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Abstract: We show that the fractional operator I%(*), of variable order on a bounded open set in Q, in a quasi-
metric measure space (X, d, p) in the case a(x)p(x) = n (where n comes from the growth condition on the
measure u), is bounded from the variable exponent Lebesgue space LP()(Q) into BMO(Q) under certain as-
sumptions on p(x) and a(x).
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1 Introduction

The results of this paper lie in an area which has been extensively developed in the last two decades and
continues to attract the attention of researchers from various fields of mathematics. It suffices to refer to the
books [1, 2, 7, 8, 11].

Many problems of variable exponent analysis have bee solved both in the classical setting, i.e., in the
Euclidean case, and in the general setting of functions defined on quasimetric measure spaces of general
nature, including fractional upper and lower dimensions; the references may be found in the above-cited
books.

In this paper we consider fractional integrals in such a general setting. As is well known, fractional oper-
ators I%, defined on functions on domains in R", are bounded from L? to L4, where % = 1% - % in the so-called
prelimiting case 1 < p < 7, bounded to spaces of Holder continuous functions in the overlimiting case p > %
and to BMO in the case ap = n (see, for instance, [10, 14] for the latter case).

The extension of such results to the case of variable exponents p(x) and orders a(x), in the case where
sup a(x)p(x) < n, is known both in the Euclidean setting for open sets Q ¢ R" (see [12] or [7, 8, Chapter 2]
and in a more general setting of quasimetric measure spaces, see [4, 5]. The case a(x)p(x) = n was considered
in [13] in the Euclidean setting.

In this paper we consider the fractional integral

Ia(')f()/) _ J flz) du(z)

dy, e Ve
Q

of variable order a(x) over a bounded open set Q in a quasimetric measure space (X, d, i), with quasidistance
d and measure u, where the “dimension” n comes from the growth condition on the measure u (the necessary
preliminaries on the notions related to quasimetric measure spaces are given in Section 2.1). We show that in
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this setting the result of [13] on the action of the operator I*(") from LP()(Q) to BMO, in the case a(x)p(x) = n,
extends to the general case.

2 Preliminaries

2.1 Preliminaries on quasimetric measure spaces

The basics on quasimetric measure spaces may be found for instance in the books [3, 6].

In the sequel, (X, d, u) denotes a quasimetric space, with the quasidistance d satisfying the triangle in-
equality

dix,y) < kld(x,2z) + d(z,y)], k=>1,

and u being the Borel regular measure. For simplicity, we deal with symmetrical quasidistances, that is,
dx,y) = d(y, x).

We denote by Q ¢ X an open set. It will always be assumed to be bounded, i.e., 0 < £ < 00, £ = diam Q.

We use the notation

B(x,r)={yeX:dx,y)<r}, B(x,r)=B(x,rnnQ.

The following standard conditions will be assumed to be satisfied:

(1) All the balls B(x, r) are measurable and uS(x, r) = 0 for all the spheres S(x,r) ={y € X : d(x,y) =1},
xeX,r>0.

(2) The space C(X) of uniformly continuous functions on X is dense in L(X, ).
The measure y is called doubling if

uUB(x, 2r) < CuB(x, 1),

where C > 0 does not depend on r > 0 and x € X.
The conditions
uB(x, 1) < 11" (2.1)

and
uB(x,1) = corV, (2.2)

imposed on the measure y, are known as the upper and lower Ahlfors conditions; the first one of which is also
referred to as the growth condition. Note that the exponents n and N are not necessarily integers.
The Hardy-Littlewood maximal function of a locally u-integrable function f: Q — R s defined by

j W) du).

B(x,r)

1
M) = sup - B )

As was shown in [9], every quasimetric space (X, d) admits an equivalent quasidistance d; with the Lip-
schitz property, i.e., there exists an exponent 6 € (0, 1] such that
|d1(x, 2) - di(y, 2)| < Md§(x, y){di (x, 2) + da (1, 2)} 7, (2.3)
and the quasi-distance d; is the power of a distance, namely,
di(x,y) = d(x,y)7, (2.4)
i.e., the triangle inequality for d(x, y) holds with k = 1:
d(x, z) <d(x,y) + d(y, 2).
Note that relation (2.4) being given, property (2.3) is an immediate consequence of (2.4) and holds with

_1
M=1.

Definition 2.1. We say that the quasimetric d is regular of order 0 € (0, 1] if it itself satisfies property (2.3).
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2.2 Preliminaries on variable Lebesgue spaces LP(*)

Let Q ¢ X. The space LP")(Q), with yu-measurable exponent p: Q — [1, c0), is defined by the norm

p(x)
Iflzro @y = inf{/l 50 J |f%

Q

du(x) < 1}.

The important role of the log-continuity of p(x) is well known in variable analysis. In the quasimetric measure
spaces setting, we may use two forms of the log-condition. We denote by P°8(Q) and iP}fg(Q) the sets of u-
measurable exponents p: Q — [1, co) which satisfy the following log-conditions on Q:

C, 1
[p(x) —p(y) < m, d(x,y) < 5 X,y €Q, (2.5)

A
—InuB(x, d(x,y))

Ip(x) - p(y)l < (2.6)

for all x, y € Q such that uB(x, d(x, y)) < %, respectively.
Let P1°¢(Q) denote the set of exponents p € P°8(Q) such that

1 < inf p(x) < sup p(x) < co.
Q Q
The log-condition in form (2.6), coinciding with (2.5) in the Euclidean case, is more suitable in the context
of general quasimetric measure spaces because in some results it allows us to put less restrictions on (X, d, u).

Lemma 2.2. Let (X, d, u) be a quasimetric measure space and Q ¢ X. If the lower Ahlfors condition (2.2) holds,
then
Pog(Q) ¢ PE(Q). 2.7)

If the upper Ahlfors condition (2.1) holds, then
P%(Q) < PO%(Q).

Proof. The proof is a matter of direct verification. O

We will need the estimation of the following norm of truncated potential kernels:
App(x, 1) = 1d0x, ) POx, (6 i,

where x;(X,y) = Xa\Bw,n(¥). The estimate given in the theorem below is known. For a more general kernel
than the constant a, such an estimate was proved in [4, Lemma 4.2]. The proof with variable a(x) is given in
[12] for the Euclidean case. The proof for quasimetric measure spaces follows the same lines.

Theorem 2.3. Let Q be a bounded open set in X, let the growth condition (2.1) hold and let p € P'°$(Q) and
B e L>®Q).If
y = inf[BO)p(x) - n()] > 0,
xeQ

then ()
App(x, 1) < Crow P

forallx € Q,0 < r < £ =diam Q, where C > 0 does not depend on x and r.

3 Auxiliary statements

The estimate of the following lemma is known under various assumptions on (X, d, u) and p(x). We give its
proof under our assumptions for completeness of the presentation.
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Lemma 3.1. Let Q be an open bounded set in a quasimetric measure space (X, d, pu). If p € ﬂ’}fg, then
1
IXBx,nlp(-) < CluB(x, r)]P® (3.1)

for all r € [0, diam Q], where C > 0 does not depend on x and r. Estimate (3.1) is valid also for p € Plog if the
lower Ahlfors condition holds.

Proof. Letx ¢ Qand O < r < diam Q. For p € P\%, it is easy to check that

73’
p(X)

—pB(x r) < [uB(x,1)]?® < CuB(x, 1)

forally € B(x, r). Hence, for C; = CF, we have

J du(y) - J du(y)

() by~ uB(x,r) ~
B(x,r) ¢ uB(x, n]re B(x,r)
Then )
XBeenlp) = inf{n >0: j 1PV du(y) < 1} < C1[uB(x, )]79.
B(x,r)
When p € P8, it suffices to refer to (2.7). O

Recall that we are interested in the case
a(x)p(x) = n.

where n is from the growth condition (2.1).
The space BMO is defined as

BMO = {f: M*f € L™}, |Ifllsmo := IM* fllcos

where

MFf(x) := sup ———

1
r>0 UB(x, 1) ,['f()')_fﬁ(x,r)MH(V)

B(x,r)
is the sharp maximal function and
1

S du(z).
Bl J flz) du(z)

B(x,r)

fE(x,r) =

We consider two forms of the fractional maximal function:

(0

B

BC) fix) = r

WD) = s ey | V)
Bx,r)

and
Moo = sup— [ 1l due),

B(x,n)
where n is from the growth condition. The first one serves better in the case of the lower Ahlfors condition,
the second one in the case of the upper Ahlfors condition.

Lemma 3.2. Let Q be bounded and p € ﬂ’}f’g(Q). Then
INFOfllzeo) < Cliflrorey i BOOP(X) = N (3.2)

and
Mg fllzo) < Cliflrerqy  if BOOP(X) 2 1, (3.3)

under the assumption that (X, d, p) satisfies the lower Ahlfors condition in case (3.2) and the upper Ahlfors
condition in case (3.3).
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Proof. By the Holder inequality for variable exponents and estimate (3.1), we have

“ j:1e9) rBO)
MPOf(x) < sup ————IXBe,n I o) Iflrer@) < sUp —————IIflreq)s
r>0 U(B(x, 1)) 0 [u(B(x, r))] 7
whence (3.2) follows.
Estimate (3.3) is obtained similarly. O

Lemma 3.3. Let (X, d) be a quasimetric space, regular of order 6 € (0, 1]. Then
ld(x,z2)™ —d(y,z)7"| < gd(x, y)? min{d(x, z), d(y, z)}_y_e, y > 0. (3.4)
Proof. By (2.4), we have
1d(x, 27 = d(y,2)7 = ld(x, )7 - d(y, 2) 7,
where d is a distance, so that |d(x, z) — d(y, z)| < d(x, y). By the inequality
la”¥ -b™| <y-la-b|(min{a, b))’ L, a>0,b>0,y>0,

we then arrive at (3.4). O

4 Theorem on the LP()(Q) — BMO-boundedness

We denote by HA(Q) the space of functions f on Q satisfying the Holder condition |f(x) — f(y)| < Cd(x, y),
0 <A< 1.Let HQ) = Jgaray HHQ).

Remark 4.1. Note that assumption (4.1), used in the theorem below, may seem to be cumbersome as con-
taining the lower bound depending on a and p. However, a “more natural” assumption like (2.2) is more
restrictive, since we must then assume that a(x)p(x) > N instead of a(x)p(x) > n and N > n. Consequently,
we prefer to base ourselves on the condition a(x)p(x) > n and use the lower bound in form (4.1). In the case
N = n, assumption (4.1) can be replaced by (2.2).

Remark 4.2. In the following theorem, we assume that a(x)p(x) > n instead of a(x)p(x) = n, due to the fact
that Q is bounded. This assumption has some disadvantage because at the points x € Q, where it may happen
that a(x)p(x) > n, we should expect that the fractional integral is better than just a BMO function. However,
an advantage of the assumption a(x)p(x) > n is that we should not require that p(x) is Holder continuous,
which would immediately follow from the assumption that a(x)p(x) = n.

Theorem 4.3. Let (X, d, u) be regular of order 0 € (0, 1], let u be doubling, satisfy the upper Ahlfors condi-
tion (2.1) and a variable lower Ahlfors condition of the form

U(B(x, 1)) > cr@pt) (4.1)

let Q be a bounded open setin X and p € P°%(Q), and let a € H(Q). If a(x)p(x) > n, then the fractional operator
1) is bounded from LP()(Q) to BMO(Q).

Proof. We may assume that f(z) > 0. We continue the function f as zero outside Q whenever necessary. For
r > 0, we split the function f as f(z) = f1(z) + f>(z), where

f1(2) = f2)xB,2kn(2),  f2(2) = fZ2)X\B(x,2kr) (2),
where k comes from the triangle inequality, and then

I*Of(y) = I"OF 1 (y) + I*Ofy(y) =: F1(y) + Fa(y).
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Estimation of F1(y). When y € B(x, r), we have d(z, y) < 3kr for z € B(x, 2kr), so that

flz) du(z)

L A a(y)
d(z, y)) < Cr*%Mf(y)
)

Fi(y) < j

B(y,3kr

for y € B(x, r), where the last inequality is obtained in the standard way via the dyadic decomposition and
use of the growth condition. Then

ra(x)

! I F1(y)du(y) <

_ M dy.
nEeen) 1 | wwway

u(B(x, 1))
B(x,r)

We apply the Holder inequality and estimate (3.1) to obtain

a(x)

Cr
J Fi(y) du(y) £ ——————[IMfli»00.
B(x,1) U(B(x, 1)) 7w

1
uB(x, )

Since the maximal operator is bounded in LP() on bounded doubling spaces (see [5]), in view of (4.1), we
get

1
MB(J” Fy(y) du(y) < Clif s .2)

Estimation of F,(y). We set

3 B f(z) du(z)
cr=F(x) = A0x, a0
Q\B(x,2kr)
and have 1 1
IF20) = s |:| J f(z)[d(y,z)"—a()/) ‘d(x,z)n_au)]d"(z)"
Q\B(x,2kr)
whence
F < L ! d
IF2(y) - cfl < f)| T~ dg gy O
Q\B(x,2kr)
! ! d =G +G
' f(z)|d<y,z)"-a<y>'d(y,z>"-a<>f> Mo = G+ 6o
Q\B(x,2kr)

For G;, we use Lemma 3.3 and observe that d(y, x) < r and d(y, z) > 2kr imply d(x, z) < (k + %)d(y, z), and

get

Gy < Cd(x,y)? J _f@)duz)  _ cd(x, y)? f d(i(zi)dnl_l:i))w-

d(x, Z)n—a(x)+0 - £
Q\B(x,2kr) =1 B 2 \B(x, 2/1)

It is easy to see that
f(z) du(2) c
dx, 2yr-ars = 7o e W)
B(x,2kr)\B(x,r)

and then o
Gy < cd("r’gy) Ma()f(X) < CMa( fX).
Therefore,
1G1lze < Clifllzrerq), (4.3)
by Lemma 3.2.

To estimate G,, we use the inequality

tmin{a,b} ifo <t< 15
gmax{a,b} if ¢ > 1,

|t“—tb|s|a—b|{
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and obtain
1 1

d(y, 20 " d(y, 2y

G, < la(x) - ay)| j fe)( ) duc).

Q\B(x,2kr)
—=—d(x, z) and Q \ B(x, 2kr) < Q \ B(y, r), we obtain
f(z) du(z) . J f(z) du(z) )

G, < Cla(x) - a()’)|( J d(y X)n—tx(y) d(x X)"“"(X)
OBy QO\BG2kn)

=: Cla(x) — a(W)I[H(y) + HX)].

Since d(y, z) > 2k+1

Since y runs the ball B(x, r) centered at x, it suffices to deal only with the term F(y).
Let 6 € (0, p- — 1) be a small number. We apply the Holder inequality with the variable exponent

ps(x) = 11’1"6) and have

XQ\B(y,2kr)

la(x) = a(y)IF(y) < Clalx) - a@)llfllzzse| 2 7, 2)n-a0)

175"

The estimate
_ né_ _né
< Cr »» < Cr »r-

XQ\B(y 2kr)
1750

d(z, yy-e

follows from Theorem 2.3. Therefore,

la(x) — a(WI[H(y) + H(x)] < C sup |a(x) - a(y)lr_;%,
d(x,y)<r
which implies the boundedness of |a(x) — a(y)|[H(y) + H(x)], provided a(x) has the corresponding Holder
property. Since § may be chosen arbitrarily small, it is sufficient to suppose that a is Holderian of an arbitrarily
small order.
Taking also the embedding |f|l;»s¢) < Clfllz»» into account, we obtain

G2l < Cllfllzreo. (4.4)
Consequently,
I1F2 = cfllie < Cliflireers (4.5)
by (4.3) and (4.4).
By estimates (4.2) and (4.5), the proof is completed. O

Funding: The research was supported by grant No. 15-01-02732 of Russian Fund of Basic Research.

References

[1] D. V. Cruz-Uribe and A. Fiorenza, Variable Lebesgue Spaces. Foundations and Harmonic Analysis, Appl. Numer. Harmon.
Anal., Birkhduser/Springer, Heidelberg, 2013.

[2] L. Diening, P. Harjulehto, P. Hdsto and M. RGzicka, Lebesgue and Sobolev Spaces with Variable Exponents, Lecture Notes in
Math. 2017, Springer, Heidelberg, 2011.

[3] D.E.Edmunds, V. Kokilashvili and A. Meskhi, Bounded and Compact Integral Operators, Math. Appl. 543, Kluwer
Academic, Dordrecht, 2002.

[4] M. Hajibayev and S. Samko, Weighted estimates of generalized potentials in variable exponent Lebesgue spaces on
homogeneous spaces, in: Recent Trends in Toeplitz and Pseudodifferential Operators, Oper. Theory Adv. Appl. 210,
Birkh&duser, Basel (2010), 107-122.

[5] P.Harjulehto, P. Hdsto and M. Pere, Variable exponent Lebesgue spaces on metric spaces: The Hardy-Littlewood maximal
operator, Real Anal. Exchange 30 (2004/05), no. 1, 87-103.

[6] ). Heinonen, Lectures on Analysis on Metric Spaces, Universitext, Springer, New York, 2001.

[71 V. Kokilashvili, A. Meskhi, H. Rafeiro and S. Samko, Integral Operators in Non-standard Function Spaces. Vol. 1: Variable
Exponent Lebesgue and Amalgam Spaces, Oper. Theory Adv. Appl. 248, Birkhduser/Springer, Cham, 2016.


Rectangle


8 —— S.Samko, Variable exponent fractional integrals DE GRUYTER

(8]

9
[10]

[11]

[12]

[13]

[14]

V. Kokilashvili, A. Meskhi, H. Rafeiro and S. Samko, Integral Operators in Non-standard Function Spaces. Vol. 2: Variable
Exponent Holder, Morrey—Campanato and Grand Spaces, Oper. Theory Adv. Appl. 249, Birkhduser/Springer, Cham, 2016.
R. A. Macias and C. Segovia, Lipschitz functions on spaces of homogeneous type, Adv. Math. 33 (1979), no. 3, 257-270.
B. Muckenhoupt and R. Wheeden, Weighted norm inequalities for fractional integrals, Trans. Amer. Math. Soc. 192 (1974),
261-274.

M. RGzicka, Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes in Math. 1748, Springer, Berlin,
2000.

S. G. Samko, Convolution and potential type operators in LP*)(R"), Integral Transforms Spec. Funct. 7 (1998), no. 3-4,
261-284.

S. Samko, A note on Riesz fractional integrals in the limiting case a(x)p(x) = n, Fract. Calc. Appl. Anal. 16 (2013), no. 2,
370-377.

E. M. Stein and A. Zygmund, Boundedness of translation invariant operators on Holder spaces and LP-spaces, Ann. of
Math. (2) 85 (1967), 337-349.


Rectangle

Rectangle


	Variable exponent fractional integrals in the limiting case $\alpha(x)p(x)\equiv n$ on quasimetric measure spaces
	1 Introduction
	2 Preliminaries
	2.1 Preliminaries on quasimetric measure spaces
	2.2 Preliminaries on variable Lebesgue spaces $L^{p(\cdot)}$

	3 Auxiliary statements
	4 Theorem on the $L^{p(\cdot)}(\Omega)\to BMO$-boundedness


