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Abstract. A finite element formulation for active vibration control of thin plate laminated
structures with integrated piezoelectric layers, acting as sensors and actuators is presented.
The finite element model is a nonconforming single layer triangular plate/shell element with
18 degrees of freedom for the generalized displacements and one electrical potential degree
of freedom for each piezoelectric element layer, and is based on the Kirchhoff classical
laminated theory. To achieve a mechanism of active control of the structure dynamic
response, a feedback control algorithm is used, coupling the sensor and active piezoelectric
layers, and Newmark method is used to calculate the dynamic response of the laminated
structures. The model is applied in the solution of several illustrative cases, and the results
are presented and discussed.
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1. INTRODUCTION

In the recent years the study of smart structures has attracted significant researchers, due
to their potential benefits in a wide range of applications, such as shape control, vibration
suppression, noise attenuation and damage detection. The use of smart materials, such as
piezoelectric materials, in the form of layers or patches embedded and/or surface bonded on
laminated composite structures, can provide structures that combine the superior mechanical
properties of composite materials and the capability to sense and adapt their static and
dynamic response. The piezoelectric materials have the property to generate electrical charge
under mechanical load or deformation, and the reverse, applying an electrical field to the
material results in mechanical strains or stresses.

Shape control and dynamic control of structures are some of the current applications of
the commonly referred intelligent structure described by Crawley and Luis (1989). A
pioneering work is due to Allik and Hughes (1970), which analysed the interactions between



electricity and elasticity by developing a tetrahedral finite element. Recent surveys can be
found in Senthil et al. (1999), Benjeddou (2000), and Franco Correia et al. (2000).

Several researchers have carried out the modelling of composite structures containing
piezolaminated sensors and actuators using the finite element formulation. Samanta et al.
(1996), developed an eigth-noded quadratic isoparametric finite element for the active
vibration control of laminated plates with distributed piezoelectric sensor and actuators.
Active vibration control capability is studied using a simple algorithm with negative velocity
feedback. Lam et al. (1997), developed a finite element model based on the classical
laminated theory for the active vibration control of composite plates containing piezoelectric
layers acting as distributed sensors and actuators. This model uses Newmark method,
Newmark (1959) to calculate the dynamic response of the laminated plate. Reddy (1999)
presents a detailed theoretical formulation, the Navier solution and finite element models
based on the classical and shear deformation plate theories, for the analysis of laminated
composite plates with integrated sensors and actuators. A simple negative velocity feedback
control algorithm coupling the direct and converse piezoelectric effects is used to actively
control the dynamic response of an integrated structure through closed loop control. Bohua
and Huang (2001) derived an analytical formulation for modelling the behaviour of laminated
composite plates with integrated piezoelectric sensor and actuator, using the first-order shear
deformation theory.

In this paper we present a finite element model, based on classical plate theory, for active
control of laminated structures integrating piezoelectric sensors and actuators. A simple and
efficient three-node triangular piezolaminated plate/shell element with 18 generalised
displacement degrees of freedom is used. The formulation introduces one electric potential
degree of freedom for each piezoelectric layer of the finite element model. Negative velocity
feedback control is considered, and Newmark method is used to calculate the dynamic
response of the laminated structures. To show the applicability of the proposed model,
illustrative numerical examples are presented and discussed.

2. CLASSICAL PLATE THEORY. DISPLACEMENT AND STRAIN FIELDS

The classical Kirchhoff theory is considered. The displacement components of a generic
point in the laminated finite element local axes (x,y,z) are assumed to be of the form:

U(X, Y, Z) = UO(X, Y) —Z ey
V(X,¥,2) = Vo (X,y)+ 20y (1)

W(Xa Y7Z) =Wy (X’ Y)

where (ug,vq,W() are the displacements of the point on the reference plane of the laminate,
and 6, =-0w/dy and By = 0w / Ox are the rotations about the x and y axes respectively.

The strains components associated with the displacement in Eq. (1) are given by:

Exx =0U,/ 0x—2(0°w,/0x?)
ayyzﬁvo/éy—z(azwo/ﬁyz) (2)

Yy =(@Ug /By +3v,/0x)-2 (287w, /Oydx)



3. PIEZOELECTRIC LAMINATES. CONSTITUTIVE EQUATIONS.

Assuming that a piezoelectric composite plate consists of several layers, including the
piezoelectric layers, the constitutive equation for an orthotropic layer of the laminate
substrate, is

5=Q¢ (3)

and the constitutive equations of a deformable piezoelectric material, coupling the elastic and
the electric fields are given by, Tiersten (1969)

6=Qt-¢cE 4)
D=¢ e +pE (%)
with
B §11 §12 §16 0 0 ey Ppn Py O
Q= g21 gzz 826 e=0 0 e,| p=|{py Pn O (6)
Q61 Q62 Q66 0 0 E36 0 0 533

where G = [GXX Oyy GXY]Tis the elastic stress vector and € = [SXX Eyy Vxy ]T the elastic strain
vector, 6 the elastic constitutive matrix, € the piezoelectric stress coefficients matrix,
E-= [EX E,E, ]T the electric field vector, D = [ﬁx D, 5Z]T the electric displacement vector

and p the dielectric matrix, in the element local system (x,y,z) of the laminate. The

aij ,€jj. Py are functions of ply angle o for the K" layer, and are given in Reddy (1997).

The piezoelectric stress coefficients matrix € can be expressed by the more commonly
available piezoelectric strain coefficients matrix d ,

e=Qd (7
hence

6=Q(e-dE) (8)

D=(Qd)'e +pE )

The electric field vector is the negative gradient of the electric potential ¢, which is
assumed to be applied and varying linearly in the thickness t} direction, i.e.

E=-V§¢ : E={0 0 E,}! (10)
where

E, =—0/ty (11)



Thus, we can define the strain vector for electro elasticity as follows

€ = € 12
e= = (12)

where the mechanical part can be written as:
eE=¢€y tzg (13)

and the constitutive Eq. (4) and Eq. (5) can be written in the synthetic form:

. o]l |Q e|f® P
CBHE e

4. FINITE ELEMENT FORMULATION.

The dynamic equations of a laminated composite plate can be derived from the
Hamilton’s principle:

N
j:f{Kzl [/{j::seT C édz dA—/J;jilk_ sul'pudz dAJSR}dtO (15)

where the first term is the virtual strain energy oU, the second term is the virtual kinetic
energy OT, and the third term is the virtual external work oW, p is the density and u is the
velocity vector.

By assuming that the loading is independent of the state of deformation, the term
corresponding to the external virtual work can be written as follows

R=[foudV+[ToudS+YF du;+[Q 3dS (16)
A% S i S

where f is the body force, T the surface traction, F, the concentrated force, and Q the surface
electric charge.

In the present work a three node triangular flat plate element, Moita et a/ (2002), is used
to carry out the response of general multilayered thin composite plate-shell type structures.
The element has three nodes and six degrees of freedom per node, the displacements
Ug; Vo; Wo; and rotations 0;,0;,0,;. It requires the introduction of fictitious stiffness
coefficients Ky ., corresponding to rotations 0, , which does not enter in the formulation in
the local coordinate system (X,y,z). The element local displacements u, v, w, are expressed in
terms of nodal variables through shape functions given in terms of area co-ordinates,
Zienckiewicz (1977).

3 3
u=Z(ZNidi)=ZNa 5 dZZNidi:Na (17)
i=1 i=1



T
d; = {uo1 Vo; Woj 94 OYi ,OZi } (18)
1 0 0 -z
Z=10 1 0 =z 0 O (19)
0 0 1

Thus the strain vector at any point, is expressed by

{5}:{Em+z§}:{i(B?I+ZB}))di}:mea (20)

i=
where N; and B™ are shape functions and strain-displacement matrices, respectively.

The electric field is given by:

E=-B%¢ 1)

Substituting the last equations into Eq. (15), becomes:

o N T me 0 T 6 ¢ me 0 {a} } ~
ks K21 Hhkl {4)} [0 BJ e _ol| o g ¢ddA

T )
T T T
jjfllk 8{ } N'm N{E}}dsz +]8{a) NTfdA+ [6fa} NTtdS+8{a} F, }dtzO
k-1 ¢ ¢ v S
(22)
To the first term of first member of Eq. (22), corresponds the element stiffness matrix,
which is defined by

I{uu Ku N hk me 0 Trs o me 0
K:{K K¢ _ 5 0 . {_% e_} )| dzda @3
u 0] k=1 An, | 0O B?| [e -P]| 0 B
where
N hy bT — b N hy T
Kw=> | [B™ QB™dzdA  K,=> [ | B™ eB® dzda
K=1 A h, K=l A hy,
(24)
N h T
z [ j B¢ T B™ gz dA Kop=—2 | [ B pB® dzdA
K=1 A hy, K=l A h,,

To the second term of Eq. (22), corresponds the element mass matrix, which is defined
by:



_(NT TN hy T
M=NTm N dA=|NT (3 p ['* 2T Z dz)N dA (25)
A A k=1 k-t

where m is the inertia matrix

To the third term of Eq. (22), corresponds the applied electric charge vector Fele , and the
external mechanical force vector, which is defined by:

g;?c_jNdeijTt dS+F, (26)
S

where f,t,F are body, surface, and concentrated force vectors.

The element stiffness and mass matrices as well as external load vector are initially
computed in the local coordinate system attached to the element. To solve general structures,
local - global transformations are needed, Zienckiewicz (1977). After these transformations
the assembled system of equations is:

M, O {g} | Ko Ko {q} _ F&?C (t) o

0 0[l9) [Kou Kgo| (0 |F(1)
Assuming that piezoelectric sensors as well as actuators are bonded or embedded in the
structure, as shown in Fig.1, the electric potential vector is subdivided in a sensor component

¢(s) and an actuator component d)(A) .
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Figure 1. A laminated composite plate with integrated piezoelectric sensor and actuators.

The external applied electric charge at the sensors is zero. Separating the actuator and
sensor components, the system of Eq. (27) take the following form:

M i+ (Ko Had+ K] {69} {rgt 0 -k @ 4 | (28)
[Kfl)ﬁ) [K(A)] {‘b Fele (t)} (29)

[bei) b+ [de’») {¢()}={0} (30)



From the last equation, the induced sensory electric potentials ¢(S) are obtained as
follows:

o=k © " [kt 31)

The voltages induced in the sensors are not sufficient to have any appreciable effect on
the mechanical response through converse piezoelectric effect. The sensor output can be
obtained in the following way. The charge output of each sensor, with poling in the z
direction, can be expressed in terms of spatial integration of the electric displacement over its
surface. Thus we have

Q(S><t)—JDZ(t>dA—1[ [ D,®dA + | Dy(t)dA (32)
A

A(z=zy) A(z=zy41)

From Eq. (5), the last equation can be written as follows

Q®m=[c" ¢ dA (33)
A
or in the discretised form
_ S
Q® () =(je"B™ dA){q}= [Kj,u) a) (34)
A
The current on the surface of the sensor is given by

(S)
I(t) = dQ

(35)

The output voltage of the amplifier turns out to be proportional to the sensor current, as

)
® _g dQ™ 36
¢ ¢ gt (36)
where G, = (R, resistance of the amplifier) is the constant gain of the amplifier, which

transforms the sensor current to voltage.

The sensor output voltage can be feed back through an amplifier to the actuator with a
change of polarity. Thus, we have for the actuator voltage

dQ(S)

A - _g. G,
¢ dt

(37)

where G; i1s the gain of the amplifier to provide feedback control.

The actuator voltage written in the discretised form, is then given by



o™ --GiG k) fa) (38)

Use of Eq. (31) and Eq. (38) in Eq. (28) introduces an equivalent negative velocity
feedback in the system as follows

M la -6 e |l ] e (Iu - kS Tk T k@ [Jtap-rssof - 9

Considering Rayleigh type damping, we can write:

Mo )+ e ) labs (RS T k1] = (it o] (40)
with

Cr = oM, +BK,, (41)

where o and [ are Rayleigh’s coefficients, and the damping effect due to the active control is
given by:

Ca =-GiG, [K(A)] [K(S) (42)

The solution of Eq. (35) is carried out using Newmark direct method of time integration,
Newmark (1959), Bathe (1982).

5. NUMERICAL APPLICATIONS
5.1 Forced response with active feedback control of a simply supported plate.

A simply-supported square (axa) laminated plate, modeled by a (4x4) element mesh, (32
triangular elements) with lamination sequence [a /0°/90°/0°/ s], where a and s represent the
piezoelectric actuator and sensor layers made of PVDF, bonded on upper and lower surfaces.
The material properties of the substrate layers are:E; =172.5GPa, E, =6.9 GPa,

Gy =3.45GPA, v, =0.25,p=1600 kg/m’. The material and piezoelectric properties of
PVDF areE; =E, = 2GPa, Gy, =0.775GPa, v{, =0.29, p33 =1.062x 10" 1%F/m, ¢5; = e3, =

0.046 C/mz, p=1800kg/m’>. The side dimension is a = 0.18 m and the thickness of the
substrate layers and PVDF are 0.002 m and 0.0001 m, respectively. A time step At=0.00015 s
is used for the Newmark method, and Rayleigh type damping is considered, with coefficients

o =1x107° (rad/s) and [320.965)(10_5 (rad/s)”’. The value of charge amplifier gainG, is
taken as 1.6x107 Q. The plate is initially subjected to a uniform distributed load q = 1000
N/m? and then removed setting the plate in vibration. Figure 2 illustrates the response for
center deflection w:IOOx(EzH3 / a4q0)w of the plate. The controlled response, with

G; =10, clearly demonstrates the action of the piezoelectric actuator, which increases the

overall damping of the system. Figure 3 and Fig. 4 show the sensed and input voltages of
vibration of smart laminated plate, which are taken from element 14. We can observe that the



sensed and input voltages vary as the beam vibrates, and their vibrational period is the same
as the period of the laminated. Also we can see that there is about a w/2 phase difference
between input and sensed voltages.

0.8
0.6 — Structural damping = Active control

0.4 -

3°:§ /\AAAA/\AAAﬁ
vvvvv VA VAVARA

—

2

-0.4
-0.6

-0.8
Time (seconds)

Figure 2. Effects of structural damping and active control on the center deflection.
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Figure 3. The sensed voltage from the sensor layer
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5.2 Forced response with active feedback control of a simply supported beam.

A simply supported graphite-epoxy composite beam, modeled by a (6x1) element mesh, (12
triangular elements), with lamination sequence [a /0°/90°/90°/0°/ s], made up of four-layer,
equal thickness, symmetric cross-ply, and two PVDF layers bonded to the upper and lower
surfaces of the main structure, is considered. The mechanical and piezoelectric properties of
the PVDF are the same of the previous application, and mechanical properties of the graphite-
epoxy are E;=98GPa, E,=79GPa, Gy, =5.6GPA, v, =028, p=1520 kg/m’,
t=0.125x10~ m. The beam is initially subjected to a uniform distributed load q = 140 N/m?.
The beam dimension are length L=0.1 m and width b=0.005 m. A time step At=0.00125 s is
used for the Newmark method, and Rayleigh type damping is not considered. The value of

charge amplifier gain G, is taken as 1.8 x 107 Q. Figure 5 illustrates the response for center

deflection w, where the effect of negative velocity feedback control is evident.
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Figure 5. Effect of negative velocity feedback control on the center deflection
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Figure 6. The sensed voltage from the sensor layer

Figure 6 and Fig.7 show the sensed and input voltages of vibration of adaptive laminated
beam, which are taken from element 6. From these two figures, we can observe that the
sensed and input voltages vary as beam vibrates, and their vibrational period is the same as
the period of the laminated. Also we can see, as in previous application, that there is about a
7/ 2 phase difference between input and output voltages.
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Figure 7. The input voltage on actuator layer

6. CONCLUSIONS

The active control capability of composite structures covered with piezoelectric layers is
investigated, using the finite element method. A finite element model for active control of thin
laminated structures with piezoelectric sensor and actuator layers, based on the Kirchhoff
classical theory, has been developed. The present model has been validated in Moita et al.
(2002), where the solutions for deflection and sensed voltage in a bimorph beam, are
compared with the solutions obtained by other authors. Here, the results obtained, show that
the negative velocity feedback control algorithm used in this model is effective for an active
damping control of vibration response.
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