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Weighted estimate

1. Introduction

The well-known Morrey spaces £P* introduced in [31] in relation to the study of partial differential equations, and
presented in various books, see [19,27,48], were widely investigated during last decades, including the study of classical op-
erators of harmonic analysis—maximal, singular and potential operators—in these spaces; we refer for instance to the papers
[1,2,4,6,10,13,14,33,34,36-39,41,44-46], where Morrey spaces on metric measure spaces may be also found. In particular, for
the boundedness of the maximal operator in Morrey spaces we refer to [10], while the boundedness of Calderon-Zygmund
type singular operators is known from [38,39,45].

Meanwhile weighted estimations of these operators in Morrey spaces were not studied (to our surprise, we did not
find any such weighted result for maximal and singular operators in the literature). We are mainly interested in weighted
estimations of singular operators. In this paper we deal with the one-dimensional case and study the weighted boundedness
of the Cauchy singular integral operator

1 d
srf(t)=;fff—if (11)
I

along curves on complex plane, such a weighted estimation being a key point for applications to the solvability theory of
singular integral equations. We refer to [8,16,20,21,32] for this theory.

We obtain weighted estimates of the operator Sp in Morrey spaces £P-*(I") along an arbitrary curve satisfying the
arc-chord condition, in case of weights ¢ of the form

N

o) =[Je(t—tl), terl (12)
k=1
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with almost monotone functions ¢y, the necessary and sufficient condition for the boundedness being given in terms of the
Matuszewska-Orlicz indices of these functions.

We start with the case where I = [0, ¢] is an interval of the real axis. We make use of the known non-weighted
boundedness of S in this case, which enables us to reduce the boundedness of S with weight (1.2) to the boundedness
of weighted Hardy operators. We prove their boundedness in the Morrey space £P-*(0, £). Surprisingly we did not find any
statement on the boundedness of Hardy operators in Morrey spaces in the literature. In the context of Morrey spaces, Hardy
operators seem to have appeared only in [9] in a different aspect: the problem of the boundedness of the maximal operator
in local Morrey spaces was reduced to an L,-boundedness of Hardy operators on a cone of monotone functions.

To cover the case of an arbitrary curve I" we have to prove first the non-weighted boundedness of the singular operator
on curves, which was unknown, up to our knowledge. To this end, we first prove the boundedness of the maximal oper-
ator along a Carleson curve, in £P*(I"), but give the proof within the frameworks of homogeneous spaces with constant
dimension, Carleson curves being examples of such a space. Then we derive the non-weighted boundedness of S via the
Alvarez-Pérez-type pointwise estimate

M#Uspfﬁ)a)gc[Mfaﬂs, 0<s<1, (1.3)

known in the Euclidean setting for Calderon-Zygmund singular operators [5] and extended to the case of the operator S
along Carleson curves in [25, Proposition 6.2].

The paper is organized as follows. In Section 2 we provide necessary preliminaries on Morrey spaces on metric measure
spaces, on almost monotonic weights and their Matuszewska-Orlicz indices. In Section 3 we give sufficient conditions of
the boundedness of weighted Hardy operators in Morrey spaces £P-*(0,¢) in terms of the indices of the weight. These
conditions are necessary in the case of power weights. In Section 4 we give sufficient conditions of weighted boundedness
of the singular operator along (0, £), which prove to be also necessary for power weights. In Section 5 we first extend
Chiarenza-Frasca’s proof [10] of the boundedness of the maximal operator to the case of metric measure spaces X with
constant dimension and prove the Fefferman-Stein inequality [|Mf||zp.x) < C||M#f||Lp¢A(X), to derive the non-weighted
boundedness of S, via (1.3). Finally in Section 6, we prove the weighted boundedness of S .

2. Preliminaries
2.1. Morrey spaces on homogeneous spaces

Let (X,d, ;) be a homogeneous metric measure space with quasidistance d and measure . We refer to [12,18,22] for
analysis in homogeneous spaces. Morrey spaces on metric measure spaces were studied in [6,35,49]. Our main goal in
the sequel is the case where X is a Carleson curve in the complex plane with w an arc-length, although some auxiliary
statements will be given in a more general setting. By this reason we restrict ourselves to the case where X has constant
dimension: there exists a number N > 0 (not necessarily integer) such that

GV < uBx,r) < Cor, (21)

where the constants C; >0 and C; > 0 do not depend on x € X and r > 0. In this case the Morrey space £P-*(X) may be
defined by the norm:

1 , »
Ifllps= sup {7 f 17 )| du(y)} , (22)
xeX,r>0 T

B(x,r)

where 1 < p <oo and 0 < A <N and the standard notation B(x,r) ={y € X: d(x,y) <r} is used.
2.2. The case of Carleson curves

Let I be a bounded rectifiable curve on the complex plane C. We denote T =t(o), t =t(s), where o and s stand for the
arc abscissas of the points T and ¢, and du(t) =do will stand for the arc-measure on I". We also introduce the notation

ran={rer:|t—tl<r} and n(tr={tel: |o—s<r},
so that I, (t,r) C I'(t,r), and denote ¢ = uI" = lengths of I.
Definition 2.1. A curve I' is said to be a Carleson curve, if

nrt,r)<Cr

for all t € I and r > 0, where C > 0 does not depend on t and r. A curve I" is said to satisfy the arc-chord condition at a
point tg =t(sg) € I', if there exists a constant k > 0, not depending on t such that
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|s —so| <kt —to], t=t(s)el. (2.3)
Finally, a curve I' is said to satisfy the (uniform) arc-chord condition, if
[s—o|<klt—1t|, t=t(s), t=t(o)el. (2.4)
The Morrey spaces £P-*(I") on I" are defined in the usual way, as in (2.2), via the norm
1
1 p P
Ifllpa= sup {= [ [f@] du@} , (2.5)
ter,r=ol T
I,
1
where 1< p < oo and 0 <A < 1. For brevity we denote || f|l, = (fr | f(T)IPdu(r))?, so that

Xr(r,kr)(') O

re

. (2.6)
p

| fllp,n =sup
t,r

Remark 2.2. One may define another version £? ’A(F) of the Morrey space, in terms of the arc neighborhood I (t,r) of the
point t € I', by the norm

IfI%, = sup {1 / }f(r)lpdu(t)}% 2.7)
b tel’, r>0 r

L(t,r)

so that EQ‘A(F) C LP*(I') in case of an arbitrary curve. These spaces coincide, up to equivalence of the norms, when
I' satisfies the arc-chord condition. If I has cusps, these spaces may be different. If, for instance, a bounded curve I
satisfies the condition

Cls—ol*<Jt—1|, C>0,
for some a > 1, then £P-%(I") € L2 (") € £P*(I).
Lemma 2.3. Let I" be bounded rectifiable curve. For the power function |t — to|?, to € I', to belong to the Morrey space LP*(I"),
1< p<o0 0<A<1,the condition

r—1

> (28)
4 p

is necessary. It is also sufficient if I" is a Carleson curve.
Proof. The necessity part. Let |t — to|” € LP*(I"). We suppose that y < 0, since there is nothing to prove when y > 0. With
to = t(sg) we have

1 P 1 P
le—tolyll>sup(7 / Ir—toly"du(r)) >sup<7 / Io—SOIV"da) , (2.9)
r>0 \T r>0 \ T

I (to,r) |lo—sg|<r
where we have taken into account that I'(t,r) 2 I'.(t,r) and y is negative. Since |t — to|¥ € LP(I"), by similar arguments

we see that yp > —1. Then we get

It —tol”],, > (L) ’ suprywﬂlil
b yp+1 r>0

which may be finite only when yp+1—21>0.

The sufficiency part. Let y > *’%1. Again we may assume that y is negative. To estimate
1
y 1 P ’
1T —tol ||,,,A=s[urp 5 | lT—wlPdu@ ),
' r.n

we distinguish the cases |t — tg| > 2r and |t — tp| < 2r. In the first case we have |t —tg| > |t — to| — |T — t| > r so that
|t —tg]¥P <r¥ and then
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p—i—1

1
p Y
le—tolyHM<sup<r”*A / du(t)) =Cr 7 <o,
’ t,r
r,r)

where we used the fact that I" is a Carleson curve. In the case |t —to| < 2r we have I'(t,r) C I"(tg, 3r). Then

1
1 & P
H|r—to|VHp,A<sgp(rAZ f |r—to|“’du(r)),

k=0ri(to.r)
where [ (tg, 1) ={t: 3- 27 k=1 < [T —to] < 3-2*"r}. Hence

oo

1
1 1 P
|||f—f0|y||p,x<CSL}P<M_WZzw / du(t))
k

= I (to,2~k+1r)

and we arrive at the conclusion by standard arguments. 0O

Remark 2.4. The case A > 0 differs from the case A = 0: when A =0, condition (2.8) must be replaced by the condition
1
Y > —E

In the limiting case y = ATl admitted in Lemma 2.3 for power functions, it is not possible to take a power-logarithmic

function, as shown in the next lemma.

A
[t—tol”

A—1
Lemma 2.5. Let I" be bounded rectifiable curve. The function |t —tg| » In”
to LPM(IM).

where tg € I',v > 0 and A > D, does not belong

Proof. As in (2.9), we have

1
=1 A 1 A P
|t —to| ? In” >sup| — / It —to* 1 In"P ——— du(7)
|T — tol pr r>0\T |T — tol
’ |T—to|<r
1
1 A »
> Sup(r_)& [ |O' — 50|)L_1 In"?P ﬁ dO‘)
0 — 0
s lo—so|<r

/ A 1\"? ’ A : b
= sup 2/‘tk_1 (ln— +1n—> dt] > sup [2In"? —ft*th =oco. O (210)
r>0 o r t 0<r<é r g

Remark 2.6. Statements similar to Lemmas 2.3 and 2.5 hold also for Morrey spaces over bounded sets £2 in R":

1. The power function |x — xo|Y, where xq € £2, belongs to the Morrey space £LP*(£2),1 < p < 00,0 < A <n,ifand only if y > ’\%”.
In the case xo € 352, the condition y > ’\%” remains sufficient; it is also necessary if the point xo is a regular point of the boundary

in the sense that |{y € 2: |y — xo| <r}| ~cr™.
_D

ol D > diam £2, where xq € 2 or Xq is a regular point of 352, does not belong to £P*(£2).

A—n
2. The function |x — xo| ? In”

2.3. On admissible weight functions

In the sequel, when studying the singular operator S; along a curve I" in weighted Morrey space, we will deal with
weights of the form

N
o) =[]e(t—tl), teerl. (2.11)
k=1

We introduce below the class of weight functions @ (x), x € [0, £], admitted for our goals.

Although the functions ¢ should be defined only on [0, d], where d = diam I" = sup; ;. |t — 7| < ¢, everywhere below
we consider them as defined on [0, £].

In the sequel, a non-negative function f on [0, ¢], 0 < ¢ < oo, is called almost increasing (almost decreasing), if there
exists a constant C (> 1) such that f(x) < Cf(x) for all x <y (x >y, respectively). Equivalently, a function f is almost
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increasing (almost decreasing), if it is equivalent to an increasing (decreasing, respectively) function g, i.e. c1 f(x) < g(x) <
caf(x),c1>0,c3>0.

Definition 2.7.
(1) By W we denote the class of continuous and positive functions ¢ (x) on (0, £].

(2) By Wy we denote the class of functions ¢ € W such that limy—,o ¢(x) =0 and ¢(x) is almost increasing.
(3) By W we denote the class of functions ¢ € W such x*¢(x) € Wy for some o = o(¢) > 0.

Definition 2.8. Let x,y € (0,¢] and x4 = max(x, y), x- = min(x, y). By Vi1 we denote the classes of functions ¢ € W
defined by the following conditions:

V., X — @) < Crp(n)’ (2.12)
X—y X4
V.. |#®—9() < Cw(xf)’ (213)
X—y X_
v, X — @) < Cwm)’ (214)
X—y X_
X) — X_
V. X)) — oY) < Cfp( ). (2.15)
X—y Xt
Obviously, Vo4 CV;_and V_ CV__.
Let 0 < y < x < L. It is easy to check that in the case of power function @(x) =x%, a € R!, we have
X =y <Cx—yx*' & a>0, (2.16)
[ —yY|<Cx—yy*' & a<l, (217)
XO(
Ixa—y“|<C(X—y)7 & ax>-1, (2.18)
yOl
|x* —y¥| SCr=»— & a<o, (2.19)

where the constant C > 0 does not depend on x and y. Thus,

XeVy, & a=0, X*eV__ & a<l,

and

eV & ax>-1, eV, & a<o.

In the sequel we will mainly work with the classes V4 and V_,.
We also denote

Wi = {go e W: @ is almost decreasing}.

Remark 2.9. Note that functions ¢ € Wy satisfy the doubling condition ¢(2x) < Ce(x). For a function ¢ € W1, condi-
tion (2.12) yields condition (2.13), that is W1 NV, € W1 NV__. The inverse embedding may be not true, as the above
example of the power functions in (2.16)-(2.19) shows.

In the following lemma we show that conditions (2.12) and (2.13) are fulfilled automatically not only for power functions,
but for an essentially larger class of functions (which in particular may oscillate between two power functions with different
exponents). Note that the information about this class is given in terms of increasing or decreasing functions, without the
word “almost.” Two statements (i) and (ii) in Lemma 2.10 reflect in a sense the modelling cases (2.16) and (2.17).

Lemma 2.10. Let ¢ € W. Then

(i) @ € V44 inthe case @ is increasing and the function % is decreasing for some v > 0;

(ii) @ € V__ in the case @ is decreasing and there exists a number jt > 0 such that x* ¢ (x) is increasing;
(iii) @ € V__ in the case ¢ () is decreasing and there exists a number p > 0 such that x* ¢ (x) is increasing.
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Proof. The case (i). Let 0 <y < x < {. Since ‘px(j‘) is decreasing, we have 1 — % <1-— f(’—vv or

XV —yY X—y
vV

X)) — oY) <eX) < Co(x)

by (2.16). Since ¢(x) — ¢(y) > 0 in the case u =0, we arrive at (2.12).
The cases (ii) and (iii). Taking again y < x, by the case (i) we have that (2.12) holds for the function x*¢(x), that is,

m
‘co(x)—i—uww' cﬁ(x— ».

Then

lo®) — ()] < CM(X y)+ w(y) %(X—Y)‘FC%‘P(}’)

by (2.16). In the case (ii) we use the fact that @ < @ and arrive at (2.13). In the case (iii) we have ¢(x) < ¢(y) and
arrive at (2.15). O

In the case of differentiable functions ¢(x), x > 0, we arrive at the following sufficient conditions for ¢ to belong to the
classes V4, V_,.

Lemma 211. Letp e W N clqo, 2. If there exist € > 0 and v > 0 such that

¢’ K for0<x<e,
(x) X

0<

then ¢ € V. If there exist ¢ > 0 and p > 0 such that

_Rh e '(x)
X w(X)
thengp e V_,.

Proof. Since minyefe ¢j @ (x) > 0, by the differentiability of ¢(x) beyond the origin, inequalities (2.12), (2.13) hold au-
tomatically when x > ¢, so the conditions of Lemma 2.10 should be checked only on (0, ¢]. It suffices to note that

((,’(‘)) Vo [29) <0 and e ("> Lo Xo®] >0. O

Example 2.12. Let o, 8 € R! and A > ¢. Then

xa(lnA)ﬂe{v++ ifa>0, BeR ora=0and 8<0,
V_, ifa<0, BeR'ora=0and g >0.

2.4. Matuszewska-Orlicz type indices
It is known that the property of a function to be almost increasing or almost decreasing after the multiplication (division)

by a power function is closely related to the notion of the so-called Matuszewska-Orlicz indices. We refer to [23,26],
[28, p. 20], [29,30,42,43] for the properties of the indices of such a type. For a function ¢ € Wy, the numbers

In(lim supy,_, o ‘fp((’},"))) In(limsupy_ ¢ ‘i((hhx)))
m(g) = sup m
O<x<1 Inx x—0 Inx
and
In(lim supy ) In(lim supy, )
M(¢p) = sup =0 (p(h) = lim —0 (p(h)
x>1 Inx X—00 Inx

are known as the Matuszewska-Orlicz type lower and upper indices of the function ¢(r). Note that in this definition ¢(x) need
not to be an N-function: only its behavior at the origin is of importance. Observe that

0<m(p) <M(p)<oo for e Wy.

It is obvious that the indices m(¢) and M(p) are also well defined for ¢ € W and

mx*o®]=xr+m(p), M[x'p®]=r+M(p)., reR' (2.20)



62 N. Samko / J. Math. Anal. Appl. 350 (2009) 56-72

so that

—o0 <m(p) < M(p) < oo forpeW.

Definition 2.13. We say that a function ¢ € Wy belongs to the Zygmund class Z#, g e R!, if

h
A% AW,
/mdxéch—ﬂ,
0

and to the Zygmund class Z,, y e R, if

We also denote
B ._
zy =7 NnZ,,

the latter class being also known as Bary-Stechkin-Zygmund class [7].
The following statement is known, see [23, Theorems 3.1 and 3.2].

Theorem 2.14. Let ¢ € W and 8,y € R'. Then

el & m) >p and pely, < M) <y.

Besides this

m(p) = sup{B > 0: % is almost increasing} (2.21)
and

M(p) = inf{k > 0: % is almost decreasing}. (2.22)

Remark 2.15. Theorem 2.14 was formulated in [23] for 8 >0, y >0 and ¢ € Wo. It is evidently true also for ¢ € W when
the exponents 8, y may be negative, in view of the definition of the class W and formulas (2.20).

3. Weighted Hardy operators in Morrey spaces
3.1. The case of power weights

Let

X 4
t)dt t)dt
Hpso = [LOS 00 =0 [ L0 (31)
0

X

Theorem 3.1. Let 0 < £ < oo. The operators Hg and Hg are bounded in the Morrey space LP([0,£]),1<p <00, 0< A< 1,ifand
only if
A 1 A 1
B<—-—+—= and B>—-——, (3.2)
p D p p

respectively.

Proof. “If” part. We may assume that f(x) > 0. First we observe that

1 § 00
t)dt t)dt t)dt
Hysoo= [ L% ana rp00= [ L% < [ L5
0 1

t A1
1
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under the assumption that f(x) is continued as f(x) =0 for x > ¢ in the inequality for Hg f(x). For Hg f we have

* ;
1
:SUP{I’_}‘/ dy} .
p X,r 5

f(y)

)
XB(X*Z) XB(x,r)(J’) —dt

rp

IHg fllp, = sup
X,r

Then by Minkowsky inequality we obtain

HH/gfllp,)hés;,lp {/‘XB(XT)(y)f(yt)' dy}

Hence, by the change of variables we get

1
dt XB ()
WMHMA<WP/ 1 /‘(“)
X,r J tf3+;

It is easy to see that

of

y
XB(x.r) <?) = XB(tx,tr)(¥)-

Therefore,

1 [
dt ¥)
1Hp fllpa <sup/ : /‘XB(txtr) y
X, J tﬁ+§ , P

1 [e'9)
gf sup f'XB(x )
tﬁ+— X,r
0 0

Similarly for the operator Hg we obtain
XBx.r) ()

o0 o
<su / dt {/‘XB(;( ()
re p o
:sup . {/’er)( )
X,r D

1 1
}pzs {/‘XB(txtr)(,V) }p
t‘3+ (tr)»

1
P
1
= 51— Iflpa
A 1 )
} p Ty P

IHp fllp,s. = sup
X,r

}?-

o) » 1
p p

dy} _sup/ o {/’XB(txtr)(J’)f(y)‘ dy}

[ [ x5en T [ x56n W) g
_ XB(xn (Y / /' XB(x, n y ‘
= < d
S’PP/ t1+h %7% {/‘ (tr)n } 1+ﬂ+— SBP{ fo) dy
1 0 1 0
1

ﬂ+1kwmx

“Only if” part. The necessity of the condition 8 < % + % for the operator Hg is well known in the case A =0. Let A > 0. It

A—1
suffices to observe that the function f(x) =x ? belongs to £P'* by Lemma 2.3, but the operator H g on this function exists
only when 8 < % + %

A1

With the same example f(x) =x 7 , the case of the operator g may be similarly considered. O

1 1
Col'ollal'y3.2. ”Hﬁ ”p’)‘ < m, ”HﬂHp,A < @

<,

Observe that Theorem 3.1 is a particular case of the following statement for the operators of the form

Af(x):/a(t)f(xt)dt:%/a(%)f(t)dt
0 0

with homogeneous kernel. Under the choice a(t) = t‘ﬁx[m](t) we obtain the operator Hg, while taking a(t) =
t P71 x1,00](t) We get at the majorant of the operator Hpg.
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=1
Theorem 3.3.Let 1< p <00, 0< A <1landC= f0°° t P |a(t)|dt < oo. Then
IAF I ooty < CIFllgnigrt - (33)
The proof follows the same lines as for Theorem 3.1.
3.2. The case of general weights

Theorem 3.4. Let ¢ € wn (V44 U V_y). Then the weighted Hardy operators

X 14
) [ f(t)dt f@©dt
Hyf(x) = —= , He f(x) =@(x) 34
0= oo oJ@=¢ / t® G4
are bounded in the Morrey spaces £P*([0,£]), 1< p <00,0< 1 < 1,0 < £ < 00, if
9eZ,, a1 and (peZ%, (3.5)
pp
respectively, or equivalently,
A1
M(p) < E + F for the operator H,, (3.6)
and
A1
m(p) > E — E for the operator H,.
The conditions
mp<iel mezi-l (37)
Spop’ “pop '

are necessary for the boundedness of the operators Hg and ‘H g, respectively.

Proof. By (2.21) and (2.22), the function X,figlg is almost increasing, while ?ﬂ% is almost decreasing for any & > 0.
Consequently,

XM@O=E p(x) xM(p)+e
Tm@=e S g S Mg)te
and then
[ fod [ fod
t)dt t)dt
m(p)—e—1 M(p)+e—1 el
C1x o <Hyp f(x) <Cax / M@)e (3.8)
0 0

supposing that f(t) > 0. Therefore, the operator H, is bounded by Theorem 3.1 for the Hardy operators with power weights,
if M(p) +¢ < % + %, which is satisfied under the choice of ¢ > 0 sufficiently small, the latter being possible by (3.6). It

remains to recall that condition (3.6) is equivalent to the assumption ¢ € Z, 1 by Theorem 2.14. The necessity of the
p ' p
condition m(¢) < % + % follows from the left-hand side inequality in (3.8).
Similarly one may treat the case of the operator H,. O

4. Weighted boundedness of the Hilbert transform in Morrey spaces

We start with the Cauchy singular integral along the real line or an interval (I" =R! or I =[0, £]) and denote

1
Sf(x) = ;/
R

In [38] there was proved the boundedness of a class of Calderon-Zygmund operators, which includes in particular the
following statement.

O<x</f<o0. (4.1)

€

fOde Hﬂ@:l/fmm’
t—x 7] t—x
0

Theorem 4.1. The operator S is bounded in the space £LP*(R1), 1 <p <o00,0< A < 1.

Corollary 4.2. The Hilbert transform operator H is bounded in the space £P*([0,£]),1 <p <00, 0< A < 1.
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4.1. Reduction of the Hilbert transform operator with weight to the Hardy operators

65

The boundedness of the singular operator H in the space £P*([0, £], ) with a weight o is the same as the bounded-
ness of the operator QH% in the space £P*([0, £]). In view of Corollary 4.2, the latter boundedness will follow from the

boundedness of the operator

4
Kf () = <9Hé - H)f(x) - / Koe 0 f (0 dt,
0

where

_ o(x) —o(t) _ @(x —xo|) — @(Jt — xo|)
o) —x) @It —xo)(t —X)

in the case 9(x) = @(Jx — Xol), X0 € [0, £].

K(x,0):

4.1.1. The case xog =0

H _ _ 9®—p®)
We start with the case xg =0, so that K(x,t) = GIG=R

Lemma 4.3. The kernel K (x, t) admits the estimate

(x

cCo

(Kt <f X900 yeex
¢ ift >x
t

when ¢ € V4, and

‘ ‘ % ift <x,

Kx,t)| < ,
%% ift >x

whenp eV_,.

Proof. Estimates (4.3)-(4.4) follow immediately from the definition of the classes V4, V_j.

Corollary 4.4. The operator K = QH% — H is dominated by the weighted Hardy operators

K <C
[0l )

X 4
P 'f“)"“+c/ \f(tt)\dr

when ¢ € V4, and

|f(©)ldt
to(t)

X 4
C
|Kf (o] < ;/\f(t)}dHCw(X)/
0 X

when ¢ € V__.. In particular, when ¢ (x) = x*,

X max(c,0) ¢ min(«,0)
krwl< S [(2) Trolare [(X) 1O
X t t ¢
0 X

In the sequel we use the notation

o) [ fOdt

f@©dt
Hgof(X)ZT ) )

to(t)

14
Ho (%) = 9(x) /

without fear of confusion with notation in (3.1)

O

(4.2)

(4.4)

(4.5)

(4.6)

Corollary 4.5. Let ¢ € V1 UV _. By (4.5)-(4.6), the boundedness of the Hardy operators H, and 'H,, in Morrey space L0, 0)

yields that of the weighted singular operator QH%, oX)=px),1<p<oo,0<A<.
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4.1.2. The case xo #0
The following simple technical fact is valid.

Lemma 4.6. Let —oo < a < b < 00, xg € (a, b) and let ¢(x) be a non-negative function on er. If the operator

f@®
@(t —Xxo)

dt, xp<x<b,
t—Xx

b
KF(x) Z/’¢(f—xo) — QX —Xo)
X0

is bounded in the space £P-*([xg, b]), then the operator

dt, a<x<b,

b
kf&y_/«ﬂn—mn—¢GX—mD f@
_a t—x (|t — xol)

is bounded in the space £P*([a, b]).

Proof. Without loss of generality we may take —a =b > 0 and xo = 0. Splitting the square Q = {(x,t): —a<x<a, —a<
t < a} into the sum of 4 squares Q = Q4++ + Q_— + Q_+ + Q4+_, where the ﬁl:gt sign in the index corresponds to the
sign of x and the second to that of t, we reduce the boundedness of the operator K to that of the corresponding operators
Kit,K__,K_4, K _. The operators K4 and K__ are bounded, the former by assumption, the latter being obviously
reduced to the former. Because of the evenness of the function ¢(t), the kernels of the operators I~<,+ and I?+, are obviously
dominated by the kernels of the operator I~(++, which completes the proof. O

By Lemma 4.6, the validity of the statement of Corollary 4.5 in the case xg # 0 follows from the case xo = 0.
4.2. Weighted boundedness of the Hilbert transform operator; the case of power weights

Theorem 4.7. The weighted singular operator

£
Sofo= [ SOd

7 J et —x)
0
is bounded in the space £P*([0, £]), where 0 < £ < 00,1 < p < 00,0 < A < 1, if and only if

(4.9)

Proof. “If” part. The case A =0 is well known (Babenko weighted theorem, see for instance, [20, p. 30]). Let A # 0. By
Corollary 4.2, the boundedness of S, is equivalent to that of the difference

4

1 o+
KF () = (Sq — ) f(X) = — / LTS

T t¥(t — x)

By Corollary 4.5, it suffices to have the boundedness of the Hardy operators Hg, with g1 = max(«,0) and Hg, with g, =
min(e, 0). Applying Theorem 3.1, we obtain that inequalities (4.9) are sufficient for the boundedness of the operator K.
“Only if” part. It suffices to consider the case ¢ < oo.
The necessity of condition (4.9) in the case A =0 is well known, see for instance [8, Lemma 4.6]. Let 0 < A < 1. Suppose
1-i
that o < %. To show that the operator S, is not bounded, we choose f(t)=t7 , which is in £P*([0, £]) by Lemma 2.3.

Then in the case o < *p%l we have

X [tr ¢
So,f(x):;/ " dt ~cx* asx— 0, (4.10)

-
with ¢ = £ - Since & < %, the function S f(x) ~ cx* proves to be not in £P-*([0, £]). In the remaining case o = *’%l,

p
the singular integral
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dt 1
—— ~In- asx—0 (4.11)
t—x b%
0
has a logarithmic singularity and then the function S, f(x) ~ cx% In 2x_e proves to be not in £P-*([0, ¢]) by Lemma 2.5.

Finally, the necessity of the condition o < % + % follows from the simple fact that in the case o > % + % the weighted

A—1
singular integral S, f does not exist on all the functions f € £P-*([0, £]). Indeed, take f(t)=t 7 e £LP-*([0, £]), then % =
I with o + % >1 is not in L1([0, £]), while belonging of a function to L! is a necessary condition for the almost

1-2
ta+T
everywhere existence of the singular integral. O

Corollary 4.8. Let —oo < a < b < oo and

N
o) =[] Ix—xl™,

k=1
where x;, are arbitrary finite points in [a, b]. The singular operator S is bounded in the space LP*([a, b], 0), if and only if

A1 A1
—— =< <—+ =

53 o k=1,2,...,N. (4.12)

Proof. The case of a singe point x; =a when a is finite, is covered by Theorem 4.7. The case where x; > a is treated with the
help of Lemma 4.6. The reduction of the case of N points to the case of a single point is made in a standard way via a unity
partition, thanks to the fact that Morrey space is a Banach function space, so that | f(x)| <[g2()| = || fllp.» < lgllp,r. O

We arrive at the following result.

Theorem 4.9. Let —c0 < a < b < oo. The singular operator S is bounded in the weighted Morrey space £LP*([a,b], 0), 1 < p < oo,
0 < A < 1, with the weight

N
o =[] @(lx—xl), xela,bl,
k=1

where @y, € wn (Ve UV_y),if

a1
el |, (4.13)
pty
or equivalently,
r—1 A 1
T<m((pk)<M(g0k)<E+—,, k=1,2,...,N. (4.14)

Proof. The case of a single weight o(x) = ¢(x — a) follows from Theorem 3.4 by the pointwise estimates of Corollary 4.4.
The case of a single weight of the form o(x) = ¢(|x — xol), X0 € (a, b), is easily considered with the aid of Lemma 4.6. The
passage to the case of a product of such weights is done via the standard approaches. O

Remark 4.10. When considering the case of non-power weights ¢(x), for simplicity we supposed that the interval [0, ¢]
for the Hardy operators or the interval [a, b] for the singular operator is finite. The case of infinite interval also may be
considered for non-power weights, but then we should somewhat modify definitions and introduce the Matuszewska-Orlicz
type indices responsible for the behavior of weights not only at the origin but also at infinity.

5. On the non-weighted boundedness of the singular Cauchy operator along Carleson curves

Our goal is to extend Theorem 4.1 to the case of the Cauchy singular operator (1.1) along Carleson curves. We will obtain
such an extension from the boundedness of the maximal operator in Morrey spaces (in a more general context of metric
measure spaces), making use of the pointwise estimate (1.3).
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5.1. Maximal operator in Morrey spaces on metric measure spaces

The boundedness of the maximal operator

Mfw=sup [ £ duc)
r>0
B(x,r)

in the space £P-*(X) under condition (2.1) is known, see [6, Corollary 4.2] and [35, Theorem 2.5 and Proposition 4.1].
For completeness of the proof, we will present an independent and direct proof in Theorem 5.2. (We refer also to the
recent paper [3], where the boundedness of the maximal operator in Morrey spaces in non-weighted case was extended
to variable exponents p(x), A(x) in the case of bounded domains §2; note also that there recently appeared preprint [24],
where a similar non-weighted extension for variable exponents was made for maximal and Calderon-Zygmund singular
operators in the case of bounded homogeneous metric measure spaces.)

The following statement well known in the Euclidean setting ([15, Lemma 1], [47, p. 53]) for homogeneous spaces was
proved in [40, Proposition 3.4].

Lemma 5.1. Let X be a homogeneous metric measure space with u(X) = oco. Then the Fefferman-Stein inequality

/(Mf)(y)pw(y)du(y) </f(y)p(MW)(J’)dM()’) (5.1)

holds for all non-negative functions f, w on X.

Theorem 5.2. Let X be a metric measure space with u(X) = oo. Under condition (2.1), the maximal operator M is bounded in the
space LP*(X),1<p <oo,0< A <N.

Proof. We follow the main lines of the proof in [10] for the case X = R". By Fefferman-Stein inequality (5.1), we obtain

f (Mf ()" d / |FD° MxBen () dy < / |f(y>|”(y>dy+CZ / | F) P MxBen () dy.
B(x,r) B(x,r) B(x 2011\ B(x,27r)
We make use of the estimate

T'N

dx, y)+nN’

valid under condition (2.1), which is well known in the Euclidean case and the proof in our case is in main the same as, for
instance, in [9, pp. 160-161], thanks to condition (2.1). We then obtain

MxB@x,n(y) <C X,y €X, (5.2)

[ mroyav<c [lroPomarcy [ 0P M dy

B(x,1) B(x,1) J=1 g x 2019\ B(x,201)
p p
d dy.
/}f(y)l &) y+Z[2]+] / [f dy
B(x,r) B(x,2J+1r)
Hence

1
1M llp.2 = sup = / (Mf(y))"dy < sup— / If(y)lpdy+zmsugrk /\f(y)lpdy

B(x,r) B(x,r) B(x,r)
=Cillfllpr- O (5.3)
Let
#
M* £ =sup IB( = [ o= fonldun. foun= [ F0rdncy.

B(x,r) B(x,r)

To deal with the boundedness of the singular operator via pointwise estimate (1.3), we also need the following
Fefferman-Stein inequality in Morrey-norms for metric measure spaces (proved in [13] in the case X =R").
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Lemma 5.3. Let X be a metric measure space with ((X) = oo. Under condition (2.1)

IMfllps <CIM*fllps, 1<p<oo, 0<A<N.

Proof. The proof is in fact the same as in [13]. We make use of the following weighted Fefferman-Stein inequality in
Lp-norms

/}Mf(x)|pw(x)dx<C/|M#f(x)|pw(x)dx, We Ay, felP(X,w), (5.4)
X X

valid for homogeneous metric measure spaces, see [18, p. 184]. According to Coifman and Rochberg [11] characterization
of A1, the function [Mxpx.rlé, 0 <& <1, is in Ay (see [17, Proposition 3.1] for the case of homogeneous spaces). Since
X8 < Mxpar < [Mxpx.nl®, by (5.4) we obtain

f IMf ()P du(y) < C f IMf () [Mxsen )] du) < C/ SO x50 T )

B(x.r) X '
i C

<[ M P du)+ L G

B(x.r) =

f M )P dp ().

B(x,2/+1r)

where (5.2) have been used. Then similarly to estimations in (5.3) we arrive at the statement of the lemma under the choice
1
ee(5, ). O

5.2. Singular Cauchy operator along Carleson curves in Morrey spaces; non-weighted case

Theorem 5.4. Let I be a Carleson curve. The singular operator S is bounded in the space LP*(I"),1 < p <00, 0 < A < 1.

Proof. Since a function on a bounded Carleson curve may be continued by zero to an infinite Carleson curve with the
preservation of the Morrey space, it suffices to consider the case where I' is an infinite curve.
Having the pointwise estimate (1.3) in mind, we make use of the property of the norm

1 lps = £, 0<s<1,
and have

1S flpr = SrH e, < [MSrH e,
Then by Lemma 5.3 and estimate (1.3) we obtain

ISrfllps < CIMH[Sr Y] e ;. < CIMP |2, = CIMF 5.

It remains to apply Theorem 5.2. O

6. Singular Cauchy operator along Carleson curves in weighted Morrey spaces
Let I" be a Carleson curve, ty € I', k=1,..., N, and o a weight of form (1.2) with ¢ € wn (Vip UV_y).

Theorem 6.1.

(1) Let the curve I' satisfy the arc-chord condition. The operator S is bounded in the Morrey space £LP*, 1 <p <00, 0< A <1,
with weight (1.2), if condition (4.13) (or equivalent condition (4.14)) is satisfied.

(I) Let the curve I satisfy the arc-chord condition and be smooth in neighborhoods of the nodes ty, k=1, ..., N, of the weight. In
the case of power weights ¢y (r) = r% the corresponding condition (4.14), that is, % <o < % + %, k=1,2,...,N, is also
necessary for the boundedness.

(II1) Statement (1) remains valid on a Carleson curve I for the space Lf’A(F), under the assumption that the curve I" has the arc-chord
property only at the nodes ty, k=1, ..., N, of the weight.

Proof. (I) As usual, we may consider only the case of a single weight o(t) = ¢ (|t — tol|), to € I'. In view of Theorem 5.4, it
suffices to prove the boundedness of the operator
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1
Kf () := (QSFE - Sr)f(f) = f K@, o) f(o)ydu(r), (6.1)
r

where K(t, 7) := gg?)?ffti = ‘p(éaiﬂl)t;“/;((';‘[;"‘). By the definition of the classes V., V__, we observe that the kernel K(t, t)

admits the estimate

Co(lt—to)) ; _ _
K 7| < | o if |7 —tol <t —tol, 62)
u—CW if [T —to] > |t — tol
when ¢ € V44, and
= if |7 — to| < |t —tol,
KEOISY “cppee (6.3)
EER G ]
when ¢ € V_,. Then the operator K is dominated by the weighted Hardy type operators
t—t d d
|1<f(t)}<c‘p(| o) [ 1f(@Idu(r) iC Lf(@)ldu(r) (6.4)
[t —tol (It —tol) |T — tol
I I'\It
when ¢ € V4, and
C [f(D)ldp(T)
Kf () <—/f(f)d (7) + Co(lt — tol _—— (6.5)
[KFOl < =y JIF@ldu@+Colie=to) | G —0n
I \It
when ¢ € V_, where It ={t € I': |1 —to| <[t —tol}.
Note that the condition ¢ € W1 N W guarantees the equivalence
C1o(Is — sol) < @(It —tol) < C20(Is — s0l),  t=t(s), to =t(s0). (6.6)

on curves satisfying the arc-chord condition at the point tg. Since % + % < 1, condition (4.14) implies that ¢ € W; and

therefore, equivalence (6.6) holds under the conditions of the theorem.

Without loss of generality we may assume that the arc length counts from the point tg, that is, so = 0 (which may always
be supposed in the case of a closed curve, while for an open curve this means that tp must be an end-point; the case where
to is not, may be easily covered similarly to Lemma 4.6). Then, in view of (6.6), it is easily seen that estimates (6.4) and (6.5)
are equivalent to the following “arc-length” forms

s 4
‘Kf(t)} gc‘/)(s) |fx(o)|do —I—C/ | fe(0)] do, t=t(s), (6.7)
S @) o
when ¢ € V44, and
s 4
C P d
IKF®)] < —/\f*(o)!do+cgo(s)/ -@)ldo ), (63)
s/ J “op)

when ¢ € V_ (taking into account that sp = 0), where f.(o) = f[t(s)]. It remains to apply Theorem 3.4 to the Hardy
operators on the right-hand side of (6.7)-(6.8) keeping Remark 2.2 in mind.

(1) The proof of the necessity of conditions % <oy < % + %, k=1,2,...,N, in the case of power weights follows the
same line as in the proof of the “only if” part of Theorem 4.7, with corresponding modifications. We explain the necessary
modification for (4.10). Now we have

¢
|t —tol* [ Iz —tol™f(z) dr — |t —tol” If(U)—f(So)Ifaf(T)f’(G)d
T

Saf®) = T—t T t(o) —t(s)
0

o, to=t(sg)el.
r

We choose

fo)y=flt@)]=(0 —so)?_a~ o) ~tlso) Jtlo) — tiso)l”

)

o0 —Sp t’'(o)
where
A1 g
(O. _SO)+P o — (G - SU) 4 , O >39Sp,
0, o < Sp,
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and it is assumed that sy # ¢, the arguments being easily modified for the case sgp = £. By the smoothness of the curve near
the point tg, that is, the continuity of t'(¢’) near o = sy and the condition |t'(0)| = 1, we see that

f@]<Clt 1ol € LPH(I)

by Lemma 2.3. However, under this choice of f(t), by the continuity of t’(o) it is easy to see that

Se f(t) ~clt —tg|® with c#£0 as t — to,

as in (4.10).
Finally, it remains to observe that property (4.11) of the singular integral is known to be valid on an arbitrary Carleson
curve, see for instance [8, pp. 118-120]. O

Remark 6.2. In case one uses weights of the form ]_[,IL1 Or(Is — skl), 0 <51 < S <--- < Sy < £, the requirement for I" to
satisfy the arc-chord condition in part (Ill) of Theorem 6.1 may be omitted as is easily seen from the proof.
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