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We study CPT and Lorentz violation in the tau-lepton sector of the Standard Model in the context of the
Standard-Model Extension, parametrized by a coefficient which is thus far unbounded by experiment. We
show that any nonzero value of this coefficient implies that, for sufficiently large energies, Standard Model
fermions become unstable against decay due to the emission of a pair of tau-antitau leptons. We calculate
the induced fermion energy-loss rate and we deduce the first limit on the Lorentz- and CPT-violation
coefficient.
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I. INTRODUCTION

Lorentz symmetry is a fundamental ingredient in both
the Standard Model and general relativity. Nevertheless,
various candidate theories of quantum gravity suggest
Lorentz violation (LV) may occur at the Planck level
[1]. Consequently, there have been extensive searches
for Lorentz-violating signals. Many of these studies use
a general effective-field-theory framework called the
Standard-Model Extension (SME) [2,3]. It contains all
LV gauge-invariant effective operators that can be built
from the conventional Standard Model fields, coupled to
vector and tensor coefficients that parametrize the LV.
Within the SME, consistency requirements such as gauge
invariance, stability and causality can be maintained [4].
The SME also contains all CPT-violating operators,
because in any local interacting quantum field theory
CPT violation (CPTV) implies LV [5]. The SME allows
us to quantify, in the most general possible way, the
exactness of Lorentz and CPT symmetry in the form of
observational constraints on the Lorentz-violation coeffi-
cients (LVCs) [6]. Such restrictions on LV and CPTV may
be used as a guide in finding the correct theory of quantum
gravity.
It is generally safe to assume the LVCs, if nonzero,

will be very small. Consequently, they will generally
produce very small effects in certain physical quantities.
However, there are also cases in which LVCs allow

certain processes to take place that are normally for-
bidden. In earlier work [7] it was shown how a CPT and
LV operator in the sector of weak gauge bosons results in
the possibility that at sufficiently high energy fermions
that couple to these gauge bosons can emit on-shell W
bosons, resulting in their decay. As such emissions
should be able to occur for normally stable particles
such as the proton, this opens the possibility to bound the
relevant SME coefficient by considering the fact that
protons are present in ultrahigh-energy cosmic rays
(UHECRs).
In this work we consider a similar decay process, in

which an incoming (low-mass) fermion is taken to emit a
tau-antitau lepton pair through a virtual gauge boson (a
photon or a Z boson), losing energy in the process.
Normally this process is, of course, not allowed because
of nonconservation of energy. For a hadron one might
imagine it could occur if the emission provokes the decay
of the hadron into other particles. Nevertheless, such a
scenario is impossible for the proton, because baryon
number conservation imposes that in the final decay
products there has to be at least one (stable) baryon, which
has at least the mass of the proton. In this paper we will
assume that the propagation of the gauge boson is described
by its usual Lorentz-symmetric Lagrangian, while the
kinetic Lagrangian for the tau lepton is taken to include
a CPT and LV vector coefficient bμ which is so far
unbounded by experiment. As we show, the presence of
this coefficient will change the dispersion relation of the tau
and antitau leptons in such a way that the fermion decay
becomes possible in phase space above a certain (large)
threshold energy of the incoming fermion. This threshold
energy is inversely proportional to the size of the compo-
nents of the LV coefficient bμ, which we will suppose to be
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very small. In other words, we will assume the Earth-bound
frame is concordant [4].
A bound on bμ can be obtained by applying this process

to the proton. The presence of protons in UHECRs implies
their stability at least up until the energy for which they are
observed. One crucial step is the demonstration that the
decay rate associated with this process is sufficiently large
to exclude the possibility that the proton would have
survived the trip from their astrophysical source to the
Earth even when its momentum exceeds the threshold for
tau-antitau emission.
This paper is organized as follows. In Sec. II we analyze

the kinetic Lagrangian of the tau lepton in the presence of
the Lorentz- and CPT-violation coefficient bμ and deter-
mine the dispersion relation and the properties of the spin
states. In Sec. III we analyze the kinematics of the emission
of a tau-antitau pair by an elementary fermion in the
presence of a bμ coefficient in the kinetic term of the tau
lepton. In Sec. IV we evaluate the emission rate of this
process in two regimes of the momentum for an incoming
high-energy Dirac fermion. This result is extended to the
case of a proton in Sec. V. Finally, observational data from
UHECRs are used to produce a bound on the components
of the bμ coefficient.

II. THE LORENTZ-VIOLATING MODEL

We consider the following kinetic Lagrangian describing
the Standard Model tau lepton:

LLV ¼ ψ̄ði=∂ − γ5=b −mτÞψ ; ð1Þ

where the constant four-vector bμ parametrizes a LV and
CPT-violating operator in the tau sector within the context
of the Standard-Model Extension [2,3]. It can either be
timelike, lightlike, or spacelike.
The energy-momentum tensor of the field ψ is given by

Tμν ¼ ∂L
∂ð∂μψÞ

∂νψ − ημνL: ð2Þ

Since ∂μTμν ¼ 0 follows from Noether’s theorem applied
to invariance under spacetime translations, we have two
conserved quantities: the Hamiltonian and the physical
momentum:

H ¼
Z

d3xT00 ¼
Z

d3xψ̄ði⃗γ · ∂⃗ þ γ5=bþmτÞψ ; ð3Þ

Pi ¼
Z

d3xT0i ¼
Z

d3xiψ†∂iψ ¼
Z

d3xπ∂iψ ; ð4Þ

where

π ¼ ∂L
∂ð∂0ψÞ

¼ iψ† ð5Þ

is the canonical momentum. From the Euler-Lagrange
equation we get the following Lorentz-violating equation
of motion for ψ :

ðiγμ∂μ − bμγ5γμ −mτÞψ ¼ 0: ð6Þ

From this equation of motion, or from Eq. (3), we derive
that

i∂0ψ ¼ γ0ði⃗γ · ∂⃗ þmτ þ γ5=bÞψ ≡ Ĥ½i∂⃗�ψ : ð7Þ

First, notice that Ĥ½i∂⃗� is Hermitian. It therefore has real
eigenvalues, i.e., all energies are real.
If we use the ansatz ψðxÞ ¼ Wð⃗λÞe−iλ·x, the equation of

motion for the spinors becomes ð=λ − γ5=b −mτÞWαð⃗λÞ ¼ 0
with α ∈ f1;…; 4g, or equivalently

γ0ð=λ − γ5=b −mτÞWαð⃗λÞ ¼ ðλ0 − Ĥ½⃗λ�ÞWαð⃗λÞ
≡ ΛαðλÞWαð⃗λÞ; ð8Þ

with ΛαðλÞ ¼ λ0 − ωαð⃗λÞ, where ωαð⃗λÞ are the roots of the
dispersion relation. This dispersion relation is given by

ðλ2 −m2
τ − b2Þ2 − 4ðλ · bÞ2 þ 4λ2b2 ¼ Λ̃þðλÞΛ̃−ðλÞ ¼ 0:

ð9Þ

Here

Λ̃�ðλÞ ¼ λ2 −m2
τ − b2 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ · bÞ2 − b2λ2

q
; ð10Þ

where Λ̃þðλÞ and Λ̃−ðλÞ each have two nondegenerate
roots. We will take the roots α ¼ 1, 3 to correspond to
Λ̃þ ¼ 0, and the roots α ¼ 2, 4 to Λ̃− ¼ 0. (Below, we will
see that α ¼ 1, 2 will correspond to particle states, α ¼ 3, 4
to antiparticle states.) In fact, it is not hard to see that

Y4
α¼1

Λα ¼ Λ̃þΛ̃−: ð11Þ

The Wαð⃗λÞ satisfy the off-shell eigenvalue equation (8)
(valid for arbitrary values of λμ), as well as the on-shell
equation:

Ĥ½⃗λ�Wαð⃗λÞ ¼ ωαð⃗λÞWαð⃗λÞ: ð12Þ

Since the operator on the left-hand side of Eq. (8) is
Hermitian, it has four orthogonal eigenvectors Wαð⃗λÞ:

Wαð⃗λÞ†Wβ ð⃗λÞ ¼ δαβNαð⃗λÞ; ð13Þ

with Nαð⃗λÞ a real and positive normalization factor to be
chosen later. They satisfy the completeness relation
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X4
α¼1

Wαð⃗λÞWαð⃗λÞ†
Nαð⃗λÞ

¼ 1: ð14Þ

Multiplying identity (14) by γ0 from the left and the right
and using Eq. (8) then yields

ð=λ −mτ − γ5=bÞ−1 ¼
X4
α¼1

Wαð⃗λÞW̄αð⃗λÞ
Nαð⃗λÞΛαðλÞ

; ð15Þ

with W̄αð⃗λÞ ¼ Wαð⃗λÞ†γ0. Using the matrix identity A−1 ¼
adjðAÞ=detðAÞ, as well as the identity detð=λ −mτ − γ5=bÞ ¼Q

4
α¼1 ΛαðλÞ, it then follows that

Wαð⃗λÞW̄αð⃗λÞ ¼ Nαð⃗λÞadjð=λ −mτ − γ5=bÞQ
β≠αΛβðλÞ

�
λ0¼ωα ð⃗λÞ

¼ Nαð⃗λÞadjð=λ −mτ − γ5=bÞ
4ðλ2 −m2

τ þ b2Þλ0 − 8ðb · λÞb0
�
λ0¼ωα ð⃗λÞ

;

ð16Þ

where the last identity follows from taking the derivative
of both sides of Eq. (11) with respect to λ0. One can also
verify that

adjð=λ −mτ − γ5=bÞ ¼ ð=λþmτ − γ5=bÞ
× ðλ2 −m2

τ − b2 − 2iγ5σμνbμλνÞ
ð17Þ

with σμν ¼ i
2
½γμ; γν�. Notice that it follows easily from the

equation of motion that

2iγ5σμνbμλνWαð⃗λÞ ¼ −ðλ2 −m2
τ − b2ÞWαð⃗λÞ: ð18Þ

Therefore, the spinors Wαð⃗λÞ are eigenstates, with eigen-
values �1, of the CPT-violating operator

P ¼ iγ5σμνbμλνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ · bÞ2 − λ2b2

p ; ð19Þ

where all quantities are put on the relevant mass shell. For
purely timelike bμ, P can be seen to correspond to sgnðb0Þ
times the helicity operator. We take the spinors to satisfy

PWαð⃗λÞ ¼ −ð−1ÞαWαð⃗λÞ; ðα ¼ 1;…; 4Þ: ð20Þ

We now take the normalizations for the spinors to be

Nαð⃗λÞ ¼

8>>>><
>>>>:

����∂Λ̃þðλÞ
∂λ0

�
λ0¼ωα ð⃗λÞ

���� for α ¼ 1; 3;

����∂Λ̃−ðλÞ
∂λ0

�
λ0¼ωα ð⃗λÞ

���� for α ¼ 2; 4:

ð21Þ

Since the denominator in Eq. (16) is equal to
∂
∂λ0 ðΛ̃þðλÞΛ̃−ðλÞÞ, we see that

Wαðλ⃗ÞW̄αðλ⃗Þ

¼

8>>><
>>>:

adjð=λ−mτ− γ5=bÞ
2ðλ2−m2

τ −b2Þ

%
λ0¼ωαðλ⃗Þ

for α¼ 1;2;

−
adjð=λ−mτ− γ5=bÞ
2ðλ2−m2

τ −b2Þ

%
λ0¼ωαðλ⃗Þ

for α¼ 3;4:

ð22Þ

By using Eq. (17) and the equation of motion it is then easy
to see that

W̄αð⃗λÞWαð⃗λÞ ¼
�
2mτ for α ¼ 1; 2;

−2mτ for α ¼ 3; 4:
ð23Þ

The dispersion relation (9) is invariant under λ → −λ. So
for each positive solution λ0 ¼ ωð⃗λÞ there is another
negative solution λ0 ¼ −ωð−⃗λÞ. As usual we take these
to correspond to particle and antiparticle energies. We label
the particle energies by a u and the antiparticle energies by
a v, while we differentiate between helicity states by a
�sign, corresponding to the eigenvalue of the operator P. It
follows that

Euþðp⃗Þ ¼ Ev
−ðp⃗Þ ¼ ω1ðp⃗; bÞ ¼ −ω3ð−p⃗; bÞ;

Eu
−ðp⃗Þ ¼ Evþðp⃗Þ ¼ ω2ðp⃗; bÞ ¼ −ω4ð−p⃗; bÞ: ð24Þ

The corresponding redefined spinors are uþðp⃗Þ ¼ W1ðp⃗Þ,
u−ðp⃗Þ¼W2ðp⃗Þ, vþðp⃗Þ¼W4ð−p⃗Þ, and v−ðp⃗Þ ¼ W3ð−p⃗Þ.
Notice that the labels of the antiparticle states in (24)

have flipped sign because of the sign change under the
identification λμ → −pμ, in accordance with the fact that P
flips sign when λμ does. This obviates the fact that
corresponding particle and antiparticle states have different
energies, in accordance with the CPT-violating nature of
the Lagrangian LLV.
To first nontrivial order in the LVC, the particle energies

(24) can be easily evaluated and, for arbitrary bμ, they are
given by

Eu
� ¼ Ev∓ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗λ2 þm2

τ

q

∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗λ2 þm2

τ

q
− ⃗λ · b⃗Þ2 − b2m2

τ

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗λ2 þm2

τ

q : ð25Þ

Exact expressions for the energy can be written down for
the cases b0 ¼ 0, b⃗ ¼ 0 or b0 ¼ �jb⃗j (see [2], where also
explicit expressions for the corresponding eigenspinors are
derived), but we will not need them in this work.
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III. KINEMATICS

We aim to calculate the rate at which a high-energy Dirac
fermion with mass m emits a pair tau-antitau described
by the Lagrangian (1). As a first step, we take the process to
be mediated by a photon. The corresponding Feynman
diagram is indicated in Fig. 1. In the standard Lorentz-
symmetric case, this process is forbidden by energy-
momentum conservation. However, we will assume that
the tau and antitau leptons in the final state are described by
the CPT and LV Lagrangian (1). This implies the modified
dispersion relations defined by Eq. (24). In the following
we will see that these imply the possibility of the emission
process to proceed if the momentum of the incoming
fermion exceeds a certain threshold value, at least if we take
the final spin states such that the tau and antitau have
spacelike four-momentum. This threshold value will turn
out to be inversely proportional to the absolute value of the
LVC bμ. Assuming bμ to be very small in the Earth-bound
frame (which we will assume in this work), it then follows
that the emission process can only take place for very large
incoming momenta.
Let us denote the momenta of the incoming and outgoing

fermion by p and p0, and those of the tau and antitau by k
and k0. We parametrize the three-momenta as follows:

p⃗ ¼

0
B@

0

0

p

1
CA; p⃗0 ¼

0
B@

−kx − k0x
−ky − k0y

λp

1
CA;

⃗k ¼

0
B@

kx
ky
αp

1
CA; ⃗k0 ¼

0
B@

k0x
k0y
βp

1
CA; ð26Þ

with

0 < α; β; λ < 1 and αþ β þ λ ¼ 1; ð27Þ

assuring three-momentum conservation. The condition of
energy conservation p0

0 þ k0 þ k00 ¼ p0 will impose a

threshold value on the incoming momentum p. In order
to see how this comes about, we write

p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

q
≈ pþm2

2p
; ð28Þ

p0
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2p2 þ ðkx þ k0xÞ2 þ ðky þ k0yÞ2 þm2

q
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2p2 þm2

q
≈ λpþ m2

2λp
: ð29Þ

Similarly, by using the LV dispersion relation (10) we can
estimate

k0� ≥ αpþ m2
τ

2αp
− ð−1Þαkξb;k; ð30Þ

k00� ≥ βpþ m2
τ

2βp
− ð−1Þαk0 ξb;k0 : ð31Þ

Here the parameter ξb;k is of the order of the size of the
components of the LV coefficient bμ. More precisely,

ξb;k ¼ jb0 − jb⃗j cosðθkbÞj; ð32Þ

where θkb is the angle between the vectors ⃗k and b⃗. A
similar identity holds for ξb;k0. We see from (32) that ξb;k
depends on bμ and the relative orientation of ⃗k and b⃗. The
parameters αk and αk0 take the values 1 or 2, indicating the
helicity state of the tau and antitau (see Sec. II).
Using the estimates (28)–(31) condition p0

0 þ k0 þ k00 ¼
p0 yields the relation

ð−1Þαkξb;k þ ð−1Þαk0 ξb;k0 ≥
m2

2p

�
1

λ
− 1þm2

τ

m2

�
1

α
þ 1

β

�	
:

ð33Þ

As the right-hand side of (33) is positive, this condition can
only be satisfied if the same is true for the left-hand side.
For this reason, we will choose the spin states of the tau
and antitau such that ð−1Þαkξb;k ¼ jξb;kj and ð−1Þαk0 ξb;k0 ¼
jξb;k0 j. It is also possible to take the smaller of the two terms
with the opposite sign (assuming that the sum remains
positive). However, this channel only kicks in at a higher
threshold momentum, and therefore we will not consider it
in detail [8].
Noting that the expression in square brackets in (33) is

bounded from below due to conditions (27) it follows that p
has to exceed a certain threshold value pth. In order to
determine pth, note that the equalities in Eqs. (29)–(31) can
only be satisfied if the transverse (x and y) components of
the outgoing momenta are all taken to vanish. Moreover,
for p to attain its minimum value, the values of α and β
need to be chosen such that the expression in square

FIG. 1. Feynman diagram for the photon-mediated emission
process of a τ−, τþ pair with Lorentz-violating dispersion relation
by a Dirac fermion of incoming momentum p and outgoing
momentum p0.
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brackets in (33) attains its minimum value. Taken together
these considerations imply that p ¼ pth if

kx ¼ k0x ¼ ky ¼ k0y ¼ 0; α ¼ β ¼ mτ

mþ 2mτ
: ð34Þ

Thus, at threshold the outgoing tau and antitau leptons
move in exactly the same direction as the incoming
fermion, and thus all momenta are collinear. This in turn
means

θkb ¼ θk0b ¼ θpb ¼ θp0b ðat thresholdÞ; ð35Þ

and thus

ξb;k ¼ ξb;k0 ≡ ξb;p ðat thresholdÞ: ð36Þ

Combining Eqs. (33), (34) and (36) it then follows that

pth ¼
mτðmτ þmÞ

jξb;pj
: ð37Þ

Above threshold, conditions (34) are no longer satisfied.
In that case, the transverse momenta can become nonzero,
and the parameters α and β fluctuate around their threshold
values. We can then write, instead of Eqs. (29)–(31),

p0
0 ≈ λpþ ðkx þ k0xÞ2 þ ðky þ k0yÞ2 þm2

2λp
ð38Þ

k0� ≈ αpþ k2x þ k2y þm2
τ

2αp
− ð−1Þαkξb;k; ð39Þ

k00� ≈ βpþ k0x2 þ k0y2 þm2
τ

2βp
− ð−1Þαk0 ξb;k0 ; ð40Þ

which are valid as long as the longitudinal components of
the momenta are much larger than the transverse ones. This
is certainly the case for momenta just above threshold.
Relation (33) then becomes

ð−1Þαkξb;k þ ð−1Þαk0 ξb;k0

≈
ðkx þ k0xÞ2 þ ðky þ k0yÞ2 þm2

2λp
−
m2

2p

þ k2x þ k2y þm2
τ

2αp
þ ðk0xÞ2 þ ðk0yÞ2 þm2

τ

2βp
: ð41Þ

It will be useful for the following to determine the energy
loss of the fermion with momentum p > pth. In order to do
so, we consider the “brick-wall” observer frame in which
the four-momentum transfer q ¼ kþ k0 ¼ p − p0 imparted
on the incoming fermion is purely spacelike, and thus no
energy, only three-momentum is transferred. That such a
frame exists can be seen from the fact that both the tau and

antitau must have spacelike momentum for the emission to
be possible [7]. In this frame the tau dispersion relation dips
to negative energies for a certain momentum range.
By analyzing the process in this frame and transforming

back to the concordant frame, one finds that the incoming
fermion suffers an energy loss of at least

ΔEmin ¼
m2

τ

jξb;pj
∼ pth: ð42Þ

Another interesting result that can be extracted is that the
three-momentum transfer in the brick-wall frame is of order

m2
τ

γjξb;pj
; ð43Þ

where γ equals the gamma factor associated with the
Lorentz transformation to the brick-wall frame. At thresh-
old the denominator in (43) is of order mτ, of the same
order or larger than the fermion rest mass. On the other
hand, for ultrahigh momenta p ≫ pth the product γjξb;pj
will generally be much larger than mτ, yielding a very
small (nonrelativistic) momentum transfer. In this case the
brick-wall frame corresponds practically to the fermion
rest frame.

IV. EMISSION RATE

In order to be able to draw relevant physical conclusions
about the emission process, we need to estimate the rate of
emission. The decay rate is given by

Γ ¼ 1

2p0

Z
d3k

ð2πÞ3Λ0ðkÞ
d3k0

ð2πÞ3Λ0ðk0Þ
d3p0

ð2πÞ32p0
0

× jMj2ð2πÞ4δð4Þðp − p0 − k − k0Þ; ð44Þ

where the squared matrix element jMj2 is summed
(averaged) over the final (initial) fermion, but not over
the final tau and antitau states. The unconventional factors

Λ0ðpÞ ¼ ∂Λ�ðpÞ
∂p0

ð45Þ

in the denominator define a (positive-definite) normali-
zation in which the phase space and the matrix element
are separately observer Lorentz invariant [9], i.e.,
invariant under simultaneous Lorentz transformations of
the momenta and the LV four-vector. Explicit observer
Lorentz covariance of the formalism will allow us to
transform to convenient observer frames later on.
The matrix element corresponding to the tree level

process mediated by the photon is given by

iM ¼ ūðp0ÞðieγμÞuðpÞ−iημν
q2

ūτðk0Þð−ieγνÞvτðkÞ: ð46Þ
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Here uðpÞ and uðp0Þ are conventional Dirac spinors,
q ¼ kþ k0 ¼ p − p0 is the transferred momentum, while
uτðk0Þ and vτðkÞ are described by the Lorentz and CPT-
violating kinetic Lagrangian (1). It follows from (46) that
the emission rate (44) can be written as

Γ ¼ 1

2p0

Z
d3k

ð2πÞ3Λ0ðkÞ
d3k0

ð2πÞ3Λ0ðk0Þ
8πe4

q4
Lμν
τ Wμν; ð47Þ

where

Lμν
τ ¼ Tr½ūτðk0ÞγμvτðkÞv̄τðkÞγνuτðk0Þ� ð48Þ

and

Wμν ¼
1

8π

Z
d3p0

ð2πÞ32p0
0

Lfermion
μν ð2πÞ4δð4Þðp − p0 − k − k0Þ

ð49Þ

with

Lfermion
μν ¼ 1

2

X
spins

Tr½ūðp0ÞγμuðpÞūðpÞγνuðp0Þ�: ð50Þ

As it turns out, evaluating the decay rate for general
values of the incoming momentum is technically prohibi-
tively complicated. Fortunately, it is sufficient for our
purposes to estimate the order of magnitude of the rate.
We have been able to evaluate the rate in two regimes:
(a) when the incoming fermion momentum p is just above
threshold, and (b) in the asymptotic regime, when the
incoming fermion momentum is much larger than the
threshold value.
We will first consider case (a), corresponding to the

conditions (34) on the momenta of the particles. Just above
threshold, the matrix element squared jMj2 associated with
the Feynman diagram in Fig. 1 does not vary strongly.
Thus, we can evaluate its value at threshold and obtain

Γ ≈
e4

ð2πÞ5
1

2p0

�
1

Λ0ðkÞ
1

Λ0ðk0Þ
1

2p0
0

jMj2
	����

th

×
Z

d3kd3k0d3p0δð4Þðp − p0 − k − k0Þ; ð51Þ

where “th” is defined by the conditions in Eq. (34). By
using the fact that the tau and antitau satisfy the modified
dispersion relations (39) and (40), as well as the following
identity for the spinor bilinears,

uiτðkÞūiτðkÞ ¼
ð=kþm− γ5=bÞðk2 −m2 − b2 − 2iγ5σμνbμkνÞ

2ðk2 −m2 − b2Þ ;

ð52Þ

and

viτðkÞv̄iτðkÞ ¼
ð=k−mþ γ5=bÞðk2 −m2 − b2 þ 2iγ5σμνbμkνÞ

2ðk2 −m2 − b2Þ ;

ð53Þ

which follow from Eqs. (22) and (17), one can derive that�
1

Λ0ðkÞ
1

Λ0ðk0Þ
1

2p0
0

jMj2
	����

th

¼ 2

p3

�
mτ

m

�
2 1

ðαβÞ2
����
th

¼ 2

p3

ðmþ 2mτÞ4
m2m2

τ
þO

�
ξ2

p3m2
;
m
p4

�
: ð54Þ

Moreover, one can show thatZ
d3kd3k0d3p0δð4Þðp − p0 − k − k0Þ

¼ p3
m11=2m3

τ

ðmþ 2mτÞ13=2
π3R4; ð55Þ

where

R2 ¼ ∓ 4jξb;pjp
m2

−
4mτðmþmτÞ

m2
; ð56Þ

so that

Γ ¼ 2π3e4

ð2πÞ5
m

7
2mτ

ðmþmτÞ52
R4

p
: ð57Þ

Taking p ¼ apth, it then follows that

Γ ≈
e4jξb;pj
π2

m2
τffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mðmþmτÞ3
p ða − 1Þ2θða − 1Þ: ð58Þ

Now let us consider case (b) for which the scale of the
incoming fermion momentum p is much larger than the
threshold momentum for tau-antitau emission, or, equiv-
alently, that jξb;pj ≫ mτðmτ þmÞ=p. In this case, we see
from the energy conservation relation (41) that we can
expect that the transverse momenta of the outgoing
particles should scale as

ffiffiffiffiffiffiffiffiffiffiffiffiffijξb;pjp
p

. For this reason we
introduce the rescaled, dimensionless transverse momen-
tum variables

k̃x;y ¼
kx;yffiffiffiffiffiffiffiffiffiffiffiffiffijξb;pjp

p ; k̃0x;y ¼
k0x;yffiffiffiffiffiffiffiffiffiffiffiffiffijξb;pjp

p : ð59Þ

Note that the transverse momentum components of the
outgoing fermion can be expressed in terms of k̃x;y and k̃

0
x;y

by three-momentum conservation.
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In order to perform the calculation of the emission rate
below, we now make the approximation that the identities
(35) hold approximately in the asymptotic (p ≫ pth)
limit. This will be the case because the transverse (x, y)
components of ⃗k and ⃗k0 scale as the square root of the
incoming momentum p, while the parallel (z) component is
proportional to p. Thus, the tau and antitau are emitted in a
small forward cone along the incoming momentum. This
means that we can take ξb;k ≈ ξb;k0 ≈ ξb;p as fixed quantities
in the dispersion relation.
Taking now the high-p limit, maintaining terms at lowest

order in 1=p, it follows that

jMj2 ¼ 16m2
τe4ð1 − α − βÞ

αβ

×
jξb;pjpKð1þ ð1 − α − βÞ2Þ þm2ðαþ βÞ4

ðjξb;pjpK þm2ðαþ βÞ2Þ2 ;

ð60Þ

where we have introduced

K ¼ ðk̃x þ k̃0xÞ2 þ ðk̃y þ k̃0yÞ2: ð61Þ

The expression for the asymptotic decay rate becomes

Γ ¼ e4m2
τ jξb;pj2p3

ð2πÞ5
Z

dαdβdk̃xdk̃ydk̃
0
xdk̃

0
y

α2β2
jξb;pjpKð1þ ð1 − α − βÞ2Þ þm2ðαþ βÞ4

ðjξb;pjpK þm2ðαþ βÞ2Þ2 δðp − p0 − k0 − k00Þ: ð62Þ

The integral over the transverse momenta can now be performed, and the resulting expression can be cast into the form

Γ ¼ 2e4m2
τ

ð2πÞ3p
Z

a−1
2
−1

a1

dz

�
z

1þ z

��
−
ln ða2ð1þ zÞÞ

2
þ ln

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

a1
z

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

a1
z
− a2ð1þ zÞ

r �	

×

�
−1þ 1

2

�ðzþ 1Þ2 þ z2

zð1þ zÞ
�
ln

�
z
a1

�	
þO

�
1

p

�
; ð63Þ

where we introduced the parameters

a1 ¼
m2

4jξb;pjp
; a2 ¼

m2
τ

jξb;pjp
; ð64Þ

which tend to zero in the large-p limit. For the case in
whichm andmτ are of the same order, both a1 and a2 are of
order pth=p.
While exact analytic evaluation of the z-integral in (63) is

not feasible, one can deduce that the dominant contribution
is of the form

− lnða2Þ
a2

ðC1 þ C2 lnða1a2ÞÞ; ð65Þ

for some dimensionless constants C1 and C2 [here we
excluded the prefactors in (63)]. Numerical fitting of the
z-integral in (63) to the formula (65) confirms that an
excellent fit can be obtained. In Table I we list fitted values
for C1 and C2 as a function of the ratio a1=a2 ¼ m2=ð4m2

τÞ.
In obtaining the fit, we took a ¼ p=pth distributed loga-
rithmically along the range 102 < a < 1010. It follows that

Γ ∼
2e4jξb;pj
ð2πÞ3 ð− lnða2ÞÞðC1 þ C2 lnða1a2ÞÞ: ð66Þ

We see that the asymptotic form of the rate is proportional
to jξb;pj times a quadratic expression in terms of lnðaÞ.

In conclusion, a charged fermion will start emitting tau-
antitau pairs if its momentum p exceeds a certain threshold
value pth. The emission rate is of the form

Γ¼ e4jξb;pj
2π2

GðaÞθða−1Þ¼ 8α2jξb;pjGðaÞθða−1Þ; ð67Þ

(with α the fine-structure constant) for a function GðaÞ that
satisfies

GðaÞ≈

8>>><
>>>:

2m2
τffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mðmþmτÞ3
p ða− 1Þ2; if a− 1≪ 1;

1

2π
ð− lnða2ÞÞðC1 þC2 lnða1a2ÞÞ; if a≫ 1:

ð68Þ

TABLE I. Fitted values of the parameters C1 and C2 in
formula (65) as a function of the ratio a1=a2. The value a1=a2 ¼
0.138875 corresponds to taking for m the proton mass. The value
a1=a2 ¼ 2.5 corresponds to taking for m 10 times the tau mass.

a1=a2 C1 C2

0.025 2.5211 0.00759
0.138875 1.9721 −0.00060
0.25 1.7969 −0.00341
1.00 1.4097 −0.01004
2.5 1.1738 −0.01442
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From the expressions (58) and (66) we find that if
Oðjξb;pjÞ ∼ 10−10 GeV, corresponding to the bound we
will find later on, the typical decay time (as measured in the
Earth-bound frame) is

tp ∼ 10−11 s: ð69Þ
Moreover, it was shown at the end of the previous section
that the emission process implies an energy loss of at least
m2

τ=ð2jξb;pjÞ ∼ pth. It follows that for such values of jξb;pj
all fermions in a decay cascade will fall below threshold
within at most a × 10−11 s.

V. THE PROTON

The analysis in the previous sections applies to an
incoming fundamental charged Dirac fermion. In fact, of
more practical interest to us will be the case of an incoming
composite particle such as the proton. In applying the
formalism developed in the previous sections to an incom-
ing proton, a few adaptations are necessary.
First of all, the tensorWμν in expression (49) now applies

to the photon coupling to the proton and becomes

Wμν ¼ 1

8π

X
σ

XZ
X

hpðp; σÞjJνð−qÞjXihXjJμðqÞjpðp; σÞi;

ð70Þ

where jpðp; σÞi is a proton state with momentum p and
spin σ, JμðpÞ is the hadronic current, and PR

X represents a
sum over the possible hadronic final states X along with the
corresponding integrations over phase space.
Insight into the final hadronic state can be gained from

the discussion at the end of Sec. III. As it was argued there,
for incoming momenta far above the threshold pth (that is,
for a ≫ 1), the momentum transfer ⃗kþ ⃗k0 in the rest frame
of the fermion will be tiny. This means the impact of the
tau-antitau emission on the proton will be small so that it
will remain intact. That is, the final state jXi corresponds to
a (ground-state) proton. The applicable hadron current Jμ

then can be written with the usual proton structure
functions:

JμðqÞ ¼ eūðp0Þ
�
F1ðq2Þγμ þ

κ

2m
F2ðq2Þiσμνqν

	
uðpÞ;

ð71Þ
where the proton anomalous magnetic moment κ ¼ 1.79.
Also, as q will be tiny, we can take the limits F1ð0Þ ¼
F2ð0Þ ¼ 1. Thus, the only change with respect to the
calculation of the rate as compared to the case of a
fundamental Dirac fermion will be the F2 term.
However, as the latter is proportional to the momentum
transfer components qν, it can be expected to be very small

compared to the first term, and can be safely ignored. We
conclude that for ultrahigh proton momenta p ≫ pth, the
emission rate is given by expression (44) and that
the energy of the proton will cascade down as described
at the end of Sec. IV.
As we saw in Sec. III, for momenta close to the threshold

for emission, the momentum transfer in the brick-wall
frame will become of the order of the proton rest mass. As a
consequence, it is more adequate to consider the tau-antitau
emission as a (deeply) inelastic process, resulting in the
breakup of the proton. In this case we can use the parton
model to evaluate Wμν in expression (70). This essentially
involves calculating the decay rate of an elementary quark
that carries a fraction x of the longitudinal proton momen-
tum. We can thus use many of the results obtained for the
elementary fermion rate. For a pedagogical introduction to
parton-model calculations, we refer to Ref. [10].
The resulting emission rate in the context of the parton

model becomes

Γ ¼ e4jξb;pj
2π2

X
q

Z
1

0

dxðfqðxÞ þ f̄qðxÞÞG̃ee
q ðaxÞθðax − 1Þ:

ð72Þ

Here the functions fqðxÞ and f̄qðxÞ are the parton distri-
butions functions (PDFs) for the quarks and antiquarks of
flavor q, respectively, representing the probability of
finding a quark with momentum fraction x inside the
proton. The PDFs are assumed to be independent of p2,
which is a good approximation to leading order in the
strong coupling constant. The functionGqðaxÞ corresponds
to the absolute value squared of the first term in (73), and is
equal to the function (68) with the substitution m → xm,
and an extra multiplication by the square of the quark
charge fraction.
As the integral over x in Eq. (72) runs up to 1, the

maximum momentum of the parton involved in the
emission of the tau-antitau pair equals that of the incoming
proton itself. As a consequence the threshold proton
momentum for tau-antitau emission will be given by
formula (37), where m is to be identified with the proton
mass. At such values of x close to 1, the proton PDFs for
valence quarks decay to zero approximately as a constant
times ð1 − xÞcq with cu ≈ 4 and cd ≈ 5 [11]. As a conse-
quence, the integral over x in Eq. (72) yields decay rates
just above threshold that are suppressed as compared to the
situation in which the proton would have been an elemen-
tary particle.
Finally, we note that in the above we only considered

the emission process in which the tau-antitau emission is
mediated by a virtual photon. In fact, there is the additional
possibility that the emission takes place with an intermedi-
ate Z boson instead (see Fig. 2). This means that the
transition amplitude M is given by the sum of two terms:
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iM ¼ hXjieJμEMðqÞjpðp; σÞi
−iημν
q2

ūτðk0Þð−ieγνÞvτðkÞ

þ hXjigJμZðqÞjpðq; σÞi
−iημν

q2 −m2
Z

× ūτðk0Þ
�
−i

g
2
γν
�
ðcτV − cτAγ

5ÞvτðkÞ: ð73Þ

Here JμEM corresponds to the electromagnetic current
considered in (70) and in the previous sections, while JμZ
applies to the current coupling to the Z boson. In the
context of the parton model, the emission rate will now be
of the form

Γ ¼ jξb;pj
2π2

X
q

Z
1

0

dxðfqðxÞ þ f̄qðxÞÞ

× ðe4G̃ee
q ðaxÞ þ g4G̃gg

q ðaxÞ þ e2g2G̃eg
q ðaxÞÞθðax − 1Þ;

ð74Þ

where the function G̃ee
q ðaxÞ is the same as GqðaxÞ in

Eq. (72), while the terms with G̃gg
q and G̃eg

q correspond to
the absolute value squared of the second term in (73), and a
cross (interference) term, respectively. They can be
expected to be of the same general form as Gee

q ðaxÞ. For
our purposes it is not necessary to compute them explicitly,
as we will only need a lower bound on the emission rate. It
is sufficient to note that the additional terms are indepen-
dent expressions proportional to the independent quantities
g4 and e2g2, and thus a cancellation would imply an
extreme fine-tuning between Gee

q , Ggg
q and Geg

q (the latter
would have to be negative).
In fact, note that in the asymptotic limit p ≫ pth the

momentum transfer qμ in the brick-wall frame is very
small. This means that the Z-boson propagator will be very
suppressed compared to the photon propagator, which
implies in turn that the decay rate will be dominated by
the photon exchange diagram for p ≫ pth.

VI. OBSERVATIONAL LIMITS FROM
ULTRAHIGH-ENERGY COSMIC RAYS

We can obtain a bound on jξb;pj by observing that a
cosmic-ray proton that has an energy below threshold has
zero probability to disintegrate by tau-antitau emission, and
can thus reach Earth unimpeded. However, with an energy
above threshold, the proton can emit tau-antitau pairs,
possibly disintegrating eventually, until all protons in the
decay cascade have fallen below threshold. This means that
it cannot reach Earth if its mean free path is much smaller
than the distance D from its source to Earth.
Since many ultrahigh-energy cosmic-ray (UHECR) par-

ticles with energies above 57 EeV≡ jp⃗jobs have been
observed, coming more or less from all directions [12],
we can take it as a first estimate for the lower bound for Eth.
It follows that

jξb;pj <
mτðmτ þmÞ

jp⃗jobs
≈ 8.5 × 10−11 GeV: ð75Þ

This bound can only be relaxed if the mean free path of
protons above threshold is not much smaller than D. From
Eq. (72) we see that the mean lifetime of protons (in Earth’s
frame) tp is still proportional to jξb;pj−1, but is enhanced,
mainly by the minute values of the PDFs at large x. A very
conservative estimation that comes from comparing to the
elementary-fermion decay time (69) (involving only photon
exchange) gives a mean free path of

L ≃ ctp × 1015 ≈ 3 × 109 km ð76Þ

which is of the order of the size of the solar system. Clearly,
in such a scenario, protons with an energy above threshold
will not be able to reach Earth from any viable UHECR
source. We thus obtain a bound on all four components of
the LVC:

jbμj < 8.5 × 10−11 GeV: ð77Þ
We note that we have to assume that at least some of the
detected UHECRs are protons and that these have a
sufficient spread in arrival direction. Although the mass
content of the UHECRs, in particular at high energies,
is still uncertain [13], it seems very unlikely that such a
significant low-mass component is completely absent.
Also, considering the above-mentioned observations regard-
ing the spread in arrival directions of the UHECRs, it is
reasonable to assume that such a spread also applies to its
proton component.

VII. CONCLUSION

In this paper, we investigated Lorentz and CPT violation
in the electroweak sector. In particular, we focused on
a hitherto unbounded LVC in the tau sector of the
Standard-Model Extension. Considering the emission of

FIG. 2. Feynman diagram for the emission process of a tau-
antitau pair by a proton of incoming momentum p, mediated by a
photon or a Z boson.
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tau-antitau pairs by high-energy particles in the context of
UHECR observations leads to a new bound on the coupling
bμ in the tau sector of about 10−10 GeV. Our method relies
on the fact that any hypothetical Lorentz violation in the tau
sector parametrized by the bμ coefficient turns a process
that is normally forbidden in phase space possible for
sufficiently high momentum. It is worth pointing out that
formula (75) can be applied to the muon and the electron
sectors as well, under the substitutions mτ → mμ and
mτ → me. This leads to the noncompetitive bounds 1.9 ×
10−12 and 8.4 × 10−15 GeV for the components of the bμ

parameter in the muon sector and the electron sector,

respectively. However, we do expect that it should be
possible to derive new and/or competitive bounds on other
SME coefficients, either in the tau sector or for other
particles, by applying this method.
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