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In this paper we study the computational power of certain classes of dynamical systems 
defined by the iteration of piecewise rational a�ine maps on the compact set [0,1]n as 
a model of computation over the real numbers. To achieve this aim we use symbolic 
dynamics to study the dynamics of this class of piecewise rational a�ine maps and in 
the process introduce multidimensional generalized shifts, which are an extension of the 
generalized shift of Moore to higher dimensional spaces. We show that multidimensional 
generalized shifts are not equivalent (conjugate) to (one-dimensional) generalized shifts. 
We then establish that computable analysis, which allows to extend computability based 
on Turing machines to real numbers, is computationally equivalent to multidimensional 
generalized shifts, both at a computability and at a computational complexity (polynomial 
time) level. This implies that a certain class of dynamical systems defined by the iteration 
of rational piecewise a�ine maps on the unit ball can thus compute any function 
computable over the real numbers in the computable analysis sense. These results highlight 
that several distinct models of computation over the real numbers, such as computable 
analysis, Claude Shannon’s General Purpose Analog Computer, certain classes of piecewise 
rational a�ine maps, and the generalized shift, are all computationally equivalent.

© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the 
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Algorithms have been used since antiquity to solve several mathematical problems. Some examples are Euclid’s algorithm 
to compute the greatest common divisor of two integers, the long division algorithm to compute the quotient and remainder 
of the Euclidean division of two integers, the simplex method for linear optimization, or several rootfinding algorithms such 
as the bisection method or Newton’s algorithm. In essence, an algorithm is a step-by-step procedure designed to obtain a 
certain result.

Given that so many problems can be solved with algorithms, a natural question is to ask which mathematical problems 
can be solved with algorithms.

Several researchers investigated this problem in the beginning of the 20th century and presented a variety of mathe
matical models intended to capture the intuitive notion of algorithm, such as recursive functions, Turing machine, lambda 
calculus, among others. It was soon proved that all these models were mathematically equivalent. These equivalence re
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sults supported the establishment of the so-called Church-Turing thesis, which states that the functions computable by an 
algorithm over discrete structures, such as the set of integers, are exactly those computable by Turing machines (or by any 
other equivalent mathematical model), thus providing a formalization for the notion of algorithm. Note that the Church
Thesis thesis cannot be proved, since there are no formal definitions of the term ``algorithm''. Instead, the Church-Turing 
thesis is intended to address this shortcoming by formalizing the notion of algorithm (effective method) over the integers.

Remarkably, once the notion of computable functions is made mathematically precise, e.g. using the formalism of Turing 
machines, it has been shown that several mathematical problems are non-computable in the sense that they are algorithmi
cally unsolvable, i.e. their solutions cannot be obtained using algorithms. One such example of a non-computable problem 
is Hilbert’s 10th problem [1], [2], that asks for an algorithm which can decide whether a polynomial Diophantine equation 
has a solution. Thus the Church-Turing thesis provides a unified framework for understanding whether a problem defined 
over a discrete structure can be solved with an algorithm.

Despite its success in the discrete domain, the Church-Turing thesis does not generalize to computation over contin
uous structures, such as the real numbers [3], [4], [5], [6]. This is a significant limitation given that many scientific and 
engineering problems are inherently grounded in continuous mathematics.

Initial steps towards addressing this gap have been taken through the development of models for real-number com
putation. Notable among these are computable analysis (see e.g. [7], [8], [9], [10]), which extends classical notions of 
computability to real numbers and real-valued functions, among other continuous structures, and traces its origin to Turing’s 
seminal paper [11], and Shannon’s General Purpose Analog Computer (GPAC) [12], [13], [14], a model inspired from earlier 
analog computers, usually known as Differential Analyzers [15]. It was shown that computable analysis and the GPAC are 
equivalent from a computability [16] and computational complexity [17] point of view, thus providing some first steps to
wards some variant of a Church-Turing thesis over the real numbers. Other results in that direction include the equivalence 
of some classes of real recursive functions [18] and some classes of computable functions in the computable analysis sense 
[19], [20], [21], [22], [23], [24], equivalence of the GPAC and some classes of real recursive functions [18], [14], equivalence 
of computable analysis with Feasible Real Random Access Machines [25], among others. Some related results can be found 
in e.g. [26], [27], [28], [29], [30], [3], [31], [32], [33], [34], [35], [36], [37], [38], [39], [40], [41], [42], [43], [44], [45], [46]. 
The paper [6] provides a recent survey which includes many references pertinent to this topic.

However, it is not yet completely clear which models of computation over the real numbers are equivalent to computable 
analysis.

This paper aims to further the understanding of computation in continuous domains. In particular, we contribute to this 
line of inquiry by showing that a class of piecewise rational a�ine maps on the space [0,1]n is equivalent to computable 
analysis as a model of computation over the real numbers.

To achieve this aim we use symbolic dynamics. Symbolic dynamics is a standard tool of dynamical systems theory to 
study classes of maps such as Smale’s horseshoe or the baker’s map, by showing that these maps are conjugate to the shift 
operator over sequences of symbols (see e.g. [47]).

In particular, we extend the generalized shift introduced by Moore in [48], [49] to higher dimensions to study a partic
ular class of piecewise rational a�ine maps. We show that this extension is proper in the sense that higher dimensional 
generalized shifts are not equivalent (conjugate) to the standard (one-dimensional) generalized shift.

Due to its similarity to the shift map, the generalized shift can also be used to analyze the behavior of dynamical systems 
defined by piecewise a�ine maps [49] or by hydrodynamics [50], [51], [52], [53], among others [54], via symbolic dynamics. 
In particular, the generalized shift can be used to show that certain systems exhibit a very complex behavior which is 
distinct from chaos, in the sense that it is non-computable [49].

Generalized shifts have not, to our knowledge, been previously used to compute with real numbers, although they have 
been considered as continuous models of computation for discrete entities (see e.g. [49], [50]). To achieve this aim, we 
show how to use the generalized shift as a model of computation over the real numbers and extend the generalized shift 
to more convenient (for our purposes) higher-dimensional variants. We show that higher-dimensional generalized shifts are 
equivalent to oracle Turing machines. We then use this result to show equivalence with computable analysis and present an 
equivalence result with a class of piecewise rational a�ine maps, which will imply that piecewise a�ine maps can compute 
any function over the reals which is computable in the computable analysis sense.

The paper is organized as follows. In Section 2 we review basic concepts about computation over discrete spaces such 
as Turing machines and the generalized shift. In Section 3 we review notions of computation over continuous spaces and, 
namely, computable analysis. In Section 4 we introduce a novel notion of multidimensional generalized shift and establish 
some connections with higher dimensional piecewise a�ine maps. In Section 5 we show that multidimensional generalized 
shifts are not equivalent (conjugate) to the classical (one-dimensional) generalized shift. In Section 6 we show that multidi
mensional shifts correspond to a class of piecewise a�ine maps, the Cantor piecewise a�ine maps. In Section 7 it is shown 
that oracle Turing machines are computationally equivalent to multidimensional generalized shifts. Section 8 introduces a 
notion of computation over the real numbers using multidimensional generalized shifts and Cantor piecewise a�ine maps, 
while Section 9 shows that computable analysis is equivalent to Cantor piecewise a�ine maps and to multidimensional 
generalized shifts over the real numbers.
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2. Computation over discrete spaces

Before presenting the definition of Turing machine, we need some preliminary concepts.
An alphabet Σ is a finite set of elements called symbols. A word or string over Σ is a finite sequence s0, s1, . . . , sk of 

symbols of Σ, which for simplicity we denote as s0s1 . . . sk . By |w|, we denote the length of a word w , which is the number 
of symbols w has. There is a word ε with no symbols, the empty word. The set Σ∗ is the set of all words over the alphabet 
Σ.

In some cases it may be convenient to order words from Σ∗ . If we have an order < defined over Σ, we can extend it to 
the lexicographic order <Σ∗ over Σ∗ , which we denote also as < for simplicity, by using an idea akin to the alphabetical order 
used in dictionaries, with the sole difference that shorter words appear first. More formally, given two words v, w ∈ Σ∗ , we 
have that:

1. If |v| < |w| then v < w;
2. If |v| = |w| and vi = wi for all i = 1 . . . ,k and vk+1 < wk+1, then v < w .

2.1. Turing machines

The Turing machine is a mathematical model which can be used to formalize the intuitive notion of algorithm, and was 
introduced by Alan Turing [11]. Algorithms typically can be executed by a human using only paper and pencil/eraser. The 
paper is modeled by a one-dimensional tape divided into several cells. Since a human is only able to recognize finitely many 
symbols, due to aspects such as the finite resolution of the human retina [11, p. 249], and be in finitely many ``states of 
mind'' in its working memory (for similar reasons), it is assumed that a Turing machine works with finitely many distinct 
symbols which can be written consecutively on the tape, one symbol per cell, including a special symbol, the blank symbol 
B which just represents blank paper. The ``states of mind'' are represented by finitely many states of the Turing machine. 
Also, a human executing an algorithm can only direct its attention to a bounded portion of the tape, which in Turing 
machines is assumed to consist of only one cell. Then, depending on the current state and symbol being read on the cell 
under attention, it can decide to simultaneously update the state, update the symbol of the current cell under observation, 
and move its attention to the left or right of the cell under observation (or do not change the cell under observation). 
We can assume that the attention can be moved only one cell at a time. To indicate the cell under observation, in Turing 
machine one uses a tape head.

Formally:

Definition 2.1. A Turing machine M is a 6-tuple M = (Q ,Σ,Γ, δ,q0,q f ), where:

• Q is the set of states,
• Σ ⊆ Γ is the input alphabet,
• Γ is the tape alphabet which contains a blank symbol B / ∈ Σ,
• δ : Q × Γ → Q × Γ × {−1,0,1} is the transition function. −1,0,1 denote the following moves for the tape head: move 

one cell to the left, do not move, and move one cell to the right, respectively,
• q0 is the initial state,
• q f is the final state.

The Turing machine computes as follows. First the tape contains the input in consecutive cells, and all other cells contain 
the blank symbol, and it is assumed that the tape head is reading the leftmost symbol of the input. The computation starts 
on the initial state, and then the computation is done accordingly to the transition function, until eventually the final state 
is reached, indicating that the computation has finished. When that happens, the non-blank contents of the tape at the right 
of the tape head, including the symbol being read by the tape head, will be the output of the Turing machine. This allows 
us to associate to each Turing machine M a function f M : Σ∗ → Σ∗ , such that f (w) gives the output of M on input w (if 
M never halts on input w , then f (w) is undefined). We can encode elements of ℕ , ℤ, etc., and other discrete structures 
as words over Σ by encoding natural numbers in binary/decimal format, etc. -- see [55] for more details.

Given an input, the computation time of a Turing machine is the number of steps that the Turing machine uses until it 
halts. We also say that the function f is computable in time O (g(n)), for some g : ℕ → ℕ , if there is some (fixed) c ∈ ℕ
such that f (w) can be computed in time ≤ cg(|w|) + c for any input w .

At each step all the information about the current situation of the computation can be registered in a pair (s,q) ∈
Γℤ × Q , where Γℤ denotes the set of all infinite sequences (si)i∈ℤ with si ∈ Γ. Here s = (si)i∈ℤ is used to encode the 
tape contents, where s0 denotes the symbol being read by the tape head, and q encodes the current state. The pair (s,q) is 
called a configuration.

We also remark that while we have defined a Turing machine with one tape, we could also define Turing machines with 
k tapes for some fixed k ∈ℕ . These Turing machines work exactly like one-tape Turing machines, with the difference that 
the transition function must now be δ : Q × Γk → Q × Γk × {−1,0,1}k to account for the k tapes and the initial input is 
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provided as before on the first tape and the output is provided in a specific tape, which can also be the first tape or another 
(fixed a priori) tape.

2.2. The generalized shift

The generalized shift was introduced by Moore in [48], [49] as a generalization of the shift map σ : Γℤ → Γℤ defined 
by σ((si)i∈ℤ) = (si+1)i∈ℤ , which shifts all elements one position to the left. Note that the map σ−1 is well defined and is 
defined by σ−1((si)i∈ℤ) = (si−1)i∈ℤ . It shifts all elements of (si)i∈ℤ one position to the right.

The generalized shift extends the classical shift by allowing that the amount and the direction of the shift depends on 
finitely many elements of (si)i∈ℤ . It also gives the possibility of modifying finitely many elements of (si)i∈ℤ . Formally:

Definition 2.2. Let A be an alphabet and let s = (si)i∈ℤ ∈ Aℤ . A generalized shift ϕ : Aℤ → Aℤ is a map defined by 
ϕ(s) = σ F (s)(G(s)) where:

• Shift: F : Aℤ →ℤ has a finite domain of dependence: there is a set D F = {a,a + 1, . . . ,a + b} ⊆ℤ such that F (s) only 
depends on the values of si for i ∈ D F , i.e. F (s) = F ((si)i∈ℤ) = F ((si)i∈D F );

• Substitution: G : Aℤ → Aℤ has a finite domain of dependence and a finite domain of effect: if the finite domain of 
dependence is DG = {c, c + 1, . . . , c + d} ⊆ ℤ, then G(s) only depends on the values of si for i ∈ DG . Furthermore, if 
De = {m,m + 1, . . . ,m + n} ⊆ ℤ is the finite domain of effect then the symbols of G(s) are the symbols at the same 
position of s, except possibly for symbols with indices in De .

3. Computation over continuous spaces

Classical computation theory considers computability over discrete spaces such as Σ∗ or ℕ . It is well known that there 
are explicit bijections between Σ∗ and ℕ (e.g. enumerate the words of Σ∗ using the lexicographic order and correspond 
to each word its corresponding index in the ordered sequence of all strings of Σ∗) or even between ℕ (and thus Σ∗) and 
other structures (see e.g. [56, pp. 26--27]) such as ℕk , ℤk , or ℚk for any fixed k ∈ ℕ . Since there is a bijection between 
these sets and ℕ , all these sets are countable. In particular this allows us to use the standard theory of computation to 
compute over these sets.

However, it is known since Cantor that the cardinality of ℝ is strictly greater than the cardinality of ℕ and thus the set 
ℝ is not countable. Therefore the classical approach has to be extended to be able to deal with real numbers. This is done 
in the next section.

3.1. Computable analysis

It is well known that ℝ and ℕℕ have the same cardinality. The idea of computable analysis is to represent each real 
number as an element of ℕℕ and then to compute with real numbers by computing over their representations over ℕℕ . 
This approach originates from Turing’s seminal paper [11] where in the first paragraph he already considers computable 
real numbers. For example, one can consider a real number, for simplicity in [0,1], as a decimal number, where its decimal 
expansion is infinite (an integer can also be represented in that way, e.g. 1 = 1.000 . . .). However, for topological reasons, 
decimal expansions are not well-suited to define computable functions over the real numbers. For example one can explore 
the identity 1.000 . . . = 0.999 . . . (two ``faraway'' sequences represent the same real number) to present a simple argument 
(see e.g. [10, Proposition 4.13]) that the function f satisfying f (x) = 3x would not be computable under the decimal rep
resentation, by noting that an arbitrarily small difference between two inputs, such as the one between 0.333 . . . 34 . . . and 
0.333 . . . 30 . . ., could yield two very distinct outputs, seen as sequences of symbols, such as 1.00 . . . and 0.99 . . . in our 
previous example.

A better way to represent real numbers as elements of ℕℕ is, for example, to use the Cauchy sequence representa
tion, where each real number is represented by a fast converging sequence of rational numbers. While there are several 
approaches to present computability theory over real numbers (see e.g. [7], [8], [10]), they are all equivalent. In this paper 
we use essentially the approach of [10].

Definition 3.1. A map ψ :ℕ →ℚ is called a name for a real number x ∈ℝ if |x − ψ(n)| ≤ 2−n for all n ∈ℕ .

The above notion can be extended for points of ℝk in a straightforward way. Namely, ψ :ℕ →ℚk is a name for x ∈ℝk

if ∥x − ψ(n)∥ ≤ 2−n for all n ∈ℕ .

Definition 3.2. A real number x ∈ℝ is computable if it has a computable name ψ .

In the above definition, the name ψ :ℕ →ℚ is seen as computable in the classical (discrete) sense. The above definition 
can also be generalized in a straightforward way to computable real numbers of ℝk . One can also define the notion of 
computable open or closed subsets of ℝn , etc. (see e.g. [10]), but we will not explore this direction in this paper.
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To define the notion of computable function f : ℝn → ℝ, we need first to introduce oracle Turing machines. Here we 
use oracle Turing machines as they are especially well suited to consider complexity results [57]. In particular we use the 
approach of resource bounded oracle Turing machines introduced in [58] and used also e.g. in [59]. This approach allows 
one to define complexity respective to the ``size'' of the oracle encoding a real number, etc. Indeed, if we use an inefficient 
encoding of a real number, this will affect the time needed to get the result of a computation, even if the algorithm remains 
the same. So we want a measure of complexity which is invariant to the usage of more ``inefficient'' encodings (names).

Definition 3.3. An oracle Turing machine M is a multitape Turing machine that receives as input a word w ∈ Σ∗ and an oracle 
φ : (Γ\{B})∗ → (Γ\{B})∗ . The Turing machine M with oracle φ is represented as Mφ . The oracle Turing machine also has 
two special tapes, called the oracle query tape and the oracle answer tape, and one special state, the oracle state. The oracle 
query tape can be queried by first writing the query, a string u, by next putting the tape head over the leftmost element 
of u, and then by entering the oracle state. Next it will replace the contents of the oracle answer tape by φ(u), setting the 
tape head in this tape on the leftmost element of φ(u). All this will take a single step. Other than this, the oracle Turing 
machine works as a standard Turing machine.

Oracle Turing machines allow the use of a function φ : ℕ →ℕ as an input. Note that considering a function φ :
(Γ\{B})∗ → (Γ\{B})∗ or φ :ℕ →ℕ is computationally equivalent if we use a proper bijective encoding υΓ\{B} : (Γ\{B})∗ →
ℕ such as the one based on the lexicographic order. Here we used two tapes for the oracle, one for the query, and another 
for the answer. This is a crucial addition provided by [58] when considering computational complexity. If one allows the 
same tape to be used for the query and for the answer, as usual in applications which do not involve computational com
plexity, we could iterate the calls to the oracle, which would not be suitable from a computational complexity perspective.

We also note that nothing prevents us from using oracle Turing machines with several oracles φ1, . . . , φk . In this case 
the oracle Turing machine will have k oracle query tapes, one for each oracle, which work exactly as the case with just one 
oracle, and k oracle answer tapes. We also note that the case of several oracles is computationally equivalent to the case of 
just one oracle, although perhaps with a cost at the computational complexity level. Namely, if 0 denotes a symbol not in 
Γ, then from φ1, . . . , φk we can create a single oracle φ : ((Γ∪ {0})\{B})∗ → ((Γ∪ {0})\{B})∗ which simulates all the oracles 
φ1, . . . , φk by taking

φ(0i w) = φi(w) for all i = 1, . . . ,k and w ∈ Γ\{B} (1)

We can then simulate the oracle Turing machine with oracles φ1, . . . , φk by an oracle Turing machine using the single oracle 
φ in a straightforward manner.

Definition 3.4. A function f : ℝn → ℝ is computable if there is an oracle Turing machine M such that given a name ψ of 
x ∈ ℝn as an oracle, Mψ computes a name of f (x). In other words, Mψ with input n ∈ ℕ will return as output a rational 
number q satisfying | f (x) − q| ≤ 2−n for all n ∈ℕ .

Similarly, a function f : ℝn → ℝk is computable if all its components f i , i = 1, . . . ,k, are computable, where f (x) =
( f1(x), . . . , fk(x)).

4. Multidimensional generalized shifts

The generalized shift over the alphabet A of Definition 2.2 is one-dimensional in the sense that its state space is Aℤ . In 
this section we generalize this notion to multidimensional generalized shifts, where the state space is (Aℤ)k .

Definition 4.1. Let A be a finite alphabet and let k ∈ ℕ . Consider an arbitrary element s ∈ (Aℤ)k , where s = ((si,1)i∈ℤ, . . . , 
(si,k)i∈ℤ) and si, j ∈ A for all i ∈ ℤ and j = 1, . . . ,k. Take also σ (l1,...,lk)(s) = (σ l1 ((si,1)i∈ℤ), . . . , σ lk ((si,k)i∈ℤ))) ∈ (Aℤ)k for 
all (l1, . . . , lk) ∈ℤk . A k-dimensional generalized shift ϕ : (Aℤ)k → (Aℤ)k is a map defined by ϕ(s) = σ F (s)(G(s)) where:

• Shift: F : (Aℤ)k → ℤk has a finite domain of dependence, i.e. there is a set D F = {a,a + 1, . . . ,a + b} such that F (s)
only depends on the values of si, j for i ∈ D F and j ∈ {1, . . . ,k};

• Substitution: G : (Aℤ)k → (Aℤ)k has a finite domain of dependence and a finite domain of effect. That means that 
if the finite domain of dependence is DG = {c, c + 1, . . . , c + d}, then G(s) only depends on the values of si, j for 
i ∈ D F and j ∈ {1, . . . ,k}. If De = {m,m + 1, . . . ,m + n} is the finite domain of effect this means that if G(s) = s̄ =
((s̄i,1)i∈ℤ, . . . , (s̄i,k)i∈ℤ), then s̄i, j = si, j whenever i / ∈ De , i.e. the only elements of s that can be changed by G are 
(eventually) the elements si, j with i ∈ De and j ∈ {1, . . . ,k}.

It should be clear from the definition that the (standard) generalized shift given by Definition 2.2 is simply a 1
dimensional generalized shift and vice versa.

5 
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Given some element s ∈ (Aℤ)k , where s = ((si,1)i∈ℤ, . . . , (si,k)i∈ℤ), the components of s are the elements 
(si,1)i∈ℤ, . . . , (si,k)i∈ℤ ∈ Aℤ . In Definition 4.1 we could have also assumed domains of dependence which depend on each 
component, instead of a domain of dependence which is the same for each component. However, this is equivalent to taking 
the maximum of the domains of dependence in each component and thus equivalent to Definition 4.1. This is because we 
can formally extend in each component the ``smaller'' domains of dependence, in the sense that the domain of dependence 
is extended by assuming that symbols not previously in the domain of dependence are now formally in this extended 
domain, until the maximum size of all domains of dependence is reached. Similarly, we can also assume that the domain 
of dependence is equal to the domain of effect for G (note again that G may map an element of si, j in the domain of 
dependence to itself, without in practice changing it).

Remark 4.2. To simplify notation, if si ∈ A, we will often represent s = (si)i∈ℤ as

s = . . . s−2s−1.s0s1s2 . . . (2)

Moreover, without loss of generality, if a generalized shift has domain of dependence {−c,−c + 1, . . . ,d} for c,d > 0, we 
can simplify the notation and write F (s−c s−c+1 . . . s−1.s0s1 . . . sd) instead of

F (. . . s−cs−c+1 . . . s−1.s0s1 . . . sd . . .)

since the value of F only depends on s−c s−c+1 . . . s−1.s0s1 . . . sd . A similar approach can be used for G and for multidimen
sional generalized shifts.

Example 4.3. Let us consider A = {0,1} and consider the 2-dimensional generalized shift ϕ :
(︂

Aℤ
)︂2 →

(︂
Aℤ

)︂2
defined by 

ϕ(s) = σ F (s)(G(s)), where F and G have domain of dependence and of effect {0} and⎧⎪⎪⎨
⎪⎪⎩

F (.0, .0) = (0,1)

F (.0, .1) = (1,−1)

F (.1, .0) = (1,1)

F (.1, .1) = (1,1)

and

⎧⎪⎪⎨
⎪⎪⎩

G(.0, .0) = (.0, .0)

G(.0, .1) = (.0, .0)

G(.1, .0) = (.0, .1)

G(.1, .1) = (.1, .1)

Now let us pick s = ((si,1)i∈ℤ, (si,2)i∈ℤ), where si,1 = 1 (si,2 = 0) if i is odd and si,1 = 0 (si,2 = 1) if i is even, which for 
simplicity we denote as

s = (. . . 01.010101 . . . , . . . 10.101010 . . .)

or, in this particular case where there are repeating patterns, as

s = (. . . (01).01(01) . . . , . . . (10).10(10) . . .), (3)

where the notation (01) near the ellipsis mean that the string 01 repeats itself in the direction of the ellipsis, i.e.

. . . (01).01(01) . . . = . . . 010101.010101010101 . . .

and similarly for strings other than 01. Then we get

ϕ(s) = (. . . (01)0.1(01) . . . , . . . (10)1.000(10) . . .).

5. Multidimensional generalized shifts are not conjugate to (one-dimensional) generalized shifts using a continuous 
encoding

In this section we explore whether a k-dimensional generalized shift ϕ, with k > 1, is conjugated to a (one-dimensional) 

generalized shift ψ in the sense that there is an injective encoding enc :
(︂

Aℤ
)︂k → Aℤ such that

enc ◦ ϕ = ψ ◦ enc (4)

We first note that the reverse direction is always true.

Lemma 5.1. Let k ∈ ℕ . Then any generalized shift ϕ as defined in Definition 2.2 is conjugated to a k-dimensional generalized shift ψ
in the sense (4).

6 
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Proof. Let A be a finite alphabet and consider the infinite sequence s = (si)i∈ℤ , where si ∈ A. Let ϕ : Aℤ → Aℤ be a 
generalized shift defined by ϕ(s) = σ F (s)(G(s)). Now define a k-dimensional shift ψ : (Aℤ)k → (Aℤ)k as ψ(r) = σ F̄ (r)(Ḡ(r)), 
where r ∈ (Aℤ)k and the domains of dependence and the domain of effect of F̄ and Ḡ are equal to the respective domains 
of dependence and domain of effect of F and G , respectively, and

F̄ (r) = (F ((ri,1)i∈ℤ), F ((ri,1)i∈ℤ), . . . , F ((ri,1)i∈ℤ))

Ḡ(r) = (G((ri,1)i∈ℤ), G((ri,1)i∈ℤ), . . . , G((ri,1)i∈ℤ))

so that ψ simulates ϕ on each of its k components. Now take enc : Aℤ → (Aℤ)k as

enc(s) = (s, . . . , s)

It is now trivial to check that (4) holds. □
We would now like to see if the converse of this lemma holds, i.e. whether any k-dimensional generalized shift is always 

conjugated to a generalized shift. This is not evident at first sight. It is well known that there are bijective maps from (︂
Aℤ

)︂2
to Aℤ , or more generally from 

(︂
Aℤ

)︂k
to Aℤ . For example, to obtain a bijective map from 

(︂
Aℤ

)︂2
to Aℤ one can 

associate

(. . .a−2a−1.a0a1a2 . . . , . . .b−2b−1.b0b1b2 . . .)

to

. . .a−2b−2a−1b−1.a0b0a1b1a2b2 . . . (5)

or more generally, we can obtain a bijective map enc :
(︂

Aℤ
)︂k → Aℤ defined by as

enc(((ai,1)i∈ℤ, . . . , (ai,k)i∈ℤ)) = . . .a−1,1a−1,2 . . .a−1,k.a0,1a0,2 . . .a0,ka1,1a1,2 . . .a1,k . . . (6)

However, these types of encoding do not work well for generalized shifts, in the case where each component shifts in 
opposite directions in a single step, as exemplified in the next lemma.

Theorem 5.2. For any k ≥ 2 there is a k-dimensional generalized shift ϕ for which there is no (one-dimensional) generalized shift 

ψ and no injective map enc :
(︂

Aℤ
)︂k → Aℤ such that (4) holds. More generally, there is no generalized shift ψ , no injective map 

enc :
(︂

Aℤ
)︂k → Aℤ , and no d, e ∈ℕ such that

enc ◦ ϕd = ψe ◦ enc (7)

Proof. We first note that we can suppose, without loss of generality (see comments after Definition 4.1) that the do
main of dependence and effect of ϕ is {−m, · · · ,0, · · · ,m} for some m ≥ 0 and that the amount of shift is also ≤ m. Let 
{−k, · · · ,0, · · · ,k} be the domain of dependence/effect of a (one-dimensional) generalized shift ψ and suppose also without 
loss of generality that the amount of shift performed by ψ is always bounded by k. Then for any fixed n ∈ℕ , ψn will also 
be a generalized shift with domain of dependence and effect Dm·n = {−m · n, · · · ,0, · · · ,m · n} and shift bounded by m · n. 
Thus, since the value of the generalized shift on the domain of dependence/effect only depends on the previous value on 
the domain of dependence/effect and the shift done by the generalized shift also only depends on the values with index in 
Dm·n , we conclude that to ψn there is a finite set B ⊆ {(u, l, v) ∈ ADm·n × Dm·n × ADm·n } that to each word u ∈ ADm·n on the 
domain of dependence of ϕ, associates the new word v on the domain of effect by the application of ψ and the shift value 
≤ m.

Let s ∈ Aℤ be a fixed point of ψn , i.e. s satisfies ψn(s) = s. Let w = s−m·n · · · sm·n and suppose that (w, j, v) is its 
associated element of B . Then s = ψn(s) yields

si =
{︃

wi+ j if i ∈ Dm·n
si+ j otherwise

(8)

In other words, s must be j-periodic outside Dm·n . But since | j| ≤ m · n and because A is finite, there are only finitely many 
elements j-periodic sequences, and thus only finitely many elements s which satisfy (8). Therefore we conclude that for ψn

can only have finitely many fixed points.
Now suppose without loss of generality that k = 2. A similar argument could be used if k > 2 by using dummy extra 

components. Consider the 2-dimensional generalized shift ϕ :
(︂

Aℤ
)︂2 →

(︂
Aℤ

)︂2
defined by

7 



D.S. Graç a Journal of Computer and System Sciences 163 (2027) 103847 

Fig. 1. The map θ applied to the unit square. 

ϕ(s, r) = (s,σ (r))

A similar argument as above shows that σ n has at most |A|n fixed points. Furthermore (s, r) ∈
(︂

Aℤ
)︂2

is a fixed point of ϕn

if ϕn(s, r) = (s, r), which implies that

(s,σ n(r)) = (s, r)

Since once we choose some r such that σ n(r) = r, s can be arbitrary, we conclude that ϕn has infinitely many fixed points. 
But if (7) holds and (s, r) is a fixed point of ϕd , we get that

ψe ◦ enc(s, r) = enc ◦ ϕd(s, r)

= enc(s, r)

i.e. enc(s, r) is a fixed point of ψe . Now, because enc is assumed to be injective, if (s, r) ≠ (s̄, r̄) are two distinct fixed points 
of ϕd , enc(s, r) ≠ enc(s̄, r̄) are also two fixed points of ψe . Hence, since ϕd has infinitely many fixed points, ψe also must 
have infinitely fixed points, which is a contradiction, since we have seen that ψ s only has finitely many fixed points. □
6. Piecewise a�ine maps and multidimensional generalized shifts

In [49], Moore showed that any generalized shift is conjugated to a piecewise a�ine map on the Cantor set 𝒞2 ⊆ ℝ2, 
and thus that any generalized shift can be simulated by a piecewise a�ine map (see [60] for a discussion on the notion of 
simulability). In this way, one can analyze the behavior of these piecewise a�ine maps on the Cantor set by using symbolic 
dynamics and the generalized shift, similarly to what is done to analyze the dynamics of Smale’s horseshoe or the baker’s 
map on the unit square via symbolic dynamics and the well known shift map. We now extend this result for k-dimensional 
generalized shifts, by extending the arguments of [49] to higher dimensions and defining exactly the class of piecewise 
a�ine maps that can be simulated by k-dimensional generalized shifts and vice versa.

Recall that the middle third Cantor set 𝒞 ⊆ [0,1] can be constructed by deleting the open middle third of the unit 
interval and then proceeding recursively: let C0 = [0,1], and define recursively

Cn+1 = Cn

3 
∪

(︃
2

3
+ Cn

3 

)︃
for n ≥ 0, where Cn/3 = {x/3 ∈ [0,1] : x ∈ Cn} and 2/3 + Cn/3 = {2/3 + x ∈ [0,1] : x ∈ Cn/3}. Then define

𝒞 =
+∞ ⋂︂
n=0

Cn

Example 6.1. We now consider the baker’s map θ : [0,1]2 → [0,1]2 given by

θ(x, y) =
⎧⎨
⎩

(x/3,3y) if y ≤ 1/3
undefined if 1/3 < y < 2/3
((x + 2)/3,3y − 2) if 2/3 ≤ y

(see Fig. 1). Let V 0 (V 1) be the left (right, respectively) vertical strip in square on the right of Fig. 1. Formally V 0 = [0,1/3]×
[0,1] and V 1 = [2/3,1] × [0,1]. Take H0 = θ−1(V 0) and H1 = θ−1(V 1), which will be the horizontal strips [0,1] × [0,1/3]
and [0,1] × [2/3,1], denoted in the left square of Fig. 1. Note that

θn([0,1]2) = θn(H0 ∪ H1) = Cn × [0,1] for n ≥ 1

is formed by 2n vertical strips and

8 
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Fig. 2. Association of the connected components of C2
2 to elements of {0,1}ℤ . 

θn(H0 ∪ H1) = [0,1] × Cn+1 for n ≤ 0

is formed by 2n+1 horizontal strips. Therefore

+∞ ⋂︂
n=−∞

θn([0,1]2) = 𝒞 × 𝒞 = 𝒞2.

Each element X ∈ 𝒞2 can be associated to its itinerary

S(X) = . . . s−2s−1.s0s1s2 . . . (9)

where

si =
{︃

0 if θ i(X) ∈ H0

1 if θ i(X) ∈ H1

for all si ∈ℤ (see Fig. 1). Furthermore

S−1((si)i∈ℤ) =
(︄ ∞ ∑︂

i=1 

2s−i

3i
,

∞ ∑︂
i=1 

2si−1

3i

)︄
(10)

Note that if X, Y ∈ 𝒞2, then X and Y belong to the same small connected component of C2
n iff (S(X))i = (S(Y ))i for all 

i = −n, . . . ,−1,0,1, . . . ,n − 1, as depicted in Fig. 2.
This implies that the map θ i : C2

n → [0,1]2, for all i ∈ {−n, . . . ,−1,0,1, . . . ,n − 1} is piecewise a�ine and that θ i is 
topologically conjugated to the shift operator

S ◦ θ i(X) = σ i ◦ S(X)

Note that, as remarked in [53], the shift operator can be implemented over a set A with m > 2 symbols using a piecewise 
a�ine map θm by using the Cantor set 𝒞m instead of the middle third Cantor set, where the Cantor set 𝒞m is obtained by 
taking

𝒞m =
+∞ ⋂︂
n=0

Cm,n (11)

where each interval of Cm,n+1 (Cm,0 = [0,1]) is obtained by dividing each interval Cm,n in 2m − 1 consecutive parts of equal 
length with indexes 1,2, . . . ,2m − 1, respectively, and by then removing the open parts with indexes 2,4, . . . ,2m, to obtain 
Cm,n+1. By using a map Sm : 𝒞2

m → Aℤ defined similarly to (9) we also get

Sm ◦ θ i
m(X) = σ i ◦ Sm(X) (12)

We first note that, similarly to what was done in [49], we can consider that each k-dimensional generalized shift ϕ

over 
(︂

Aℤ
)︂k

is conjugated in the sense (4) to another generalized shift ψ over 
(︂
{0,1}ℤ

)︂k
. To see this, suppose that A

has n symbols and that l ∈ ℕ is such that 2l ≥ n. Then each element si ∈ A can be encoded injectively into an element 
enc(si) ∈ {0,1}l . Thus, given s ∈ Aℤ , we can encode it into enc(s) ∈ {0,1}ℤ by encoding symbol by symbol into {0,1}l . This 

9 
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can be extended to dimension k, and it is a straightforward exercise to define the k-generalized shift ψ from ϕ which 
satisfies (4). So, on the remainder of this section, we suppose that A = {0,1}.

Let us now assume, for simplicity and without loss of generality, that we are considering a k-generalized shift ϕ(s) =
σ F (s)(G(s)) with domain of dependence equal to its domain of effect and which is assumed to be {−n, . . . ,−1,0,1, . . . ,n −
1}. This can always be assumed by formally extending the domain of dependence and of effect of ϕ, i.e. by increasing n, until 
it includes both the original domain of dependence and effect. As seen above, we also assume without loss of generality 

that ϕ applies to binary sequences, i.e. elements of 
(︂
{0,1}ℤ

)︂k
.

Next we discuss how a piecewise a�ine map Ψ : C2k
n → [0,1]2k can be defined which is conjugated to the k-generalized 

shift ϕ. For simplicity, we call each connected component of C2k
n a Cantor block. The intuition behind the map Ψ is similar 

to that used in [49]. Namely, since the domain of dependence and of effect of ϕ is {−n, . . . ,−1,0,1, . . . ,n − 1}, its action 
will only depend on the elements s−n, j . . . s−1, j .s0, j . . . sn−1, j ( j = 1, . . . ,k) of s = (si)i∈ℤ ∈ ({0,1}ℤ)k , which corresponds to 
a Cantor block of C2k

n via the encoding given by the baker’s map. Then the action of ϕ in component j of s is done over 
a pair of coordinates in C2k

n , namely the coordinates 2 j − 1 and 2 j, in a way similar to what was done in Example 6.1. 
Since ϕ(s) = σ F (s)(G(s)), the action of G corresponds to a translation on C2k

n and the action of σ F (s) corresponds to the 
application of the baker’s map (possibly several times), similarly to Example 6.1.

More formally, let now see how G (see Definition 2.2) works componentwise. In component j ∈ {1, . . . ,k}, it replaces the 
elements s−n, j . . . s−1, j .s0, j . . . sn−1, j of the jth component of s = (si)i∈ℤ by the elements s̄−n, j . . . s̄−1, j .s̄0, j . . . s̄n−1, j pro
vided by G (note that these latter values depend on all components of s). When this operation on the jth component of s is 
considered over the Cantor block, via the encoding provided by the baker’s map, this corresponds to work with coordinates 
2 j − 1 and 2 j over the Cantor block X ⊆ C2k

n associated to the address s−n . . . s−1.s0 . . . sn−1. The action of G corresponds to 
map the Cantor block X via a translation to the Cantor block Y ⊆ C2k

n associated to the address s̄−n . . . s̄−1.s̄0 . . . s̄n−1 of C2
n . 

This translation, when restricted to coordinates 2 j−1 and 2 j of X , is given by ψ(x, y) = ((x−α2 j−1)+β2 j−1, (y−α2 j)+β2 j)

where

α2 j−1 =
n ∑︂

i=1 

2s−i, j

3i
, α2 j =

n ∑︂
i=1 

2si−1, j

3i
, (13)

β2 j−1 =
n ∑︂

i=1 

2s̄−i, j

3i
, β2 j =

n ∑︂
i=1 

2s̄i−1, j

3i

Now, assuming that 
⃓⃓
F j(s)

⃓⃓
< n for all j = 1, . . . ,k (this can always be assumed by increasing n, if necessary), we note that 

F (s) always takes the same value rs−n ....s0...sn−1 ∈ℤk , which we denote as r = (r1, . . . , rk) for simplicity. Then σ F j(s) = σ r j for 
the jth component of the k-dimensional generalized shift ϕ. The action of σ F j(s) = σ r j can thus be implemented over the 
coordinates 2 j − 1 and 2 j of Y ⊆ C2k

n by applying θ r j , similarly to what was done in Example 6.1. Thus, the jth component 
of the generalized shift ϕ can be implemented on coordinates 2 j − 1 and 2 j of the Cantor block X ⊆ C2k

n with address 
s−n . . . s−1.s0 . . . sn−1 by taking the a�ine map

((Ψ(X))2 j−1(x), (Ψ(X))2 j(x)) = θ r j ◦ ψ

Therefore if r j > 0 (r j < 0) θ r j ◦ ψ corresponds to applying a linear transformation that stretches (compresses, respectively) 
the 2 j coordinate of X ⊆ C2k

n by a factor of 3r j and compresses (stretches, respectively) the 2 j − 1 coordinate of X by a 
factor of 3r j , and may add constants over the coordinates of 2 j − 1 and 2 j of the Cantor block X ⊆ C2k

n (the constants may 
differ on coordinates 2 j − 1 and 2 j of X ⊆ C2k

n ). If r j ≥ 0, this yields the following for the coordinate 2 j − 1 of X (note that 
the term 

∑︁r j

i=1
2s̄i−1, j

3r j−i+1 comes from the coordinate 2 j due to the shift applied to the jth component of s)

(Ψ(X))2 j−1(x) = 3−r j
(︁
(x2 j−1 − α2 j−1) + β2 j−1

)︁ +
r j∑︂

i=1 

2s̄i−1, j

3r j−i+1

= 3−r j

(︄
x2 j−1 −

n ∑︂
i=1 

2s−i, j

3i
+

n ∑︂
i=1 

2s̄−i, j

3i

)︄
+

r j∑︂
i=1 

2s̄i−1, j

3r j−i+1

= 3−r j

(︄
x2 j−1 −

n ∑︂
i=1 

2s−i, j

3i

)︄
+

(︄
n ∑︂

i=1 

2s̄−i, j

3i+r j
+

r j∑︂
i=1 

2s̄i−1, j

3r j−i+1

)︄

= 3−r j

(︄
x2 j−1 −

n ∑︂
i=1 

2s−i, j

3i

)︄
+

n+r j∑︂
i=1 

2s̄r j−i, j

3i

and for coordinate 2 j we get

10 
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(Ψ(X))2 j(x) = 3r j

(︄
x2 j −

n ∑︂
i=1 

2si−1, j

3i
+

n ∑︂
i=1 

2s̄i−1, j

3i

)︄
−

r j∑︂
i=1 

2s̄i−1, j

3i−r j

= 3r j

(︄
x2 j −

n ∑︂
i=1 

2si−1, j

3i

)︄
+

n ∑︂
i=r j+1

2s̄i−1, j

3i−r j

Proceeding similarly for all other Cantor blocks of C2k
n , we obtain a map Ψ : C2k

n → [0,1]2k which is piecewise a�ine and 
satisfies

S ◦ Ψi(X) = ϕi ◦ S(X) (14)

We also note that in this argument it makes no difference, when considering one component of a k-dimensional generalized 
shift, if both F (s) and G(s) (considered only over this component) depend not only on this component, as a one-dimensional 
generalized shift but also on all the remaining components.

Moreover, from the above arguments, the class of piecewise a�ine maps which satisfies (14) is exactly the following.

Definition 6.2. A Cantor piecewise a�ine map is a map Ψ : C2k
n → [0,1]2k which is a�ine on each Cantor block (i.e. connected 

component of C2k
n ). Furthermore the image Ψ(X) of a Cantor block X of C2k

n is required to have the property that each 
pair (Ψ(X))2 j−1, (Ψ(X))2 j , where j = 1, . . . ,k, is associated to a value r j ∈ {−n, . . . ,−1,0,1, . . . ,n − 1} such that for every 
x = (x1, . . . , x2n) ∈ X one has

(Ψ(X))2 j−1(x) =
{︄ (︁

x2 j−1 − α2 j−1
)︁

3−r j + β̄2 j−1 if r j ≥ 0(︁
x2 j−1 − α2 j−1

)︁
3|r j | + β

2 j−1
if r j < 0

(Ψ(X))2 j(x) =
{︄ (︁

x2 j − α2 j
)︁

3r j + β̄2 j if r j ≥ 0(︁
x2 j − α2 j

)︁
3−|r j | + β

2 j
if r j < 0

where α2 j−1 and α2 j are given by (13) and

β̄2 j−1 =
n+r j∑︂
i=1 

2s̄r j−i, j

3i
, β

2 j−1
=

n ∑︂
i=|r j |+1

2s̄−i, j3
|r j |−i

β̄2 j =
n ∑︂

i=r j+1

2s̄i−1, j3
r j−i, β

2 j
=

n+|r j |∑︂
i=1 

2s̄i−|r j |−1, j

3i

with s̄i, j ∈ {0,1} for all i ∈ {−n, . . . ,−1,0,1, . . . ,n − 1} and all j = 1, . . . ,k.

From the above we conclude the following result.

Theorem 6.3. Any k-dimensional generalized shift ϕ defined over the alphabet {0,1} is conjugated to a Cantor piecewise a�ine map 
Ψ : C2k

n → [0,1]2 on the Cantor set 𝒞2k ⊆ℝ2k, for some n ∈ℕ , via the map S given by (14), i.e.

S ◦ Ψ = ϕ ◦ S (15)

Reciprocally, any Cantor piecewise a�ine map Ψ : C2k
n → [0,1]2k is conjugated to a k-dimensional generalized shift ϕ defined over the 

alphabet {0,1} in the sense (15).

We note that the above definition and result can be extended to alphabets A with m = |A| > 2 symbols by considering 
the Cantor set 𝒞m given by (11). We can assume, without loss of generality, that the m elements of A correspond injectively 
to the elements of {0,1, . . . ,m − 1}. For simplicity, below we identify directly the elements of A to their counterpart in 
{0,1, . . . ,m − 1}.

Definition 6.4. An m-Cantor piecewise a�ine map, where m ≥ 2 is a map Ψ : C2k
m,n → [0,1]2k which is a�ine on each Cantor 

block of C2k
m,n . Furthermore, the image Ψ(X) of a Cantor block X of C2k

m,n is required to have the property that each pair 
(Ψ(X))2 j−1, (Ψ(X))2 j , where j = 1, . . . ,k, is associated to a value r j ∈ {−n, . . . ,−1,0,1, . . . ,n − 1} such that for every x =
(x1, . . . , x2n) ∈ X one has

11 
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(Ψ(X))2 j−1(x) =
{︄ (︁

x2 j−1 − α2 j−1
)︁
(2k − 1)−r j + β̄2 j−1 if r j ≥ 0(︁

x2 j−1 − α2 j−1
)︁
(2k − 1)|r j | + β

2 j−1
if r j < 0

(Ψ(X))2 j(x) =
{︄ (︁

x2 j − α2 j
)︁
(2k − 1)r j + β̄2 j if r j ≥ 0(︁

x2 j − α2 j
)︁
(2k − 1)−|r j | + β

2 j
if r j < 0

where

α2 j−1 =
n ∑︂

i=1 

2s−i, j

(2m − 1)i
, α2 j =

n ∑︂
i=1 

2si−1, j

(2m − 1)i
,

and

β̄2 j−1 =
n+r j∑︂
i=1 

2s̄r j−i, j

(2m − 1)i
, β

2 j−1
=

n ∑︂
i=|r j |+1

2s̄−i, j(2m − 1)|r j |−i

β̄2 j =
n ∑︂

i=r j+1

2s̄i−1, j(2m − 1)r j−i, β
2 j

=
n+|r j |∑︂

i=1 

2s̄i−|r j |−1, j

(2m − 1)i

with s̄i, j ∈ {0,1, . . . ,k − 1} for all i ∈ {−n, . . . ,−1,0,1, . . . ,n − 1} and all j = 1, . . . ,k.

From the above we conclude the following result.

Theorem 6.5. Any k-dimensional generalized shift ϕ defined over the alphabet A with m symbols is conjugated to a m-Cantor piece
wise a�ine map Ψ : C2k

m,n → [0,1]2k on the Cantor set 𝒞2k
m ⊆ [0,1]2k, for some n ∈ ℕ , via the map Sm : 𝒞2

m → Aℤ which appears in 
(12), i.e.

Sm ◦ Ψ = ϕ ◦ Sm (16)

Reciprocally, any m-Cantor piecewise a�ine map Ψ : C2k
n → [0,1]2k is conjugated to a k-dimensional generalized shift ϕ defined over 

an alphabet A with m elements in the sense (16).

7. Equivalence between multidimensional generalized shifts and oracle Turing machines

In this section we show that the generalized shift is computationally equivalent to oracle Turing machines, both at the 
computability and computational complexity level.

We first start by showing that an oracle Turing machine can be simulated by a generalized shift. To achieve this aim, we 
first need a preliminary definition. Later on, in this section, we will show the converse direction, i.e. that generalized shifts 
can be simulated by oracle Turing machines.

We notice that, when considering complexity over oracle Turing machines, the time needed to compute may depend on 
the size of the answer provided by some oracle query, e.g. when we need to read the whole answer of the oracle to decide 
the next action to do. Hence, the complexity may be dependent on the ``size'' of the oracle. This is explored, for example, in 
[58], [57], [59]. We can define the size of an oracle as follows.

Definition 7.1. Let φ : Σ∗
1 → Σ∗

2 where Σ1,Σ2 are alphabets. We say that φ is bounded by f or that f is a bound for 
φ , where f : ℕ →ℕ is a non-decreasing function, if |φ(w)| ≤ f (|w|) for all w ∈ Σ∗ . We also define |φ| : ℕ0→ℕ0 as 
|φ| (n) = max|w|≤n |φ(w)|.

Theorem 7.2. Let M be an oracle Turing machine with k tapes, which uses one oracle of the type φ : Σ∗
1 → Σ∗

2 , where Σ1 is a unary 
alphabet (i.e. consisting of one symbol). Then M can be simulated by a (k + 2)-dimensional generalized shift in time O (n2 · f (n)), 
where f is a bound for the oracle provided to M and n is the number of steps of M to be simulated.

Proof. Let M be an oracle Turing machine with k tapes and tape alphabet Σ, where B ∈ Σ is the blank symbol, and which 
uses an oracle φ : Σ∗

1 → Σ∗
2. This oracle Turing machine uses at least three tapes, one for the oracle query, another for the 

oracle answer, and another which initially contains the input x ∈ Γ∗ , where Γ ⊆ Σ is the input alphabet. We now construct 
a (k + 2)-dimensional generalized shift ϕ which receives its input w ∈ Γ∗ on its first component and the oracle on its 
k + 1 component, in a way which is somewhat inspired on the analog shift map presented in [26] and on the results from 
[53]. Namely, given some arbitrary w ∈ Γ∗ , φ : Σ∗

1 → Σ∗
2, let s[w,φ] ∈ (Σℤ)k+2 be such that s1[w,φ] = . . . (B)B.w B(B) . . ., 

s2[w,φ] = . . . = sk[w,φ] = . . . (B)B.B(B) . . ., and
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sk+1[w,φ] = . . . (B)⧫.φ(ε)Bφ(0)Bφ(00)Bφ(000) . . . (17)

where, without loss of generality, the only symbol in Σ1 is the symbol 0, i.e. we take Σ1 = {0}, and ⧫ / ∈ Σ2 marks the 
beginning of the encoding of the oracle. The last component sk+2[w,φ] of ϕ will be used as a state, which is encoded 
as a string of fixed length. The component 1 of ϕ will simulate the first tape of the oracle Turing machine M , which is 
assumed to have the input. Namely, the symbol being read by the tape head of M in this tape is a0 if the first component 
is . . . (B)Ba−m . . .a−1.a0 . . .al B(B) . . .. Similarly, the other components s2[w,φ] = . . . = sk[w,φ] will simulate the remaining 
k − 1 tapes of M . For simplicity, we will sometimes refer to those components also as tapes. Let us also assume, without 
loss of generality, that the tape k − 1 corresponds to the oracle query tape and that the tape k corresponds to the oracle 
answer tape. Then based on the finite amount of data given by: (i) the symbol at the right of the dot on each tape (i.e. the 
symbol being read by the tape head in the respective tape of M) and (ii) the state written on component k + 2, we can 
define the generalized shift ϕ so that it updates the state in tape k + 2 according to the transition rule of M and updates 
the first k − 1 components (i.e. tapes of M) to mimic the changes in the tapes of M provided by the transition function of 
M by updating the symbol with index 0 in each of the first components and by shifting an appropriate amount (−1,0, or 1, 
depending on the case) to mimic the tape head move (instead of moving the tape head, we can assume it to be fixed and 
instead shift the tape). In this way we are able to simulate an ordinary k-tape Turing machine with a (k + 1)-dimensional 
generalized shift in real time (just dimension k + 1 and not k + 2, since we are not using the oracle, and thus do not need 
the former component k + 1 given by (17)). What remains to be done is to consider the oracle.

In the oracle Turing machine M , the Turing machine can enter the oracle state with input w (which is in tape k − 1) and 
replaces any non-blank string of tape k by φ(w) in just one step. Suppose that the oracle Turing machine (generalized shift) 
just entered the oracle state. To mimic the oracle query by the generalized shift, we use component k − 1 of the generalized 
shift to simulate the query to the oracle done in the oracle tape of the Turing machine. The content of this tape has the 
format 0n just before calling the oracle, and then the generalized shift performs several operations, as described below, to 
read φ(0n) in component k +1 of the generalized shift (which encodes the oracle) and then replaces the previous non-blank 
string by φ(0n) in component k. In other words, the simulation of Turing machines (without oracles) can be done in real 
time with a generalized shift, but the oracle query involves a computational overhead when simulated by the generalized 
shift. More concretely, the generalized shift ϕ simulates an oracle query as follows. First, it deletes the previous content of 
tape k. Note that before deletion tape k is either empty, if no previous oracle call was made, or it has the string φ(0 j) for 
some j < n if up to now n steps of the simulation have been performed. Since |φ(0 j)| ≤ f ( j) ≤ f (n), deleting the previous 
string φ(0 j) can be done in time O ( f (n)).

After deleting the previous content of tape k, we want to update its content to φ(0n). This is done as follows. If n = 0, 
the contents of component k − 1 is

. . . (B)B.B(B) . . . (18)

the generalized shift ϕ copies φ(ε) from the component k + 1 to the component k to get

. . . (B)B.φ(ε)(B) . . .

Similarly, if the contents of component k − 1 is

. . . (B)B.0 . . . 0⏞ ⏟⏟ ⏞
n times

(B) . . . (19)

then ϕ passes (by shifting this component left) over φ(ε) in component k + 1 and once it reaches a B in component k + 1
it shifts component k − 1 one position to the left, yielding

. . . (B)B 0.0 . . . 0⏞ ⏟⏟ ⏞(B

n times

) . . .

and then starts reading φ(0) in component k + 1 until it reaches a B and then similarly it again shifts component 2 one 
position to the left yielding

. . . (B)B 00.0 . . . 0⏞ ⏟⏟ ⏞(B

n times

) . . .

on component 2. This procedure continues until we get

. . . (B)B 000 . . . 0⏞ ⏟⏟ ⏞ .(B

n times

) . . .

on component 2. At this step we will have

. . . (B)B⧫φ(ε)Bφ(0)Bφ(00) . . . B.φ(0n)B . . .
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on component k + 1 and we can copy φ(0n) to replace the contents of component k, which will thus have the result φ(0n)

of the output. Next we shift the component k + 1 right until we get (17) on component k + 1, by ensuring that the marker 
⧫ of the beginning of the encoding of the oracle is in position −1 and thus ``reset'' this component. At the same time we 
also shift the component k − 1 until we get (19) for this component. The number of steps (iterations) that the generalized 
shift ϕ needs to simulate the oracle query is thus O (n · f (n)), which is the time needed to read φ(ε),φ(0), . . . ,φ(0n) plus 
the blank symbols B and to return back. Therefore, the time the generalized shift ϕ needs to simulate n steps of M is 
O (n2 · f (n)). □

We note that in the previous theorem we can reduce the dimension of the generalized shift from k + 2 to k + 1.

Corollary 7.3. Let M be an oracle Turing machine with k tapes, which uses one oracle of the type φ : Σ∗
1 → Σ∗

2 , where Σ1 is a unary 
alphabet. Then M can be simulated by a (k + 1)-dimensional generalized shift in time O (n2 · f (n)), where f is a bound for the oracle 
provided to M.

Proof. To prove this corollary we proceed as in the proof of Theorem 7.2. However, instead of using the component k + 2
to store a state q seen as a string of bounded length ≤ M for some M > 0, we replace the contents (2) of component 1 by

. . .a−2a−1.qa0a1a2 . . .

just as done by Moore in [49]. By extending the alphabet to include states and the domain of dependence and effect of ϕ, 
and by making straightforward changes to maintain the current state after the dot, we no longer need the component k + 2
to keep track of the computation and thus this component can be eliminated. □
Corollary 7.4. Let M be an Turing machine with k tapes. Then M can be simulated by a k-dimensional generalized shift in real time.

Proof. Proceed as in the proof of Corollary 7.3, but without using the oracle. □
Corollary 7.5. Let M be an oracle Turing machine with k tapes, which uses one oracle of the type φ : Σ∗

1 → Σ∗
2 , where the alphabet Σ1

has A > 1 elements. Then M can be simulated by a (k + 1)-dimensional generalized shift in time O (n · An · f (n)), where f is a bound 
for the oracle provided to M.

Proof. Proceed as in the proof of Corollary 7.3, but now notice that the oracle will be coded in component k + 1 according 
to the lexicographic order on the argument of φ , i.e. if w2 is the successor of w1 according to the lexicographic order, then 
the component k + 1 will be

. . . (B)⧫.φ(ε)B . . . Bφ(w1)Bφ(w2)B . . .

Thus when querying a word w of size n, we need to check ≤ An+1 elements until finding φ(w). □
Corollary 7.6. Let M be an oracle Turing machine with k tapes, which uses m ≥ 1 oracles of the type φ : Σ∗

1 → Σ∗
2 , where the alphabet 

Σ1 has A > 1 elements. Then M can be simulated by a (k + 1)-dimensional generalized shift in time O (n · An · f (n)), where f is a 
bound for the oracles provided to M.

Proof. Proceed as in the proof of Corollary 7.5, but use just one oracle φ which encodes all the remaining m oracles as done 
in (1). The only difference is that in the component encoding the oracle φ we do not order the words φ(0i w) according to 
the lexicographic order on its argument, but as follows: if w2 is the successor of w1 according to the lexicographic order, 
then the component k + 1 will be

. . . (B)⧫.φ(0ε)Bφ(00ε) . . . φ(0mε)B . . . Bφ(0w1)B . . . Bφ(0m w1)Bφ(0w2)B . . . .

A straightforward analysis of the time needed to simulate the oracle Turing machine shows that this is done in time 
O (n · An · f (n)) by the generalized shift. □

Now that we have shown that oracle Turing machines can be simulated with generalized shifts, we prove the converse 
direction. We first notice that, given some initial state s ∈ (Aℤ)k , at each iteration of a generalized shift ϕ, only finitely many 
symbols of s are changed on each component, and that the amount of shift done on each component is also bounded on 
each iteration. Thus, we say that an oracle Turing machine simulates ϕ, if given an oracle which encodes s and some input 
n ∈ ℕ , it outputs the positions of the symbols changed on each component of ϕn(s) relative to s, as well as the changed 
symbols and the total shift performed on each component.
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Theorem 7.7. Let ϕ be a k-dimensional generalized shift ϕ . Then ϕ can be simulated in time O (n) by an oracle Turing machine with 
3k tapes.

Proof. We create an oracle Turing machine M with k oracles and 3k tapes that behaves as follows. Let s ∈ (Aℤ)k be the 
initial state (input) of the k-dimensional generalized shift ϕ and assume that the last 2k tapes of M are the oracle tapes. 
The tapes k + i are oracle query tapes, while tapes k + 2i are the respective oracle answer tapes for i = 1, . . . ,k. We encode 
the input s as k oracles φ1, . . . φk defined as follows

φi(0n) = s−n,i

φi(1n) = sn,i

where . . . s−2,i s−1,i s0,i s1,i s2,i . . . is the content of component i of s. Suppose, without loss of generality, that the domain of 
dependence is equal to the domain of effect of ϕ and that it has the format {−m, . . . ,0, . . . ,m} for some m ∈ℕ and that no 
shift of ϕ on a component has absolute value greater that m/2. Initially the oracle Turing machine has empty tapes. Then it 
starts the computation and proceed as follows. First it queries the oracles on tapes k + i, for i = 1, . . . ,k, obtaining s0,i for 
each (oracle) tape k + 2i, for i = 1, . . . ,k (note that tapes k + i were empty before the query). Then it copies the symbols s0,i
to tape i for i = 1, . . . ,k and moves the tape head one position to the left on the tapes i = 1, . . . ,k. Next the oracle Turing 
machine writes 0 on all the tapes k + i, i = 1, . . . ,k, and consults the oracles, getting s−1,i for each (oracle) tape k + 2i, for 
i = 1, . . . ,k. Then it copies the symbols s−1,i to tape i for i = 1, . . . ,k and moves the tape head one position to the left on 
the tapes i = 1, . . . ,k. Next the oracle Turing machine appends 0 to the left of the string 0 on tapes k + i (that now have 
content 00) and queries the oracles, getting s−2,i for each (oracle) tape k + 2i, for i = 1, . . . ,k. Then it copies the symbols 
s−2,i to tape i for i = 1, . . . ,k and moves the tape head one position to the left on the tapes i = 1, . . . ,k. Next the oracle 
Turing machine appends one more 0 to the left of string 00 on tapes k + i (that now have content 000) and repeats this 
process until the tapes k + i, for i = 1, . . . ,k, have contents 0m . At that point the contents of tape i, for i = 1, . . . ,k, will be 
. . . Bs−m,i . . . s−2,i s−1,i s0,i B . . .. Note that, since m is fixed, this can be done with a finite number of steps.

The next step is to erase the 0’s on tapes k + i, for i = 1, . . . ,k (thus emptying those tapes) and to next write the symbol 
1 on those tapes. We also move the tape head of the first k tapes to the position to the right of s0,i . Next M queries its 
oracles, obtaining s1,i on tapes k + 2i, for i = 1, . . . ,k. It now copies the symbols s1,i to tape i for i = 1, . . . ,k and moves 
the tape head one position to the right on the tapes i = 1, . . . ,k. Next the oracle Turing machine appends one 1 at the left 
of the string 1 on tapes k + i (which now have content 11), for i = 1, . . . ,k, and repeats the process similarly as done in the 
case of 0’s, obtaining

. . . Bs−m,i . . . s−2,i s−1,i s0,i s1,i s2,i . . . sm,i B . . . (20)

on tape i for i = 1, . . . ,k and deletes the contents of tapes k + i, for i = 1, . . . ,k. We leave the tape heads on the elements 
s0,i on tapes i = 1, . . . ,k, i.e. on the center of the domain of dependence/effect. This can be done in time bounded by a 
finite fixed amount B0 > 0.

The above procedure provides the initial setup for the oracle Turing machine to simulate ϕ. Next, let us see how the 
oracle Turing machine can simulate one iteration of ϕ. First, ϕ will eventually change the symbols in the domain of de
pendence/effect. Hence, the oracle Turing machine may need to update the symbols in tapes i = 1, . . . ,k corresponding to 
those elements in the domain of dependence/effect of ϕ, namely the elements given by (20). Since this action depends on 
only 2m + 1 elements for each component, the oracle Turing machine just needs to read those 2m + 1 elements for tapes 
i = 1, . . . ,k, memorizing them on the state, and then decides which should be the new elements which will replace them 
and then update them. This can be done in time bounded by a finite fixed amount. The tape i of the oracle Turing machine 
will now have the following contents, where the arrow denotes the position of the tape head

. . . B Bs′
−m,i . . . s′

−2,i s
′
−1,i

↓ 
s′

0,i s
′
1,i s

′
2,i . . . s′

m,i B B . . . (21)

Next ϕ will shift each component i by some amount mi ≤ m/2 for i = 1, . . . ,k. This can be done by moving the corre
sponding tape head by mi positions (if mi > 0, then the head moves mi positions to the right, otherwise it moves the head 
−mi positions to the left). However, a problem becomes apparent for the oracle Turing machine. If mi > 0, then afterwards 
the tape head will be on position smi ,i as illustrated below

. . . B Bs′
−m,i . . . s′−m+mi−1s′−m+mi

. . . s′
−1,i s

′
0,i s

′
1,i . . .

↓ 
s′

mi ,i
. . . s′

m,i B . . . B⏞ ⏟⏟ ⏞
domain of dependence for component i of ϕ(s) 

B . . .

and so the oracle Turing machine catches mi B ’s, instead of the symbols sm+1,i . . . . . . sm+mi ,i of the component i of s, when 
trying to compute the next iteration of ϕ. If we do not update the blank symbols to the right of s′

m,i to sm+1,i . . . sm+mi ,i
(notice that symbols which were previously B ’s were never previously in the domain of dependence/effect and thus are 
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equal to the symbols of s at the same positions), then the oracle Turing machine will not be able to update correctly its 
domain of dependence/effect on the next iteration of ϕ.

We can solve this problem by, after shifting (21), being careful to update the blank symbols now in the domain of 
dependence/effect of ϕ by the respective symbols sm+1,i . . . sm+mi ,i . This can be done by querying the oracle for tape k + i, 
but for this we need to keep track of the position, in component i, of the current index 0 of the current state ϕ(s) relative 
to the index 0 of s. This can be done via the contents of tape k + i. Namely, assuming the case of the first iteration of ϕ on 
s, if mi = 0 we leave the tape k + i empty. If mi < 0, we write |mi | 0’s on tape k + i, and if mi > 0, we write mi 1’s on tape 
k + i. In this way, using tape k + i, we are able to know for each component i = 1, . . . ,k what is the distance of the current 
position of index 0 of ϕ(s) from index 0 of s, i.e. the total amount of shift which was performed relative to the initial state 
s. If the tape k + i is empty, those indexes coincide (distance = 0). If the tape k + i has j 0’s (1’s), then the index 0 of ϕ(s)
for component i is j positions to the left (right, respectively) of the index 0 of the same component of s. This encoding can 
also be used for subsequent iterations of ϕ to register the distance (i.e. total amount of shift), on component i, between the 
index 0 of ϕn(s) and the index 0 of s, by appending/deleting 1’s, and writing 0’s if needed when ϕ shifts several times left. 
Note that, at each iteration, one just needs to write/delete at most m/2 symbols (the bound on all possible shift values) on 
tape k + i to update this position. To update the blanks on tape i, we just need to proceed as follows. Assume, without loss 
of generality, that mi > 0 (the case mi < 0 is similar and in the case mi = 0 there is nothing to do). Then, as mentioned 
above, we write mi 1’s on tape k + i (which was empty) to know that the current index 0 is mi positions to the right of 
the index 0 of the component i of s. If there would be subsequent shifts to the left, we would append to the string of 1’s a 
number of 1’s equal to the shift size. If a subsequent shift is to the right, then we subtract the corresponding number of 1’s 
and eventually write some zeros if the number of 1’s is less than the amount of right shift.

Now that we know which is the position of the index 0 of ϕ(s) (or, more generally, of ϕn(s)) relative to the index 0 of 
s and we know that the last move/shift was by mi > 0 elements, we have to update mi blank symbols by sm+1,i . . . sm+mi ,i . 
We do this similarly as we have done when constructing the initial setup for the oracle Turing machine. Namely, we append 
up to mi 1’s to the string of 1’s on tape k + i, one by one, and with each added 1 we move the tape head of tape i by one 
position to the right. If the tape head of tape i is reading a blank symbol, then we query the oracle on tape k + i, obtaining 
sm+1,i on tape k + 2i. We replace the first B to the right of s′

m,i in tape i by sm+1,i . We then append another 1 to tape 
k + i and repeat the process until we have appended mi 1’s to the right of the initial string of 1’s in tape k + i and thus the 
contents of the tape i is

. . . B Bs′
−m,i . . . s′−m+mi−1s′−m+mi

. . .
↓ 

s′
mi ,i

. . . s′
m,i sm+1,i . . . smi+m,i⏞ ⏟⏟ ⏞

domain of dependence for component i of ϕ(s) 

B B . . .

If needed, i.e. if mi < 0, we do a similar procedure to update blank symbols at the left of the non-zero string in (21). This 
finishes one iteration of ϕ. By repeating this procedure several times, we are able to simulate the iteration of ϕ an arbitrary 
number of times. □
8. Computation with Cantor piecewise a�ine maps over the real numbers

In this section we show how we can compute with real numbers using Cantor piecewise a�ine maps.
To achieve this aim, we start with computation over the real numbers with (multidimensional) generalized shifts.
Below we provide a notion of computable real number for multidimensional generalized shifts which is similar in spirit 

to Definition 3.2 for computable analysis.

Definition 8.1. Let ϕ be a k-dimensional generalized shift with alphabet A, which has at least six symbols +,−,0,1, ·, 
and b. Then ϕ computes a real number x ∈ ℝ if given some arbitrary n ∈ ℕ0 and some s[n] ∈ (𝔸ℤ)k such that s1[n] =
. . . (b)b.0nb(b) . . ., where

0n = 0 . . . 0⏞ ⏟⏟ ⏞
n times

and s2[n] = . . . = sk[n] = . . . (b)b.b(b) . . ., one has:

1. Halting condition: Given any n ∈ℕ0, there is some j ≥ 0 such that

ϕ
j

k−1(s[n]) = . . . (b)b.0b(b) . . . (22)

where ϕ j
k−1(s[n]) denotes the component k − 1 of ϕ j(s[n]). Furthermore, if (22) holds for some j ∈ℕ , then ϕi(s[n]) =

ϕ j(s[n]) for all i ≥ j.
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2. Correct result: If (22) holds, then

ϕ
j

k (s[n]) = . . . (b)b.a0 . . .alb(b) . . . (23)

where a0 . . .al ∈ {+,−,0,1, ·} encodes in binary format a number q = j/2−n ∈ℚ, with j ∈ℤ, satisfying

|x − q| ≤ 2−n. (24)

We note that we can also say that ϕ computes a real number x = (x1, . . . , xl) ∈ ℝl if ϕ computes each of the points 
x1, . . . , xl ∈ℝ in l components.

Now that we have a notion of computation for points, we can also define similarly computation of a function f :ℝn →ℝ
with a generalized shift. However, a crucial element that we do not directly have is an oracle to encode approximations of 
the input as in Definition 3.4. This can be surpassed by writing down all the elements φ(1),φ(2), . . . of the oracle φ in a 
single component, similarly as done for Type-2 machines in [9] and in the proof of Theorem 7.2. For example, a real number 
x ∈ [0,1] can be represented as an oracle φ with the property that φ(n) represents in binary form, and with n + 1 symbols 
(one symbol for the sign, plus n symbols for the non-negative part), a number q ∈ ℚ such that (24) holds. Then we can 
represent φ , and thus x, as a component

. . . (b)b.φ(1)bφ(2)bφ(3) . . . (25)

Definition 8.2. Let ϕ be a k-dimensional generalized shift ϕ with alphabet A, which has at least six symbols denoted by 
+,−,0,1, ·, and b. Then ϕ computes a function f :ℝ→ℝ if given some arbitrary n ∈ℕ0, and x ∈ℝ, if s[n, x] ∈ (𝔸ℤ)k is 
such that s1[n, x] = . . . (b)b.0nb(b) . . ., s2[n, x] is given by (25) where the oracle φ represents x as explained before (25), and 
s3[n] = . . . = sk[n] = . . . (b)b.b(b) . . ., then the following holds:

1. Halting condition: Given any n ∈ℕ0, there is some j ≥ 0 such that

ϕ
j

k−1(s[n, x]) = . . . (b)b.0b(b) . . . (26)

where ϕ j
k−1(s[n]) denotes the component k − 1 of ϕ j(s[n]). Furthermore, if (26) holds for some j ∈ℕ , then ϕi(s[n]) =

ϕ j(s[n]) for all i ≥ j.
2. Correct result: If (26) holds, then

ϕ
j

k (s[n, x]) = . . . (b)b.a0 . . .alb(b) . . . (27)

where a0 . . .al ∈ {+,−,0,1, ·} encodes in binary format a number q = j/2−n ∈ℚ, with j ∈ℤ satisfying

| f (x) − q| ≤ 2−n. (28)

Similarly as noted above we can compute a function f : ℝm → ℝl by using the first m components of s[n, x] to en
code each component of x = (x1, . . . , xm), and the last l components of ϕ to encode 2−n-approximations of each of the l
components of f (x).

Now that we have seen how we can compute over the reals with a generalized shift, we can now show how to compute 
with Cantor piecewise a�ine maps. The idea is to use the previous definitions for the generalized shift and adapt then to 
Cantor piecewise a�ine maps via the map S−1 defined by (10).

Definition 8.3. Let Ψ be a Cantor piecewise a�ine map defined over C2k
m,l , where m ≥ 6, and define a map S−1

m : Aℤ → 𝒞m

from Aℤ , where A is an alphabet which has at least six symbols +,−,0,1, ·, and b by

S−1
m ((si)i∈ℤ) =

(︄ ∞ ∑︂
i=1 

2s−i

(2k − 1)i
,

∞ ∑︂
i=1 

2si−1

(2k − 1)i

)︄
(29)

where is the latter equation si is seen as a number in {0,1, . . . ,m − 1}. Then Ψ computes a real number x ∈ ℝ if given 
some arbitrary n ∈ℕ0 and some s[n] ∈ (𝔸ℤ)k such that s1[n] = . . . (b)b.0nb(b) . . ., where

0n = 0 . . . 0⏞ ⏟⏟ ⏞
n times

and s2[n] = . . . = sk[n] = . . . (b)b.b(b) . . ., one has:
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Fig. 3. Graphical illustration of computation with Cantor piecewise a�ine maps. 

1. Halting condition: Given any n ∈ℕ0, there is some j ≥ 0 such that

Sm ◦ Ψ
j
k−1 ◦ (S−1

m )(s[n]) = . . . (b)b.0b(b) . . . (30)

where Ψ
j
k−1(x) denotes the component k − 1 of Ψ j(x). Furthermore, if (30) holds for some j ∈ ℕ , then Ψi

k−1 ◦
(S−1

m )(s[n]) = Ψ
j
k−1 ◦ (S−1

m )(s[n]) for all i ≥ j.
2. Correct result: If (30) holds, then

Sm ◦ Ψ
j
k ◦ (S−1

m )(s[n]) = . . . (b)b.a0 . . .alb(b) . . .

where a0 . . .al ∈ {+,−,0,1, ·} encodes in binary format a number q = j/2−n ∈ℚ, with j ∈ℤ, satisfying

|x − q| ≤ 2−n.

Note that condition 1 above says that if the computation starts in an hyperplane given by x2k−2 = 0, assuming that 
to the symbol b we associate the number 0 in (29) and we can assume, without loss of generality, that the computation 
(iteration of Ψ) continues in this hyperplane and then halts when the iteration reaches the hyperplane x2k−2 = 2/(2k − 1)

if we assume that the symbol 0 is encoded into the number 1 in (29). The output is then encoded in the hyperplane x2k . 
See Fig. 3 for a graphical depiction of this computation process.

We also notice that, using the formalism of computable analysis via encodings, it is possible to define computable sets, 
etc. Here we just present the notion of computable function, which is based on Definition 8.2.

Definition 8.4. Let Ψ be a Cantor piecewise a�ine map defined over C2k
m,l , where m ≥ 6, and define a map S−1

m : Aℤ → 𝒞m

from Aℤ , where A is an alphabet which has at least six symbols +,−,0,1, ·, and b by (29). Then Ψ computes a function 
f : ℝ → ℝ if given some arbitrary n ∈ ℕ0, and x ∈ ℝ, if s[n, x] ∈ (𝔸ℤ)k is such that s1[n, x] = . . . (b)b.0nb(b) . . ., s2[n, x] is 
given by (25) where the oracle φ represents x as explained before (25), and s3[n] = . . . = sk[n] = . . . (b)b.b(b) . . ., then the 
following holds:

1. Halting condition: Given any n ∈ℕ0, there is some j ≥ 0 such that

Sm ◦ Ψ
j
k−1 ◦ (S−1

m )(s[n, x]) = . . . (b)b.0b(b) . . . (31)

where Ψ
j
k−1(x) denotes the component k − 1 of Ψ j

k−1(x). Furthermore, if (31) holds for some j ∈ ℕ , then Ψi
k−1 ◦

(S−1
m )(s[n, x]) = Ψ

j
k−1 ◦ (S−1

m )(s[n, x]) for all i ≥ j.
2. Correct result: If (31) holds, then

Sm ◦ Ψ
j
k ◦ (S−1

m )(s[n, x]) = . . . (b)b.a0 . . .alb(b) . . .

where a0 . . .al ∈ {+,−,0,1, ·} encodes in binary format a number q = j/2−n ∈ℚ, with j ∈ℤ satisfying

| f (x) − q| ≤ 2−n.

9. Equivalence of the generalized shift with computable analysis over the real numbers

We now combine the results of the previous sections to show that computation with Cantor piecewise a�ine maps is 
equivalent to computable analysis over the real numbers. This result is shown for generalized shifts, which then easily 
extends to Cantor piecewise a�ine maps using the map S−1

m of (29) and Theorem 6.5.
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9.1. Equivalence at the computability level

We now show that the generalized shift is equivalent to computable analysis over the real numbers at a computability 
level.

Theorem 9.1. A real number x ∈ℝ is computable in the computable analysis sense if and only if it is computable by a generalized shift.

Proof. According to Definition 3.2, a real number x ∈ ℝ is computable in the computable analysis sense if it has a com
putable name. Hence, there is a Turing machine M that, on input n ∈ ℕ outputs two integer pn,qn ∈ ℤ, qn > 0, such that 
|x − pn/qn| ≤ 2−n . This implies that⃓⃓⃓

⃓ pn+1

qn+1
− x

⃓⃓⃓
⃓ ≤ 2−(n+1). (32)

Now notice that there is always some un ∈ℤ such that⃓⃓⃓
⃓ pn+1

qn+1
− un

2n

⃓⃓⃓
⃓ ≤ 2−(n+1) (33)

which is equivalent to⃓⃓⃓
⃓ pn+12n+1

qn+1
− 2un

⃓⃓⃓
⃓ ≤ 1

Hence to compute un , we just need to do the Euclidean division of pn+12n+1 by qn+1 and take the quotient q. We take 
un = q/2 if q is even, and un = (q + 1)/2 otherwise. Now (32) and (33) yield⃓⃓⃓un

2n
− x

⃓⃓⃓
≤ 2−n.

Notice also that un is computable from pn+1 and qn+1 and thus from n. Moreover, we can compute the binary expansion 
of un from n. This implies that x ∈ ℝ is computable if there is a computable function f : ℕ → {+,−,0,1, ·}∗ such that 
f (n) = a0 . . .al ∈ {+,−,0,1, ·} encodes in binary format a number q ∈ ℚ satisfying (24). Hence, from Corollary 7.4, we 
conclude that the Turing machine computing f is computable by a generalized shift and, due to Definition 8.1, x is also 
computable by a generalized shift.

Reciprocally, if x is also computable by a generalized shift ϕ, due to Theorem 7.7, ϕ can be simulated by a Turing machine 
M . Note that, due to Definition 8.1, which does not involve the use of external outputs besides the desired precision of the 
output, and the proof of Theorem 7.7, there is no need to use an oracle for M . Thus we conclude that M computes a name 
for x, i.e. that x is computable in the computable analysis sense. □

The proof of the above theorem shows that using a general format for names of a real number x, as done in Defini
tion 3.2, is equivalent to use binary names. However, we have used binary names in Definition 8.1 because they are more 
“compact'', which is useful when studying computational complexity, as we will see in Section 9.2.

We now get the similar result for Cantor piecewise a�ine maps.

Theorem 9.2. A real number x ∈ℝ is computable in the computable analysis sense if and only if it is computable by a Cantor piecewise 
a�ine map.

Proof. Use the previous theorem, the map S−1
m of (29) and Theorem 6.5. □

Now let us turn to the case of real functions.

Theorem 9.3. A function f : ℝ → ℝ is computable in the computable analysis sense if and only if it is computable by a generalized 
shift.

Proof. Suppose that f : ℝ → ℝ is computable according to Definition 3.4 and thus is computable by an oracle Turing 
machine M . Let φ be an oracle that represents x as in (25). Then M with input n ∈ ℕ and oracle φ computes f (x) with 
accuracy 2−n . But M can be simulated by a generalized shift ϕ due to Corollary 7.3 and hence, due to Definition 8.2, the 
function f is computable by a generalized shift.

Reciprocally, let f :ℝ→ℝ be a function computable by a generalized shift ϕ. By Theorem 7.7, there is an oracle Turing 
machine N which simulates ϕ. Let x ∈ ℝ and let ψ be a name for x. Then proceeding as in the proof of Theorem 9.1, we 
can convert, in a computable manner, the name ψ to a name φ that is an oracle that represents x as explained before (25). 
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Then we feed this result, as an oracle, to N , and provide the input n also to N . Then N will compute an approximation of 
f (x) with accuracy 2−n . This whole procedure (including the conversion of the oracle) defines an oracle Turing machine 
that, when using oracle ψ , computes f (x). In other words, the oracle Turing machine computes the function f and hence 
f is computable in the computable analysis sense. □

We now get the similar result with Cantor piecewise a�ine maps.

Theorem 9.4. A function f : ℝ → ℝ is computable in the computable analysis sense if and only if it is computable by a Cantor 
piecewise a�ine map

Proof. Use the previous theorem, the map S−1
m of (29) and Theorem 6.5. □

9.2. Equivalence at the computational complexity (polynomial time) level

The above results concern equivalence between computable analysis, the generalized shift, and Cantor piecewise a�ine 
maps at a computability level. Let us now show that these models are equivalent at a computational complexity level, 
namely by showing that the real numbers/functions which are computable in polynomial time in the computable analysis 
setting are exactly the same as those computable in polynomial time by the generalized shift and by Cantor piecewise 
a�ine maps. But to be able to discuss these type of result, we first need to know want is meant by a real number/function 
computable in polynomial time in these models.

To work with complexity over the real numbers, it is convenient to use a compact representation as a name ψ of a real 
number x ∈ ℝ. For example, if x = π , in Definition 3.2 it makes no difference if ψ(1) = 3 or if ψ(1) = (3n + 1)/3n since 
|3 − ψ(1)| ≤ 2−1 in both cases. However, the time cost of computing the second option can be arbitrarily high, although the 
computational complexity of the real number π should be intrinsic to itself. One way to solve this problem is to use the 
binary representation already used in (24), i.e. we assume that ψ(n) encodes in binary format, as a string of {+,−,0,1, ·}, 
a rational number q = j/2−n , with j ∈ℤ, such that (24) holds.

Now we can define real numbers and function computable in time O (t) in the computable analysis setting (see [10, 
Definition 10.1] or [8, p. 47]). We note that, as usual, when using oracle Turing machines we assume that querying the 
oracle costs only one step of the computation.

Definition 9.5. Let t :ℕ →ℕ be a total function, i.e. which is defined for every element of ℕ .

1. A real number is computable in time O (t) if there is a Turing machine such that, for any n ∈ ℕ , if the input 0n is 
provided to the Turing machine, it will compute in binary format and in time O (t) a rational number q = j/2−n , with 
j ∈ℤ, satisfying (24).

2. A function f : [0,1] → ℝ is computable in time O (t) if there is a oracle Turing machine that given as inputs a name 
of x ∈ [0,1] using the binary representation and a string 0n will output in binary format and in time O (t) a rational 
number q = j/2−n , with j ∈ℤ, satisfying | f (x) − q| ≤ 2−n .

We note that, in the above definition, the usage of a compact set such as [0,1] is crucial when defining complexity 
for a function over the real numbers. To see this, notice that over a compact set, the successor function suc : ℝ → ℝ
given by suc(x) = x + 1 is easily shown to be computable in polynomial time. However, using the above definition, the 
successor would no longer be polynomial time computable over the whole real line ℝ. Indeed suppose, by absurd, that 
suc was computable in polynomial time over ℝ. Then there would be a polynomial p : ℕ → ℕ , a constant c ∈ ℕ , and an 
oracle Turing machine such that, for any n ∈ ℕ and x ∈ ℝ one could compute in time ≤ cp(n) + c a rational q satisfying 
|q − suc(x)| ≤ 2−n with the oracle Turing machine. In particular, taking n = 1 would yield that the oracle Turing machine 
would compute a rational q satisfying |q − suc(x)| ≤ 2−1 in time ≤ cp(n) + c. But taking x = 2cp(n)+c+2 would create a 
problem since the Turing machine would not have enough time to write its output.

As mentioned in [57], the problem is that the time bound does not depend on the oracle input (i.e. on x) and only 
depends on the desired precision n. We could add as another parameter the ``size'' of the input x, when written in binary 
notation (which would be ≈ log(|x|)), but it is mathematically more elegant to use the approach of [57] and use instead the 
size of the oracle. This also has the added advantage (not explored here) that the complexity is independent of the ``encoding 
efficiency'' of the oracle when encoding a real number (compare with the example involving π above).

Using the approach of [57], we now define polynomial time complexity in more general terms which avoid the above 
problem of compact domains.

Definition 9.6. A second-order polynomial with type-1 variable L (i.e. which takes as arguments a function φ :ℕ →ℕ) and 
type-0 variable n (i.e. which takes as arguments elements of ℕ) is defined inductively as follows:

1. Any element of ℕ is a second-order polynomial;
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2. The variable n is a second-order polynomial;
3. If P and Q are second-order polynomials, then so are P + Q , P · Q , and L(P ).

For example

P (L)(n) = 4L(L(n · n) + n2) + L(n) + n+ 1

is a second-order polynomial. The second-order polynomial maps a function L : ℕ → ℕ and a value n ∈ ℕ in the obvious 
way. For example, if L(n) = 2n, we get

P (L)(n) = 4L(L(n · n) + n2) + L(n) + n + 1

= 4 · 2(2(n · n) + n2) + 2n + n + 1

= 24n2 + 3n + 1

With this definition, we can now define computation in polynomial time over ℝ.

Definition 9.7. One can define polynomial time computability in the computable analysis setting as follows:

1. A real number is computable in polynomial time iff it is computable in time O (p) for some polynomial p.
2. A function f : ℝ → ℝ is computable in polynomial time if there is a second order polynomial P and an oracle Turing 

machine that given as inputs a name ψ of x ∈ ℝ using the binary representation and a string 0n will output in time 
P (|ψ |)(n) in binary format a rational number q = j/2−n , with j ∈ℤ, satisfying | f (x) − q| ≤ 2−n .

Similarly, we can define computation in polynomial time over ℝ for generalized shifts and Cantor piecewise a�ine maps.

Definition 9.8. One can define polynomial time computability for generalized shifts as follows:

1. A real number x is computable in polynomial time by a generalized shift ϕ if ϕ computes x and if there is a polynomial 
p such that, if s1[n] = . . . (b)b.0nb(b) . . . initially in Definition 8.1, then the rational number q = j/2−n , with j ∈ ℤ
satisfying (24) can be computed by ϕ according to Definition 8.1 in ≤ p(n) iterations.

2. A function f : ℝ → ℝ is computable in polynomial time by a generalized shift ϕ if ϕ computes f and if there is a 
second order polynomial P such that, if s1[n] = . . . (b)b.0nb(b) . . . initially in Definition 8.2 and ψ is a name of x ∈ ℝ
using the binary representation, then the rational number q = j/2−n , with j ∈ℤ satisfying (28) can be computed by ϕ
according to Definition 8.2 in ≤ P (|ψ |)(n) iterations.

Definition 9.9. One can define polynomial time computability for Cantor piecewise a�ine maps as follows:

1. A real number x is computable in polynomial time by a Cantor piecewise a�ine map Ψ if Ψ computes x and if there 
is a polynomial p such that, if s1[n] = . . . (b)b.0nb(b) . . . initially in Definition 8.3, then the rational number q = j/2−n , 
with j ∈ℤ satisfying (24) can be computed by ϕ according to Definition 8.3 in ≤ p(n) iterations.

2. A function f : ℝ → ℝ is computable in polynomial time by a generalized shift Ψ if ϕ computes f and if there is a 
second order polynomial P such that, if s1[n] = . . . (b)b.0nb(b) . . . initially in Definition 8.4 and Ψ is a name of x ∈ ℝ
using the binary representation, then the rational number q = j/2−n , with j ∈ℤ satisfying (28) can be computed by Ψ
according to Definition 8.4 in ≤ P (|ψ |)(n) iterations.

We now can state the equivalence results. First we start with the case of real numbers.

Theorem 9.10. A real number x ∈ℝ is computable in polynomial time in the computable analysis sense if and only if it is computable 
in polynomial time by a generalized shift.

Proof. Similar to the proof of Theorem 9.1, but now where we take into account the complexity bounds stated in Corol
lary 7.4 and Theorem 7.7. Note again that, due to Definition 8.1, which does not involve the use of external outputs besides 
the desired precision of the output, and the proof of Theorem 7.7, there is no need to use an oracle for M . □

Next we consider the case of real functions.

Theorem 9.11. A function f :ℝ→ℝ is computable in polynomial time in the computable analysis sense if and only if it is computable 
in polynomial time by a generalized shift.
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Proof. Similar to the proof of Theorem 9.3, but now taking into account the encodings used and the complexity bounds 
established by Corollary 7.3 and Theorem 7.7. □

Similar results can be obtained for Cantor piecewise a�ine maps using the map S−1
m of (29) and Theorem 6.5.

Theorem 9.12. A real number x ∈ℝ is computable in polynomial time in the computable analysis sense if and only if it is computable 
in polynomial time by a Cantor piecewise a�ine map.

Theorem 9.13. A function f :ℝ→ℝ is computable in polynomial time in the computable analysis sense if and only if it is computable 
in polynomial time by a Cantor piecewise a�ine map.
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[14] D.S. Graç a, J.F. Costa, Analog computers and recursive functions over the reals, J. Complex. 19 (5) (2003) 644--664.
[15] V. Bush, The differential analyzer. A new machine for solving differential equations, J. Franklin Inst. 212 (1931) 447--488.
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