n→∞ f , in L2(0, T ;L2(O)d),

P−a.s.;
(3) The convergence results (4.20) and (4.23) still hold for the functions defined on the newly

constructed probability space (
,F ,P). Moreover, for any finite β, we have

E

[
sup

t∈[0,T ]
‖Wn(t)‖β

U0

]
= E

[
sup

t∈[0,T ]
‖W(t)‖β

U0

]
.

Applying Vitali’s convergence theorem, we have for some subsequences still labeled by the
same subscript

Wn −−−→
n→∞ W, in L2(
,F ,P;C([0, T ];U0)), (4.38)

un −−−→
n→∞ u, in Lρ(
,F ,P;Lρ(0, T ;Lρ

σ (O)d)), (4.39)

un0 −−−→
n→∞ u0, in L2(
,F ,P;V), (4.40)

f n −−−→
n→∞ f , in L2(
,F ,P;L2(0, T ;L2(O)d)), (4.41)

for ρ and p in the conditions of (4.36). Now, we need to define the filtration on the newly
constructed probability space. First, we define an operator of restriction to the interval [0, T ]
denoted by ht acting on various path spaces. More precisely, let X denote any of the spaces
Lρ(0, T ;Lρ(O)d), L2(0, T ;L2(O)d), or C([0, T ];U0), and for t ∈ [0, T ], we define

ht : X → X
∣∣[0,t], g �→ g

∣∣[0,t]. (4.42)

The mapping ht is continuous. Let us define the P−augmented canonical filtration by
{F t }t∈[0,T ] of the process (u, f ,W), that is,

F t = σ
(
σ(htu,ht f ,htW)

) ∪ {M ∈ F ;P(M) = 0}), t ∈ [0, T ].
Next, we are going to show that our approximate equations also hold in the new probability
space.
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4.6 Validity of the Approximate Equations in (Ä,F ,P)

The method we employ in this subsection has been already discussed in several works (see
for e.g. [14, 34, 55]). The main aim of this method is to identify the quadratic variation of the
martingale as well as cross variationwith the limitWiener process obtained through compact-
ness. Note that the laws of Wn and W are the same. As a consequence of the new probability
space, we can find a collection of mutually independent real-valued {F t }t∈[0,T ]−Wiener
processes {βn

j } j∈N such that Wn = ∑

j∈N
e jβ

n
j , that is, there exists a collection of mutually

independent real-valued {F t }t∈[0,T ]−Wiener processes {β j } j∈N such that W = ∑

j∈N
e jβ j .

We used the abbreviation Wn,n for
n∑

j=1
e jβ

n
j .

Let us consider φ ∈ V and define the functionals for t ∈ [0, T ]

N (un, u0, f )t =
∫

O
un(t) · φ dx + κ

∫

O
∇un(t) : ∇φ dx −

∫

O
un0 · φ dx − κ

∫

O
∇un0 : ∇φ dx

+
∫ t

0

∫

O
f · Pn(φ) dxds +

∫ t

0

∫

O
un ⊗ un : ∇Pn(φ) dxds

+ ν

∫ t

0

∫

O
A(un) : D(Pn(φ)) dxds,

M(un)t =
n∑

j=1

∫ t

0

(∫

O
φ j (un) · Pn(φ) dx

)2
ds,

Mj (un)t =
∫ t

0

∫

O
φ j (un) · Pn(φ) dxds.

Let us denote the increment N (un, u0, f )t −N (un, u0, f )s by N (un, u0, f )s,t and similarly
forM(un)s,t andMj (un)s,t .Observe that our proofwill be over onceweprove that the process
N (un) is an {F t }t∈[0,T ]−martingale and its quadratic and cross variations satisfy

〈N (un, u0, f )〉 = M(un), and 〈N (un, u0, f ), β j 〉 = Mj (un), (4.43)

respectively. In that situation, we have
〈
N (un, u0, f ) −

∫ ·

0

∫

O
�(un)dWn,n · Pn(φ) dx

〉
= 0, (4.44)

which implies the required result in the new probability space. Let us establish (4.43). To
finish this proof, we use the uniform estimate and we claim that the mappings

(un, u0, f ) �→ N (un, u0, f )t , un �→ M(un)t , and un �→ Mj (un)t ,

are well defined and measurable on a subspace of the path space, where the joint law of
(un, u0, f ) is supported, that is, the uniform estimate (4.9) of Theorem 4.1 holds. In the case
of M(un)t , we have by (2.11) and the continuity of Pn in the space L2(O)d

n∑

j=1

∫ t

0

(∫

O
φ j (un) · Pn(φ) dx

)2

ds ≤ C(φ)

n∑

j=1

∫ t

0

∫

O
|φ j (un)|2 dxds

≤ C(φ, K )

(
T +

∫ T

0
‖un(t)‖22dt

)
,
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which is finite in view of the uniform estimate (4.9). The rest two mappings N (un, u0, f )t
and Mj (un)t can be tackled in the same manner. Therefore the following random variables
have the same laws:

N (un, u0, f ) ∼ N (un, u0, f ),

M(un) ∼ M(un),

Mj (un) ∼ Mj (un).

For any fixed times s, t ∈ [0, T ] with s < t , let us define a continuous function by

h : V∣
∣[0,s] → [0, 1].

Since

N (un, u0, f )t =
∫ t

0

∫

O
�(un)dWn(s) · Pn(φ) dx =

n∑

j=1

∫ t

0

∫

O
φ j (un)dβ j · Pn(φ) dx,

is a square integrable {Ft }−martingale, we conclude that
[
N (un, u0, f )

]2 − M(un), and N (un)β j − Mj (un),

are {Ft }−martingales. Again, consider the restriction of a function to the interval [0, s]which
is denoted by hs . Due to the equality of laws, we find

E

[
h
(
hsun,hsWn,hs f , u0

)
N (un, u0, f )s,t

]

= E

[
h
(
hsun,hsW,hs f , u0

)
N (un, u0, f )s,t

]
= 0,

E

[
h
(
hsun,hsWn,hs f , u0

)([
N (un, u0, f )

]2
s,t − M(un)s,t

)]

= E

[
h
(
hsun,hsW,hs f , u0

)([
N (un, u0, f )

]2
s,t − M(un)s,t

)] = 0,

E

[
h
(
hsun,hsWn,hs f , u0

)([
N (un, u0, f )β

n
j

]
s,t − Mj (un)s,t

)]

= E

[
h
(
hsun,hsW,hs f , u0

)([
N (un, u0, f )β j

]
s,t − Mj (un)s,t

)] = 0.

Thus, we proved (4.43) and hence (4.44), which implies that on the new probability space
(
,F ,P), we have the equations for j = 1, . . . , n,

∫

O
dun · ψ j dx + κ

∫

O
d∇un : ∇ψ j dx + ν

∫

O
A(un) : D(ψ j ) dxdt

+ α

∫

O
a(un) · ψ j dxdt

=
∫

O
un ⊗ un : ∇ψ j dxdt +

∫

O
f · ψ j dxdt +

∫

O
�(un)dWn,n · ψ j dx, (4.45)

un(0) = Pnu0, (4.46)

and the following convergence results:

un
∗−−−⇀

n→∞ u, in L2(
,F ,P;L∞(0, T ;V)
)
, (4.47)
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un −−−⇀
n→∞ u, in Lp(
,F ,P;Lp(0, T ;W1,p

0 (O)d
)
, (4.48)

un −−−⇀
n→∞ u, in Lq(
,F ,P;Lq(0, T ;Lq(O)d)

)
, (4.49)

a(un) −−−⇀
n→∞ s, in Lq ′(


,F ,P;Lq ′
(0, T ;Lq ′

(O)d)
)

(4.50)

un ⊗ un −−−⇀
n→∞ u ⊗ u, in L

q
2
(

,F ,P;L q

2 (0, T ;L q
2 (O)d×d)

)
, (4.51)

A(un) −−−⇀
n→∞ S, in Lp′(


,F ,P;Lp′
(0, T ;Lp′

(O)d×d)
)
, (4.52)

A(un) −−−⇀
n→∞ S, in Lp′(


,F ,P;Lp′
(0, T ;W−1,p′

(O)d×d)
)
, (4.53)

�(un) −−−⇀
n→∞ �(u), in L2(
,F ,P;L2(0, T ;L2(U;L2(O)d))

)
. (4.54)

Using (4.38)-(4.41) and (4.47)-(4.54), we obtain the following limit equation, for all t ∈
[0, T ], P−a.s.:
∫

O
u(t) · φ dx + κ

∫

O
∇u(t) : ∇φ dx + ν

∫ t

0

∫

O
S : D(φ) dxds + α

∫ t

0

∫

O
s · φ dxds

=
∫

O
u0 · φ dx + κ

∫

O
∇u0 : ∇φ dx +

∫ t

0

∫

O
u ⊗ u : ∇φ dxds +

∫ t

0

∫

O
f · φ dxds

+
∫

O

∫ t

0
�(u)dW(s) · φ dx, (4.55)

for all φ ∈ C∞
0,σ (O)d . The stochastic terms need some justification while passing to the limit.

From (4.38), from one hand, and (2.11) and (4.39), on the other, we have

Wn −−−→
n→∞ W, in C([0, T ];U0),

�(un) −−−→
n→∞ �(u), in L2(0, T ;L2(U;L2(O)d)),

in probability. By [26, Lemma 2.1], these convergence results imply
∫ t

0
�(un)dWn(s) −−−→

n→∞

∫ t

0
�(u)dW(s), in L2(0, T ;L2(O)d),

in probability. Thus, we are able to pass to the limit in the stochastic term. This concludes
the proof of Claim 1. ��
Claim 2

s = a(u). (4.56)

Proof Claim 2 Let us recall the convergence (4.37)

un −−−→
n→∞ u, in Lρ(0, T ;Lρ

σ (O)d),

P−a.s., for the permissible ρ given in (4.36). As a consequence of the above convergence
and Riesz-Ficher’s theorem, we have upto some subsequence still labeled as same subscript

un −−−→
n→∞ u, P × λd+1 − a.e.

With the help of above convergence we can pass the limit n → ∞ in the nonlinear term
a(un), to find

a(un) −−−→
n→∞ a(u), P × λd+1 − a.e.,
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and due to (4.9), a(un) is uniformly bounded in the space Lq ′(

,F ,P;Lq ′

(0, T ;Lq ′
(O)d)

)
.

By [47, Lemma 1.3], we deduce that

a(un) −−−⇀
n→∞ a(u), in Lq ′(


,F ,P;Lq ′
(0, T ;Lq ′

(O)d)
)
,

and hence by the uniqueness of weak limit, we obtain s = a(u), which is the required Claim
2. ��

The proof of the next claim shall be done by using the theory of monotone operators.

Claim 3

S = A(u). (4.57)

Proof Claim 3 Applying infinite-dimensional Itô’s formula (see [33, Theorem 2.1] (see Sub-

section 4.8 below for a proper justification) to the process ‖(I − κ�)
1
2 u(·)‖22 and using the

fact
∫
O u ⊗ u : ∇udx = 0 in (4.55), we get for all t ∈ [0, T ], P−a.s.,

‖u(t)‖22 + κ‖∇u(t)‖22
+ 2ν

∫ t

0

∫

O
S : D(u) dxds + α

∫ t

0

∫

O
a(u) · u dxds

= ‖u0‖22 + κ‖∇u0‖22 + 2
∫ t

0

∫

O
f · u dxds + 2

∫ t

0

∫

O
�(u)dW(s) · u dx

+
∫ t

0

∫

O
d

〈 ∫ ·

0
�(u)dW

〉

s
dx.

Applying finite-dimensional Itô’s formula now to the process ‖(I − κ�)
1
2 un(·)‖22, sub-

tracting the former from the later, and then taking expectation to the obtained equation, we
get

2νE

[ ∫ T

0

∫

O
(A(un) − A(u)) : D(un − u

)
dxds

]

+ 2αE

[ ∫ T

0

∫

O
(a(un) − a(u)) · (un − u) dxds

]

= E

[
− {‖un(T )‖22 + κ‖∇un(T )‖22} + ‖u(T )‖22 + κ‖∇u(T )‖22

+ ‖Pnun0‖22 + κ‖∇Pnun0‖22 − ‖u0‖22 − κ‖∇u0‖22
]

+ 2νE

[ ∫ T

0

∫

O
(S − A(un)) : D(u) dxds −

∫ T

0

∫

O
A(u) : D(un − u) dxds

]

+ 2αE

[ ∫ T

0

∫

O
(a(u) − a(un)) · u dxds −

∫ T

0

∫

O
a(u) · (un − u) dxds

]

+ E

[
2
∫ T

0

∫

O
f · (un − u) dxds +

∫ T

0

∫

O
d

〈 ∫ ·

0
�(un)dWn,n

〉

s
dx

−
∫ T

0

∫

O
d

〈 ∫ ·

0
�(u)dW

〉

s
dx

]
.
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By (4.47) and the lower semicontinuity of the norm, one has

lim inf
n→∞ E

[‖un(T )‖22 + κ‖∇un(T )‖22 − ‖u(T )‖22 − κ‖∇u(T )‖22
] ≥ 0.

Using this, together with (4.48), (4.50), (4.53), and the monotonicity of the operator a(·),
we can pass to the limit n → ∞ in the previous equation to show that

lim
n→∞E

[ ∫ T

0

∫

O

(
A(un) − A(u)

) : D(un − u
)
dxds

]

≤ lim
n→∞E

[ ∫ T

0

∫

O
d

(〈 ∫ ·

0
�(un)dWn,n

〉

s
−
〈 ∫ ·

0
�(u)dW

〉

s

)
dx

]
.

For the remaining integral, we use (4.38) and (4.39), together with (2.11), to find that

E

[ ∫ T

0

∫

O
d

〈 ∫ ·

0
�(un)dWn,n

〉

s
dx

]
−−−→
n→∞ E

[ ∫ T

0

∫

O
d

〈 ∫ ·

0
�(u)dW

〉

s
dx

]
.

Finally, we arrive at

lim
n→∞E

[ ∫ T

0

∫

O

(
A(un) − A(u)

) : D(un − u
)
dt

]
≤ 0.

Using the monotonicity of the operator A(·), we find (cf. [27, Eqn. (1.6)], [30] or [65,
Appendix A])

D(un) −−−→
n→∞ D(u), P ⊗ λd+1 − a.e.

As a consequence of this, we obtain (4.57), which proves Claim 3. ��
This finishes the proof of Theorem 4.2. ��
Corollary 4.3 Let the hypothesis of Theorem 4.2 be verified. In addition, assume that (2.9)
and (2.10) hold with γ ≥ 2. Then there exists a martingale solution to the system (4.2) such
that

E

[
sup

t∈[0,T ]
{‖u(t)‖22 + κ‖∇u(t)‖22

}]
γ
2 + C(p,O)νE

[ ∫ T

0
‖∇u(t)‖p

pdt

] γ
2

+ CαE

[ ∫ T

0
‖u(t)‖qqdt

] γ
2

≤ C1

{(
1

η1
+ κ

) γ
2
(∫

V
‖z‖2Vd�0(z)

) γ
2 +

(∫

L2(OT )

‖g‖2L2(OT )
d� f (g)

) γ
2 + C(γ, K , T )

}
,

where the constant C1 is independent of α.

Proof Applying infinite-dimensional Itô’s formula to the process ‖(I − κ�)
1
2 u(·)‖22, and

taking the supremum from 0 to T in the resultant, next raising to the power γ
2 and then taking

expectation, we find

E

[
sup

t∈[0,T ]
{‖u(t)‖22 + κ‖∇u(t)‖22

} + C(p,O)ν

∫ T

0
‖∇u(t)‖p

pdt + 2α
∫ T

0
‖u(t)‖qqdt

] γ
2

≤ C(γ )

{(
1

η1
+ κ

) γ
2

E
[‖∇u0‖22

] γ
2 + E

[ ∫ T

0

∫

O
f · u dxdt

] γ
2
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+ E

[
sup

t∈[0,T ]

∣
∣
∣
∣

∫ t

0

∫

O
�(u)dW(s) · u dx

∣
∣
∣
∣

] γ
2 + E

[ ∫ T

0

∫

O
d

〈 ∫ ·

0
�(u)dW

〉

s
dx

] γ
2
}
.

(4.58)

To estimate the second term in the right hand side of (4.58), we use the Cauchy-Schwarz and
Young’s inequalities as follows:

E

[ ∫ T

0

∫

O
f · u dxdt

] γ
2 ≤ εE

[ ∫ T

0
‖u(t)‖22dt

] γ
2 + C(ε, γ )E

[ ∫ T

0
‖ f (t)‖22dt

] γ
2

.

Let us consider the penultimate term of the right hand side of (4.58). Using the similar
calculations to (4.15), we deduce

E

[
sup

t∈[0,T ]

∣
∣
∣
∣

∫ t

0

∫

O
�(u)dW(s) · u dx

∣
∣
∣
∣

] γ
2 ≤ εE

[
sup

t∈[0,T ]
‖u(t)‖22

] γ
2

+ C(ε, γ, K )E

[
T +

∫ T

0
‖u(t)‖22dt

] γ
2

.

Choosing ε small enough and using the above estimates in (4.58), we find

E

[
sup

t∈[0,T ]
{‖u(t)‖22 + 2κ‖∇u(t)‖22

}]
γ
2 + C(p,O)νE

[ ∫ T

0
‖∇u(t)‖p

pdt

] γ
2

+ CαE

[ ∫ T

0
‖u(t)‖qqdt

] γ
2

≤ C(γ )

{(
1

η1
+ κ

) γ
2

E
[‖∇u0‖22

] γ
2 + C(γ, η1, K )E

[ ∫ T

0
‖∇u(t)‖22dt

] γ
2

+ E

[ ∫ T

0
‖ f (t)‖22dt

] γ
2 + C(γ, K , T )

}
. (4.59)

An application of Gronwall’s inequality in (4.59) yields

E

[
sup

t∈[0,T ]
‖∇u(t)‖22

] γ
2

≤ C1

{(
1

η1
+ κ

) γ
2
(∫

V
‖z‖2Vd�0(z)

) γ
2 +

(∫

L2(OT )

‖g‖2L2(OT )
d� f (g)

) γ
2 + C(γ, K , T )

}
,

where C1 := C1(κ, γ, η1, K , T ). Collecting the obtained information in (4.59), we obtain
the required result. ��

4.7 Non-Stationary flows

In this subsection, we prove the main result of this work, that is, the existence of martingale
solutions to the stochastic problem (1.1)-(1.4).

Proof of Theorem 2.6 The proof of the theorem is lengthy, so we have divided it into several
steps. We start by approximating the original problem by an auxiliary problem under the
conditions of the previous sections. By Theorems 4.1 and 4.2, we have the existence of
solutions to the approximate system (4.2). Later, we obtain the uniform estimates, followed by
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weak convergence of subsequences as a direct application of the Banach-Alaoglu theorem. In
the second part, we establish some compactness arguments for the solution to the approximate
system (4.2). We pass to the limit in the viscous term with the help of the monotone operator
theory.

Step (1): (A priori estimate and weak convergence). We consider the following system:
⎧
⎪⎪⎨

⎪⎪⎩

d(I − κ�)un(t) = [
div(A(un(t))) − div(un(t) ⊗ un(t)) − 1

n
|un(t)|q−2un(t)

+ ∇π(t) + f n(t)
]
dt + �(t, un(t))dW(t),

un(0) = un0 .

(4.60)

Using Theorems 4.1 and 4.2, α = 1
n , we have the existence of a martingale solution

(
(
,F , {Ft }t≥0,P), un, un0, f n,W

)

to (4.60) with un ∈ Vp,q , �0 = P ◦ (un0)
−1 and � f n = P ◦ ( f n)

−1. For the sake of writing,
we have removed the underline bars. In view of the aforementioned results, we can write
P−a.s.,
∫

O
un(t) · φ dx + κ

∫

O
∇un(t) : ∇φ dx + ν

∫ t

0

∫

O
A(un) : D(φ) dxds

+ 1

n

∫ t

0

∫

O
a(un) · φ dxds

=
∫

O
un0 · φ dx + κ

∫

O
∇un0 : ∇φ dx +

∫ t

0

∫

O
un ⊗ un : ∇φ dxds +

∫ t

0

∫

O
f n · φ dxds

+
∫ t

0

∫

O
�(un)dW(s) · φ dx, for all φ ∈ V.

We can choose the probability space independently of n. The same holds for the Wiener
process W(·). On the other hand, Theorem 4.1 gives us the uniform estimates for un in the
space

L2(
,F ,P;L∞(0, T ;V)) ∩ Lp(
,F ,P;Lp(0, T ;W1,p
0 (O)d).

By Corollary 4.3 and assumptions (2.9)-(2.10) on �0 and � f n , with γ ≥ 2, we find

E

[
sup

t∈(0,T )

{‖un(t)‖22 + κ‖∇un(t)‖22
} γ

2

]
+ C(p,O)νE

[ ∫ T

0
‖∇un(t)‖p

pdt

] γ
2

+ C

n
E

[ ∫ T

0
‖un(t)‖qqdt

] γ
2 ≤ C1(κ, γ, η1, K , T ). (4.61)

Claim 4 For any p ≥ 1 and

γ ≥ max

{
pd

d − 2
, 2 + 2p

d − 2

}

there holds

E

[ ∫ T

0
‖un(t)‖ρ

ρdt

]
≤ C, ρ := pd

d − 2
if d 	= 2, and any ρ ∈ [1,∞) if d = 2. (4.62)
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Proof of Claim 4 Assume that d 	= 2 (for d = 2 is easier). For 1 ≤ p ≤ 2, we can use

Sobolev’s and Hölder’s inequalities, together with (4.61), so that for ρ ≥ max
{

pd
d−2 , 2

}
, one

has

E

[ ∫ T

0
‖un(t)‖

pd
d−2
pd
d−2

dt

]
≤CE

[ ∫ T

0
‖∇un(t)‖

pd
d−2
2 dt

]
= CE

[ ∫ T

0

[
(‖∇un(t)‖22

) γ
2

] pd
γ (d−2)

dt

]

≤C(T )

{

E

[
sup

t∈[0,T ]
{‖un(t)‖22 + κ‖∇un(t)‖22

} γ
2

]} pd
γ (d−2)

≤ C .

If p > 2, we can use the embedding

L∞(0, T ;V) ∩ Lp(0, T ;W1,p
0 (O)d) ↪→ L

pd
d−2 (0, T ;L pd

d−2 (O)d),

together with the Sobolev and Hölder’s inequalities, and with (4.61), to show that

E

[ ∫ T

0
‖un(t)‖

pd
d−2
pd
d−2

dt

]
≤ CE

[ ∫ T

0
‖∇un(t)‖

2p
d−2
2 ‖∇un(t)‖p

pdt

]
, p ≥ 2

= CE

[ ∫ T

0

[(‖∇un(t)‖22
) γ
2

] 2p
γ (d−2) ‖∇un(t)‖p

pdt

]

≤ C

{

E

[
sup

t∈[0,T ]
{‖∇un(t)‖22

} γ
2

]} 2p
γ (d−2)

⎧
⎨

⎩
E

[ ∫ T

0
‖∇un(t)‖p

pdt

] γ (p−2)
γ (d−2)−2p

⎫
⎬

⎭

γ (d−2)−2p
γ (d−2)

, γ ≥ 2p

d − 2

≤ C(T )

{

E

[
sup

t∈[0,T ]
{‖un(t)‖22 + κ‖∇un(t)‖22

} γ
2

]} 2p
γ (d−2)

{

E

[ ∫ T

0
‖∇un(t)‖p

pdt

] γ
2
} 2

γ

≤ C .

The penultimate inequality holds provided γ ≥ 2 + 2p
d−2 . ��

Claim 5 For some γ ≥ 2d
d−2 , there holds

E

[ ∫ T

0
‖un(t) ⊗ un(t)‖q0q0dt +

∫ T

0
‖ div(un(t) ⊗ un(t))‖q0q0dt

]
≤ C, (4.63)

for 1 ≤ q0 ≤ d
d−1 .

Proof of Claim 5 Assume also here that d 	= 2. By Hölder’s and Sobolev’s inequalities, along
with (4.61), one immediately has

E

[ ∫ T

0
‖un(t) ⊗ un(t)‖q0q0dt

]
≤ E

[ ∫ T

0
‖un(t)‖2q02q0

dt

]
≤ CE

[ ∫ T

0
‖∇un(t)‖2q02 dt

]

≤ CTE

[
sup

t∈[0,T ]
‖∇un(t)‖2q02

]
≤ C,

for q0 ≤ d
d−2 and γ ≥ 2q0.
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In turn, using Hölder’s and Sobolev’s inequalities, together with (4.61), one has

E

[ ∫ T

0
‖ div(un(t) ⊗ un(t))‖q0q0dt

]
≤ E

[ ∫ T

0
‖|un(t)|∇un |‖q0q0dt

]

≤ E

[ ∫ T

0
‖un(t)‖q02q0

2−q0

‖∇un(t)‖q02 dt

]

≤ CE

[ ∫ T

0
‖∇un(t)‖2q02 dt

]
for 1 ≤ q0 ≤ d

d − 1

≤ CTE

[
sup

t∈[0,T ]
‖∇un(t)‖2q02

]
≤ C, for γ ≥ 2q0.

Combining the above estimates, we prove (4.63) for

1 ≤ q0 ≤ d

d − 1
and γ ≥ 2d

d − 2
. (4.64)

The case of d = 2 is easy. The first part follows immediately from (4.62) and the second part
is an easy consequence of Sobolev’s inequality. ��

Applying the Banach-Alaoglu theorem, we can pass the limit along a subsequence (still
denoting by the same index) as follows:

un −−−⇀
n→∞ u, in L

γ p
2
(

,F ,P;Lp(0, T ;W1,p

0 (O)d)
)
, (4.65)

un −−−⇀
n→∞ u, in Lγ

(

,F ,P;Lρ(0, T ;V)

)
, ∀ ρ ≥ 1, (4.66)

1

n
|un |q−2un −−−→

n→∞ 0, in L
γ q′
2 (
,F ,P;Lq ′

(0, T ;Lq ′
(O)d)), (4.67)

un ⊗ un −−−⇀
n→∞ w, in Lq0

(

,F ,P;Lq0(0, T ;W1,q0(O)d×d), (4.68)

A(un) −−−⇀
n→∞ S, in Lp′(


,F ,P;Lp′
(0, T ;Lp′

(O)d×d)
)
, (4.69)

A(un) −−−⇀
n→∞ S, in Lp′(


,F ,P;Lp′
(0, T ;W−1,p′

(O)d×d)
)
, (4.70)

�(un) −−−⇀
n→∞ �̂, in L2(
,F ,P;Lρ(0, T ;L2(U,L2(O)d))

)
, ∀ ρ ≥ 1. (4.71)

Moreover, we have

u ∈ Lγ (
,F ,P;L∞(0, T ;V)),

�̂ ∈ Lγ (
,F ,P;L∞(0, T ;L2(U,L2(O)d))).

Now, for the reconstruction of the pressure term, we set

Hn
1 := A(un),

Hn
2 := un ⊗ un + ∇�−1 f n + ∇�−1

(
1

n
|un |q−2un

)
,

�n := �(un).

Applying Theorem 3.1, Corollaries 3.5 and 3.6, we get functions πn
h , πn

1 and πn
2 adapted to

{F t }t∈[0,T ] and �n
π progressively measurable such that P−a.s.,

∫

O
(un − ∇πn

h )(t) · φ dx + κ

∫

O
∇un(t) : ∇φ dx
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=
∫

O
un0 · φ dx + κ

∫

O
∇un0 : ∇φ dx − ν

∫ t

0

∫

O
(Hn

1 − πn
1 I) : ∇φ dxds

+
∫ t

0

∫

O
div

(Hn
2 − πn

2 I
) : φ dxds +

∫ t

0

∫

O
�ndW(s) · φ dx +

∫ t

0

∫

O
�n

πdW(s) · φ dx.

(4.72)

Hence, the following functions are uniformly bounded, with respect to n, in the below men-
tioned spaces

Hn
1 ∈ L

γ p′
2 (
,F ,P;Lp′

(0, T ;Lp′
(O)d×d)), (4.73)

Hn
2 ∈ Lq0(
,F ,P;Lq0(0, T ;W1,q0(O)d×d)), (4.74)

�n ∈ Lγ (
,F ,P;L∞(0, T ;L2(U,L2(O)d)), (4.75)

where we have used the continuity of ∇�−1 from Lq0(O)d to W1,q0(O)d×d . We know that
the corresponding pressure functions are also uniformly bounded in the scalar spaces. That
is

πn
h ∈ Lγ (
,F ,P;L∞(0, T ;L2(O))), (4.76)

πn
1 ∈ L

γ p′
2 (
,F ,P;Lp′

(0, T ;Lp′
(O))), (4.77)

πn
2 ∈ Lq0(
,F ,P;Lq0(0, T ;W1,q0(O))), (4.78)

�n
π ∈ Lγ (
,F ,P;L∞(0, T ;L2(U,L2(O)d)), (4.79)

where we have applied Corollaries 3.5 and 3.6. Using the regularity theory for the harmonic
functions and Corollary 3.6 to the harmonic pressure term, we find that

πn
h ∈ Lγ (
,F ,P;Lρ(0, T ;Wk,∞(O))), ∀ k ∈ N, ∀ ρ ≥ 1. (4.80)

Passing n → ∞ along subsequences, we obtain the following convergence results:

πn
h −−−⇀

n→∞ πh, in Lγ (
,F ,P;Lρ(0, T ;Wk,ρ(O)), ∀ρ ≥ 1, (4.81)

πn
1 −−−⇀

n→∞ π1, in L
γ p′
2 (
,F ,P;Lp′

(0, T ;Lp′
(O))), (4.82)

πn
2 −−−⇀

n→∞ π2, in Lq0(
,F ,P;Lq0(0, T ;W1,q0(O))), (4.83)

�n
π −−−⇀

n→∞ �π, in Lγ (
,F ,P;Lρ(0, T ;L2(U,L2(O)d)), ∀ρ ≥ 1. (4.84)

Now, our goal is to show that in (4.68) and (4.71), we have w = u ⊗ u and �̂ = �(u).
To prove this, we use the compactness arguments and a version of Skorokhod’s theorem (see
[36, Theorem 2]) which help us in the construction of a new probability space, similar to the
proof of Theorem 4.2. In the final part, we will prove that S = A(u).

Step (2): (Compactness). In this step, we prove the compactness of the sequence {un}n∈N.
Here we follow the approach used in [34, Section 4] (see also [14, Section 5]). As the pressure
needs to be included in the compact method, we have to work with weak convergence results.
However, in this case, we cannot apply the classical Skorokhod theorem due to the presence
of the non-metric space (see (4.87) below). Even though there is a generalization of this result
that includes weak topologies in Banach spaces: the Jakubowski-Skorokhod theorem (see
[36, Theorem 2]), which can be applied to quasi-Polish spaces (see [17]).

123



  118 Page 40 of 52 A. Kumar et al.

From (4.60)-(4.62), we compute that

E

[∥∥
∥
∥(I − κ�)un(t) −

∫ t

0
�(un)dW(s)

∥
∥
∥
∥
W1,q0 (0,T ;W−1,q0

σ (O)d )

]
≤ C .

For the stochastic integral term we use (4.31) (see [34, Lemma 4.6]), for some μ > 0

E

[∥∥
∥
∥

∫ t

0
�(un)dW(s)

∥
∥
∥
∥
Cμ([0,T ];L2(O)d )

]
≤ C,

which is a consequence of (4.61), and the assumption (2.11). Using the above information
and similar arguments to (4.33) and (4.34), we find

E

[
‖un‖Wη,q0 (0,T ;W1,q0

σ (O)d )

]
≤ C, for some η > 0. (4.85)

Using the embedding W1,q0
σ (O)d ↪→ Lq0

σ (O)d , for any q0 ∈ [1,∞), we obtain

E

[
‖un‖Wη,q0 (0,T ;Lq0

σ (O)d )

]
≤ C . (4.86)

Again, by [29, Theorem 2.1], for p > 2d
d+2 , we obtain the following compact embedding:

Wη,q0(0, T ;Lq0
σ (O)d) ∩ Lp(0, T ;W1,p

0,σ (O)d) ↪→↪→ Lρ(0, T ;Lρ
σ (O)d),

for all ρ < min
{ p(d+2)

d , 2d
d−2

}
. Note that ρ < min

{
p(d+2)

d , p∗, 2∗
}
and for p > 2d

d+2 we

know that p(d+2)
d < p∗.

We use the above compact embedding for the compactness of {un}n∈N. One can argue for
the harmonic pressure term {πn

h }n∈N in a similar manner. Reasoning as in [65, Eqn. (4.24)],
we can combine this with the regularity theory for harmonic functions and with the Lebesgue
dominated convergence theorem to prove that the following compact embedding holds:

L∞(0, T ;L2(O)) ∩ {�u(t) = 0, for a.e. t}↪→↪→Lρ(0, T ;Lρ(O)).

Now, we define a path space

V := Lρ(0, T ;Lρ
σ (O)d) ⊗ Lρ(0, T ;Lρ(O)) ⊗ Lp′

w (0, T ;Lp′
(O)) ⊗ Lq0

w (0, T ;W1,q0(O))

⊗ Lρ
w(0, T ;L2(U,L2(O)d)) ⊗ C([0, T ];U0) ⊗ V ⊗ L2(OT ), (4.87)

where w denotes the weak topology. The following notations are to be used next:

(1) �un denotes the law of un on Lρ(0, T ;Lρ
σ (O)d),

(2) �πn
h
denotes the law of πn

h on Lρ(0, T ;Lρ(O)),

(3) �πn
1
denotes the law of πn

1 on Lp′
w (0, T ;Lp′

(O)),

(4) �πn
2
denotes the law of πn

2 on Lq0
w (0, T ;W1,q0(O)),

(5) ��n
π
denotes the law of �n

π on Lρ
w(0, T ;L2(U,L2(O)d)),

(6) �Wn denotes the law of Wn on C([0, T ];U0),
(7) �n denotes the joint law of un, πn

h , πn
1 , πn

2 ,�n
π ,Wn, un0, f n on V.

Now, our main goal is to prove the tightness of the measure �n . For that, we first consider
the ball BN in the space Wη,q0(0, T ;Lq0

σ (O)d) ∩ Lp(0, T ;W1,p
σ (O)d) and the complement

of this ball is denoted by Bc
N . Thus, we have

�un (B
c
N ) = P

(
‖un‖Wη,q0

σ (0,T ;Lq0
σ (O)d )

+ ‖un‖Lp(0,T ;W1,p
0,σ (O)d )

≥ N

)
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≤ 1

N
E

[
‖un‖Wη,q0

σ (0,T ;Lq0
σ (O)d )

+ ‖un‖Lp(0,T ;W1,p
0,σ (O)d )

]
≤ C

N
,

where we have used (4.61) and (4.86). Thus, for any fixed ξ > 0, we can find N (ξ) such that

�un (BN (ξ)) ≥ 1 − ξ

8
.

Using (4.80), we can also prove that the law ofπn
h is tight, that is, there exists a compact subset

Kπ ⊂ Lρ(0, T ;Lρ(O)) such that�πn
h
(Kπ ) ≥ 1− ξ

8 .Asweknow that our spaces are reflexive,

therefore we can find compact sets for πn
1 , πn

2 and �n
π with measures ≥ 1− ξ

8 . And the law
�W is tight as it is the same with the law of Brownian motion W which is a Radon measure
on the space C([0, T ];U0). So, there exists another compact set Kξ ⊂ C([0, T ];U0) with
�Wn (Kξ ) ≥ 1− ξ

8 .Using the similar arguments,we canfind compact subsets ofV andL2(OT )

with their measures
(
�0 and� f n

)≥ 1− ξ
8 . Therefore, there exists a compact subsetVξ ⊂ V

with �n(Vξ ) ≥ 1 − ξ . Hence, {�n}n∈N is tight in the same space. Applying the Jakubowski
version of SkorokhodTheorem (see [36, Theorem2]), we ensure the existence of a probability
space (
,F ,P), and a sequence of random variables (un, πn

h, π
n
1, π

n
2,�

n
π ,Wn, un0, f n) and

a random variable (u, πh, π1, π2,�π ,W, u0, f ) defined on the probability space (
,F ,P)

taking values in the spaceV (see (4.87)) such that the following holds:

(1) The laws of (un, πn
h, π

n
1, π

n
2,�

n
π ,Wn, un0, f n) and (u, πh, π1, π2,�π ,W, u0, f ) are

the same under P and coincide with �n and � := lim
n→∞ �n , respectively;

(2) The following weak convergence holds

πn
1 −−−⇀

n→∞ π1, in Lp′
(0, T ;Lp′

(O)),

πn
2 −−−⇀

n→∞ π2, in Lq0(0, T ;W1,q0(O)),

�
n
π −−−⇀

n→∞ �π, in Lρ(0, T ;L2(U,L2(O)d)),

P−a.s.;
(3) The following strong convergence holds

un −−−→
n→∞ u, in Lρ(0, T ;Lρ

σ (O)d),

πn
h −−−→

n→∞ πh, in Lρ(0, T ;Lρ(O)),

Wn −−−→
n→∞ W, in C([0, T ];U0),

un0 −−−→
n→∞ u0, in V,

f n −−−→
n→∞ f , in L2(0, T ;L2(O)d),

P−a.s.;
(4) For all β < ∞, we have

E

[
sup

t∈[0,T ]
‖Wn(t)‖β

U0

]
= E

[
sup

t∈[0,T ]
‖W(t)‖β

U0

]
.

Using the equivalency in distributions, we find the following weak convergence results:

πn
1 −−−⇀

n→∞ π1, in Lp′
(
,F ,P;Lp′

(0, T ;Lp′
(O))),
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πn
2 −−−⇀

n→∞ π2, in Lq0(
,F ,P;Lq0(0, T ;W1,q0(O))),

�
n
π −−−⇀

n→∞ �π, in Lγ (
,F ,P;Lρ(0, T ;L2(U,L2(O)d))).

Using Vitali’s convergence theorem along subsequences, we obtain the following strong
convergence results:

Wn −−−→
n→∞ W, in L2(
,F ,P;C([0, T ];U0)), (4.88)

un −−−→
n→∞ u, in Lρ(
,F ,P;Lρ(0, T ;Lρ

σ (O)d)), (4.89)

∇ jπn
h −−−→

n→∞ ∇ jπh, in Lρ(
,F ,P;Lρ(0, T ;Lρ(O))), (4.90)

un0 −−−→
n→∞ u0, in L2(
,F ,P;V), (4.91)

f n −−−→
n→∞ f , in L2(
,F ,P;L2(0, T ;L2(O)d)), (4.92)

for all ρ < min
{ p(d+2)

d , 2d
d−2

}
. In the harmonic pressure term, we have used the regularity

theory for harmonic maps. As a consequence, for any β < ∞, we have

un ⊗ un −−−⇀
n→∞ u ⊗ u, in Lq0(
,F ,P;Lq0(0, T ;W1,q0(O)d×d)), (4.93)

�(un) −−−⇀
n→∞ �(u), in Lγ (
,F ,P;Lβ(0, T ;L2(U,L2(O)d))), (4.94)

�π(un) −−−⇀
n→∞ �π(u), in Lγ (
,F ,P;Lβ(0, T ;L2(U,L2(O)d))). (4.95)

Now, we define the P−augmented canonical filtration, which is denoted by {F t }t≥0, of the
process (u, πh, π1, π2,�,W, f ), that is,

F t = σ
(
σ(htu,htπh,htπ1,htπ2,ht�π,htW,ht f ) ∪ {M ∈ F ;P(M) = 0}), t ∈ [0, T ].

Proceeding as in the proof of Theorem 4.2, choosing in the present case (non-divergence
free) test functions from C∞

0 (O)d , we can show that the following equation holds on the new
probability space. That is, we have P−a.s.,

∫

O
(un − ∇πn

h)(t) · φ dx + κ

∫

O
∇un(t) : ∇φ dx

=
∫

O
un0 · φ dx + κ

∫

O
∇un0 : ∇φ dx − ν

∫ t

0

∫

O

(Hn
1 − πn

1I
) : ∇φ dxds

+
∫ t

0

∫

O
div

(Hn
2 − πn

2I
) · φ dxds +

∫ t

0

∫

O
�(un)dWn(s) · φ dx (4.96)

+
∫ t

0

∫

O
�

n
πdWn(s) · φ dx, (4.97)

for all t ∈ [0, T ], and φ ∈ C∞
0 (O)d , where we have set

Hn
1 := A(un),

Hn
2 := un ⊗ un + ∇�−1 f n + ∇�−1

(
1

n
|un |q−2un

)
.

Passing n → ∞, using the above convergence results, and [26, Lemma 2.1] for the conver-
gence of the stochastic integral term, we arrive at P−a.s.,
∫

O
(u − ∇πh)(t) · φ dx + κ

∫

O
∇u(t) : ∇φ dx
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=
∫

O
u0 · φ dx + κ

∫

O
∇u0 : ∇φ dx − ν

∫ t

0

∫

O

(H1 − π1I
) : ∇φ dxds

+
∫ t

0

∫

O
div

(H2 − π2I
) · φ dxds +

∫ t

0

∫

O
�(u)dW(s) · φ dx +

∫ t

0

∫

O
�πdW(s) · φ dx,

(4.98)

for all φ ∈ C∞
0 (O)d , where H1 := S and H2 := u ⊗ u + ∇�−1 f .

Now, our aim is to show that S = A(u). Let us set

Gn
1 := A(un) − S,

Gn
2 := un ⊗ un − u ⊗ u + ∇�−1( f n − f ) + ∇�−1

(
1

n
|un |q−2un

)
,

θ
n
h := πn

h − πh, θ
n
1 := πn

1 − π1, θ
n
2 := πn

2 − π2.

The following convergence results hold true:

un − u −−−⇀
n→∞ 0, in L

γ p
2 (
,F ,P;Lp(0, T ;W1,p

0 (O)d)), (4.99)

un − u −−−⇀
n→∞ 0, in Lγ (
,F ,P;Lρ(0, T ;V)), ∀ ρ < ∞, (4.100)

Gn
1 −−−⇀

n→∞ 0, in L
γ p′
2 (
,F ,P;Lp′

(0, T ;Lp′
(O)d×d)), (4.101)

Gn
2 −−−⇀

n→∞ 0, in Lq0(
,F ,P;Lq0(0, T ;W1,q0(O)d×d)), (4.102)

�(un) − �(u) −−−⇀
n→∞ 0, in Lγ (
,F ,P;Lρ(0, T ;L2(U,L2(O)d))), ∀ ρ < ∞.

(4.103)

For the pressure terms, we have the following convergence results:

θ
n
h −−−→

n→∞ 0, in Lγ (
,F ,P;Lρ(0, T ;W j,ρ(O))), ∀ ρ < ∞, (4.104)

θ
n
1 −−−⇀

n→∞ 0, in L
γ p′
2 (
,F ,P;Lp′

(0, T ;Lp′
(O))), (4.105)

θ
n
2 −−−⇀

n→∞ 0, in Lq0(
,F ,P;Lq0(0, T ;W1,q0(O))), (4.106)

�π(un) − �π(u) −−−⇀
n→∞ 0, in Lγ (
,F ,P;Lρ(0, T ;L2(U,L2(O)d))), ∀ ρ < ∞.

(4.107)

Moreover, we have

θ
n
h ∈ Lγ (
,F ,P;L∞(0, T ;L2(O))), (4.108)

�(un),�π(un) ∈ Lγ (
,F ,P;L∞(0, T ;L2(U,L2(O)d))), (4.109)

uniformly in n. We can rewrite the difference between the approximate equation (4.96) and
limit equation (4.98) as P−a.s.,
∫

O
(un − u − ∇θ

n
h)(t) · φ dx + κ

∫

O
(∇(un − u)(t)) : ∇φ dx

=
∫

O
(un0 − u0) · φ dx + κ

∫

O
(∇(un0 − u0)) : ∇φ dx − ν

∫ t

0

∫

O

(
Gn
1 − θ

n
1I
) : ∇φ dxds

+
∫ t

0

∫

O
div

(
Gn
2 − θ

n
2I
) · φ dxds +

∫ t

0

∫

O

(
�(un)dWn(s) − �(u)dW(s)

) · φ dx

123



  118 Page 44 of 52 A. Kumar et al.

+
∫ t

0

∫

O

(
�π(un)dWn − �π(u)dW(s)

) · φ dx, (4.110)

for all φ ∈ C∞
0 (O)d .

We introduce the sequence vn := un − ∇πn
h , and the sequence vn,1 = vn − v, where

v = u − ∇πh, for which we have

vn,1 −−−⇀
n→∞ 0, in Lp(
,F ,P;Lp(0, T ;W1,p

0 (O)d)), (4.111)

vn,1 −−−→
n→∞ 0, in Lρ(
,F ,P;Lρ(0, T ;Lρ

σ (O)d)). (4.112)

Thus, for all φ ∈ C∞
0 (O)d , we arrive at P−a.s.,

∫

O
(I − κ�)vn,1(t) · φ dx

=
∫

O
v
n,1
0 · φ dx + ν

∫ t

0

∫

O
div

(
Gn
1 − θ

n
1I
) · φ dxds

+
∫ t

0

∫

O
div

(
Gn
2 − θ

n
2I
) · φ dxds +

∫ t

0

∫

O

(
�(un)dWn(s) − �(u)dW(s)

) · φ dx

+
∫ t

0

∫

O

(
�π(un)dWn − �π(u)dW(s)

) · φ dx. (4.113)

Let us prove that if we test the above expression with vn,1 (validity of Itô’s formula), then
the right hand side of (4.113) is well-defined. In view of the regularity of vn,1, we only need
to work on the third term of the right hand side of (4.113). Assume that d 	= 2, as the case
of d = 2 is easier. By Sobolev’s embedding, we have

V ↪→ Lq ′
0(O)d , for q ′

0 ≤ 2d

d − 2
or q0 ≥ 2d

d + 2
.

From (4.64), we obtain

2d

d + 2
≤ q0 ≤ d

d − 1
, for d ≤ 4.

Combining the above facts, we conclude that

E

[ ∫ t

0

∫

O
div

(
Gn
2 − θ

n
2I
) · vn,1 dxds

]

≤ E

[ ∫ t

0

∫

O

∥∥ div
(
Gn
2 − θ

n
2

)∥∥
q0

‖vn,1‖q ′
0
dxds

]

≤ E

[(∫ t

0

∫

O
‖vn,1‖q

′
0

q ′
0
dxds

) 1
q′
0

(∫ t

0

∫

O
‖ div (Gn

2 − θ
n
2

)∥∥q0
q0
dxds

) 1
q0
]

(4.114)

≤ T
1
q′
0

{
E

[
sup

s∈[0,t]
‖∇vn,1(s)‖q

′
0

2

]} 1
q′
0

{
E

[ ∫ t

0

∫

O
‖ div (Gn

2 − θ
n
2

)∥∥q0
q0
dxds

]} 1
q0

< ∞,

where we have used Hölder’s inequality.

Claim 6

S = A(u). (4.115)
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Proof of Claim 6 Using density arguments, we can choose our test functions φ ∈ W1,p
0 (O)d ∩

W1,2
0 (O)d ∩ Lq ′

0(O)d . In view of the regularity of vn,1(·), we can apply the infinite-

dimensional Itô formula to the process ‖(I − κ�)
1
2 vn,1(·)‖2H, to find (see Subsection 4.8

for a justification)

‖vn,1(t)‖22 + κ‖∇vn,1(t)‖22
= ‖vn,1

0 ‖22 + κ‖∇v
n,1
0 ‖22 + 2ν

∫ t

0

∫

O
div

(
Gn
1 − θ

n
1I
) · vn,1dxds

+ 2
∫ t

0

∫

O
div

(
Gn
2 − θ

n
2

) · vn,1dxds + 2
∫ t

0

∫

O

(
�(un)dWn(s) − �(u)dW(s)

) · vn,1dx

+ 2
∫ t

0

∫

O

(
�π(un)dWn(s) − �π(u)dW(s)

) · vn,1dx

+
∫ t

0

∫

O
d

〈 ∫ ·

0
�(un)dWn −

∫ ·

0
�(u)dW

〉

s
ds

+
∫ t

0

∫

O
d

〈 ∫ ·

0
�π(un)dWn −

∫ ·

0
�π(u)dW

〉

s
ds

=:
8∑

j=1

I nj . (4.116)

Using the strong convergence (4.91) and Theorem 3.1 (2), we obtainE
[
I n1
]
, E

[
I n2
] −−−→

n→∞ 0.

Now, our aim is to show that the expected values of the terms I nj for j = 4, . . . , 8 goes to 0.
We know that the expectations of the terms I n5 and I n6 are equal to 0, being local martingale
terms.

The strong convergence (4.112) gives

vn,1 −−−→
n→∞ 0, in Lq ′

0(
,F ,P;Lq ′
0(0, T ;Lq ′

0
σ (O)d)), for

pd

pd − d + 2
≤ q0 ≤ d

d − 1
.

Using (4.102), (4.106) and the above consequence of strong convergence (4.112), we con-
clude that E

[
I n4
] −−−→

n→∞ 0 (cf. (4.114)).

Let us consider the term I n7 , and estimate it using the Cauchy-Schwarz inequality as

I n7 =
∫ t

0

∫

O
d

〈 ∫ ·

0

(
�(un) − �(u)

)
dWn

〉

s
dx +

∫ t

0

∫

O
d

〈 ∫ ·

0
�(u)d

(
Wn − W

)〉

s
dx

+
∫ t

0

∫

O
d

〈 ∫ ·

0

(
�(un) − �(u)

)
dWn,

∫ ·

0
�(u)d

(
Wn − W

)〉

s
dx

≤ C
∫ t

0

∫

O
d

〈 ∫ ·

0

(
�(un) − �(u)

)
dWn

〉

s
dx + C

∫ t

0

∫

O
d

〈 ∫ ·

0
�(u)d

(
Wn − W

)〉

s
dx

=: C(I n71 + I n72).

Using (2.11) and (4.89), we find

E[I n71] ≤ CE

[ ∫ t

0

∥∥�(un) − �(u)
∥∥2L2

ds

]
≤ CE

[ ∫ t

0
‖un − u‖22ds

]
−−−→
n→∞ 0.
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For the term I n72, we use the fact that u ∈ L2(
,F ,P;L2(0, T ;V)), (2.12) and (4.88), to
get

E[I n72] = E

[ ∫ T

0

∑

i

(∫

O

∣
∣φi (u)

∣
∣2Var

(
β
n
i (1) − β i (1)

)
dx

)
dt

]

≤ E

[ ∫ T

0

(∫

O
sup
i

i2|φi (u)|2 dx
)
dt

]∑

i

1

i2
Var

(
β
n
i (1) − β i (1)

)

≤ CE

[ ∫ T

0

(∫

O

(
1 + |u|2) dx

)
dt

]∑

i

1

i2
Var

(
β
n
i (1) − β i (1)

)

≤ CE

[ ∫ T

0

(∫

O

(
1 + |u|2) dx

)
dt

]
E
[‖Wn(1) − W(1)‖2U0

]

≤ CE

[ ∫ T

0

(
1 + ‖u‖22

)
dt

]
E

[
‖Wn − W‖2C([0,T ];U0)

]
−−−→
n→∞ 0.

We know that �π inherits the properties of �. Therefore, I n8 can be estimated in a similar
manner.

Taking expectation in (4.116), we find

2νE

[ ∫ t

0

∫

O
Gn1 : D(vn,1)dxds

]

= −E
[‖vn,1(t)‖22 + κ‖∇vn,1‖22

] +
2∑

j=1

E
[
I nj
] + 2νE

[ ∫ t

0

∫

O
∇θ

n
1 · vn,1dxds

]
+

8∑

j=4

E
[
I nj
]
.

Combining the above estimates, we arrive at

lim sup
n→∞

E

[ ∫ t

0

∫

O

(
A(un) − S

) : (D(un) − D(u)
)
dxds

]
≤ 0, (4.117)

where we have used the fact that div vn,1 = 0. Let us now consider

lim sup
n→∞

E

[ ∫ t

0

∫

O

(
A(un) − A(u)

) : (D(un) − D(u)
)
dxds

]

≤ lim sup
n→∞

E

[ ∫ t

0

∫

O

(
A(un) − S

) : (D(un) − D(u)
)
dxds

]

+ lim sup
n→∞

E

[ ∫ t

0

∫

O

(
S − A(u)

) : (D(un) − D(u)
)
dxds

]
≤ 0, (4.118)

where we have used (4.117) and also the weak convergence (4.99). Using the monotonicity
of the operator A(·) (see (2.4)), we also obtain

lim sup
n→∞

E

[ ∫ t

0

∫

O

(
A(un) − A(u)

) : (D(un) − D(u)
)
dxds

]
≥ 0. (4.119)

Combining (4.118), (4.119), (2.2) and (2.3), one can deduce that (cf. [27, Eqn. (1.6)] or [30])

D(un) −−−→
n→∞ D(u), P ⊗ λd+1 − a.e.

The above convergence justifies the limit procedure in the energy estimate, that is, S = A(u),
which completes the proof of Claim 6 (for more details, see [65, Appendix A]). ��
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This completes the proof of Theorem 2.6. ��

Remark 4.4 Since u ∈ L∞(0, T ;V) ∩ Lp(0, T ;W1,p
0 (O)d) is regular, we note that in order

to obtain the Claim 6, neither Lipschitz truncation ([25]) nor L∞-truncation ([14, 65]) are
required.

4.8 Pathwise Uniqueness of Solution

We rewrite the equation (1.1) as follows:

d(I − κ�)
1
2 u = (I − κ�)− 1

2
{
div

(
νA(u) − (u ⊗ u) − π I − F

)}
dt + (I − κ�)− 1

2 �(u)dW(t),
(4.120)

where F ∈ L2(0, T ;W1,2(O)d×d) such that divF = − f .
The existence of a solution u is already established in Theorem2.6 and u ∈ L∞(0, T ;V)∩

Lp(0, T ;W1,p
0 (O)d), P−a.s., for p > 2d

d+2 . Let us set v(·) := (I − κ�)
1
2 u(·). In order to

establish the energy equality (Itô’s formula), in view of [33, Theorem 2.1, Eqn. (1.2)], we
only need to show that

v∗ = (I − κ�)−
1
2
{
div

(
νA(u) − (u ⊗ u) − πI − F

)} ∈ L1(0, T ;L2(O)d).

In order to verify v∗ ∈ L1(0, T ;L2(O)d), we consider
∫ t

0
‖v∗(s)‖2ds ≤

∫ t

0
‖(I − κ�)−

1
2 divF(s)‖2ds +

∫ t

0
‖(I − κ�)−

1
2 divπI‖2ds

+ ν

∫ t

0
‖(I − κ�)−

1
2 divA(u(s))‖2ds

+
∫ t

0
‖(I − κ�)−

1
2 div(u(s) ⊗ u(s))‖2ds

=:
4∑

i=1

Ii .

We consider the term I1 and estimate it using Hölder’s inequality, to find

I1 ≤ C
∫ t

0
‖F(s)‖2ds ≤ C‖F‖L2(0,T ;W1,2(O)d×d ) < ∞.

Similarly, we can estimate the term I2 as

I2 ≤ C
∫ t

0
‖π(s)‖L2ds ≤ C‖π‖L2(0,T ;L2(O)) < ∞.

Now, we consider the term I3 and estimate it in the following way:

I3 ≤ Cν

∫ t

0
‖|D(u(s))|p−2D(u(s))‖2ds ≤ C

∫ t

0
‖∇u(s)‖p−1

2(p−1)ds

≤ C sup
t∈[0,T ]

‖∇u(t)‖p−1
2 < ∞,

for p ≤ 2.
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We estimate the final term I4, with the help of the embedding W1,2
0 (O)d ↪→ L4(O)d for

2 ≤ d ≤ 4, and Hölder’s inequality as

I4 ≤ C
∫ t

0
‖u(s) ⊗ u(s)‖2ds ≤ C

∫ t

0
‖u(s)‖24ds ≤ C sup

t∈[0,T ]
‖∇u(s)‖22 < ∞.

Combining the estimates of I1 − I4, we deduce that v∗ ∈ L1(0, T ;L2(O)d) and hence we
can use Itô’s formula (see [33, Theorem 2.1]) to obtain the following energy equality, P-a.s.,

‖u(t)‖22 + κ‖∇u(t)‖22 + 2ν
∫ t

0
‖D(u(s))‖p

pds

= ‖u0‖22 + κ‖∇u0‖22 + 2
∫ t

0

(
f (s), u(s)

)
ds +

∫ t

0
‖�(u(s))‖22ds

+ 2
∫ t

0

(
�(u(s))dW(s), u(s)

)
, (4.121)

for all t ∈ [0, T ], where p ∈ ( 2d
d+2 , 2

]
.

For p ≥ 2, we consider the Gelfand triplet Lp(O)d ⊂ H ⊂ Lp′
(O)d . In view of [33,

Theorem 2.1, Eqn. (1.2)], we only need to show the following:

ν

∫ t

0
‖(I − κ�)−

1
2 divA(u(s))‖p′

p′ds < ∞, (4.122)

and the remaining terms canbe estimatedwith thehelpof the embeddingLp′
(0, T ;L2(O)d) ⊂

Lp′
(0, T ;Lp′

(O)d), for p ≥ 2. Let us verify (4.122) in the following way:

ν

∫ t

0
‖(I − κ�)−

1
2 divA(u(s))‖p′

p′ds ≤ C
∫ t

0
‖A(u(s))‖p′

p′ds ≤ C
∫ t

0
‖∇u(s)‖p

pds < ∞.

Combining the estimates (4.122), I1, I2 and I4 imply the required energy equality (4.121)
for the case p ∈ [2,∞).

Now, we discuss the pathwise uniqueness of the solution to the system (1.1)-(1.4).

Theorem 4.5 (Uniqueness) Under the assumptions of Theorem 2.6, solution of the system
(1.1)-(1.4) is pathwise unique.

Proof Let u1(·), u2(·) be any two solutions of the system (4.120) with the initial data u10 and
u20, respectively. For M > 0, let us define

τ 1M = inf
t∈[0,T ]

{
t : ‖∇u1(t)‖2 ≥ M

}
, and τ 2M = inf

t∈[0,T ]
{
t : ‖∇u2(t)‖2 ≥ M

}
.

Set τM := τ 1M ∧ τ 2M . Let us define w(·) := u1(·) − u2(·) and �̃(·) := �(u1(·)) − �(u2(·)).
Then, w(·) satisfies the following system:
⎧
⎪⎪⎨

⎪⎪⎩

d(I − κ�)
1
2 w = (I − κ�)−

1
2
[
div

(
A(u1) − A(u2)

) − div
(
(u1 ⊗ u1) − (u2 ⊗ u2)

)

− div
(
(π1 − π2)I

)]
dt + (I − κ�)−

1
2 �̃dW,

w(0) = u10 − u20,
(4.123)

for all t ∈ [0, T ] in Lp′
.

Let us define

ϕ(t) := exp

(
−C1

∫ t

0
‖∇u2(s)‖2ds

)
,
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where C1 is the constant appearing in (4.126) below. Applying infinite-dimensional Itô’s

formula (see [33, Theorem 2.1]) to the process ϕ(·)‖(I − κ�)
1
2 w(·)‖22, we find P−a.s.,

ϕ(t ∧ τM )
{‖w(t ∧ τM )‖22 + κ‖∇w(t ∧ τM )‖22

}

= ‖w(0)‖22 + κ‖∇w(0)‖22 − 2ν
∫ t∧τM

0
ϕ(s)

〈
A(u1(s)) − A(u2(s)),D(w)

〉
ds

+ 2
∫ t∧τM

0
ϕ(s)

(
〈
div

{
(u1(s) ⊗ u1(s)) − (u2(s) ⊗ u2(s))

}
,w(s)

〉

− C1‖∇u2(s)‖2‖w(s)‖22
)
ds (4.124)

+
∫ t∧τM

0
ϕ(s)‖�̃(s)‖2L2

ds + 2
∫ t∧τM

0
ϕ(s)

(
�̃(s)dW(s),w(s)

)
. (4.125)

Using the following facts:
∣
∣〈 div

{
(u1 ⊗ u1) − (u2 ⊗ u2)

}
,w

〉∣∣ ≤ ‖∇u2‖2‖w‖24 ≤ C1‖∇u2‖2‖∇w‖22, (4.126)

for 2 ≤ d ≤ 4, and
〈
A(u1) − A(u2),D(w)

〉 ≥ 0,

and divw = 0, we arrive at P−a.s.,

ϕ(t ∧ τM )
{‖w(t ∧ τM )‖22 + κ‖∇w(t ∧ τM )‖22

}

≤ ‖w(0)‖22 + κ‖∇w(0)‖22 +
∫ t∧τM

0
ϕ(s)‖�̃(s)‖2L2

ds + 2
∫ t∧τM

0
ϕ(s)

(
�̃(s)dW(s),w(s)

)
.

Taking expectation, using Hypothesis 2.11, Poincaré’s inequality and the fact that the final
term is a martingale, we deduce

E

[
ϕ(t ∧ τM )

{‖w(t ∧ τM )‖22 + κ‖∇w(t ∧ τM )‖22
}]

≤
(

1

η1
+ κ

)
‖∇w(0)‖22 + C(K )

η1
E

[ ∫ t∧τM

0
ϕ(s)‖∇w(s)‖22ds

]
.

An application of Gronwall’s inequality yields

E

[
ϕ(t ∧ τM )‖∇w(t ∧ τM )‖22

]
≤ C(η1, κ, K )‖∇w(0)‖22,

where we have used that fact that
∫ t
0 ‖∇u2(s)‖2ds < ∞, P−a.s.

Thus the initial data u10 = u20 = u0 leads to w(t ∧ τM ) = 0, P−a.s. But using the fact
that τM → T , P−a.s., implies w(t) = 0 and hence u1(t) = u2(t), P−a.s., for all t ∈ [0, T ],
which completes the proof. ��

Proof of Theorem 2.7 We have already established the existence of a probabilistically weak
solution and pathwise uniqueness in Theorems 2.6 and 4.5, respectively. Therefore, combin-
ing Theorems 2.6, 4.5 and an application of Yamada-Watanabe theorem (see [62, Theorem
2.1]) leads to the proof of this theorem. ��
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